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The local reconstruction from truncated projection data is one area of interest in image reconstruction for com-

puted tomography (CT), which creates the possibility for dose reduction. In this paper, a filtered-backprojection (FBP)

algorithm based on the Radon inversion transform is presented to deal with the three-dimensional (3D) local recon-

struction in the circular geometry. The algorithm achieves the data filtering in two steps. The first step is the derivative

of projections, which acts locally on the data and can thus be carried out accurately even in the presence of data trun-

cation. The second step is the nonlocal Hilbert filtering. The numerical simulations and the real data reconstructions

have been conducted to validate the new reconstruction algorithm. Compared with the approximate truncation resistant

algorithm for computed tomography (ATRACT), not only it has a comparable ability to restrain truncation artifacts,

but also its reconstruction efficiency is improved. It is about twice as fast as that of the ATRACT. Therefore, this work

provides a simple and efficient approach for the approximate reconstruction from truncated projections in the circular

cone-beam CT.
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1. Introduction

Cone-beam X-ray computed tomography (CT)
has been widely applied to many fields, especially in
nondestructive testing and medical applications.!*?
Practically-available flat-panel volumetric CT scan-
ners can provide 3D images from projections obtained
during a single rotation of the system around the
stationary object.># In most such scanners, the 3D
image reconstruction is carried out using analytical
filtered-backprojection (FBP) algorithms,®¢ among
which the Feldkamp-Davis—Kress (FDK) algorithm is
the most popular one and gives reasonably good re-
sults in case of small cone angle and no truncation in
the transverse direction.[”]

When the projections are truncated, particularly
when only a portion of the entire width of the object
is captured during acquisition, achieving high image
quality becomes more difficult. The truncated projec-
tions can be caused by limitations of the detector size,
but also by a narrow collimation of the X-ray beam
just to the local region. The local reconstruction has
many practical applications, such as dose reduction.
However, the straightforward application of the con-
ventional FBP algorithm on the truncated data typ-
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ically causes significant image artifacts in the recon-
struction results close to the boundary of the scanning
field of view (SFOV).

While some specific scenarios of truncation still
allow accurate reconstructions using dedicated ana-

(8-12] the other trun-

lytical reconstruction methods,
cation cases can only be solved in practice using ap-
proximate methods. The most common approach is
to extrapolate in each projection image the measured
values explicitly beyond the image boundaries in case
of truncation and to perform the conventional re-
construction from the extrapolated projections.[lg’M]
In 2011, Dennerlein did interesting research and de-
veloped an approximate truncation resistant algo-
rithm for computed tomography (ATRACT) using
the Laplace operator, which achieved similar results
to that of the extrapolation methods in case of data
truncation.!'dl Although the ATRACT does not re-
quire an explicit extrapolation of the projection data,
its data filtering comprises the complex implementa-
tion of Radon transform and backprojection, and its
calculation cost is approximately twice as large as that
of the FDK algorithm.

In this paper, we propose an FBP algorithm based
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on the Radon inversion transform (RIT) that does
not require an explicit extrapolation of the projection
data, but nevertheless achieves similar results as those
of the extrapolation methods and the ATRACT in
case of data truncation. Its reconstruction efficiency
has an improvement over the ATRACT and is equiv-
alent to the FDK algorithm.

This paper is organized as follows. In Section 2,
the FBP algorithm based on the RIT is introduced in
detail. In Section 3, the advantages of the proposed
algorithm are demonstrated by the results of numeri-
cal simulation and real data reconstruction compared
with the FDK algorithm and the ATRACT. Finally,
Section 4 contains the conclusion.

2. Reconstruction theory

2.1. Geometry and notation

As shown in Fig. 1, the presentation in this pa-
per is based on the planar, circular acquisition ge-
We denote the den-
sity function by f(r), » = (z,y,z) and assume

ometry with a flat detector.

that the X-ray source moves along the trajectory
a(\) = (Rcos )\, Rsin A\, 0), where S, R, and A de-
note the distance between the source and the de-
tector, the scanning radius, and the scanning an-
gle, respectively. Projection data are acquired with
a planar 2D detector, which is parallel to vectors
é,(A) = (—sinA,cosA,0), é,(A) = (0,0,1) and or-
thogonal to é,(A\) = (cosA,sinA,0). Points on the
detector are specified using (u,v), where u and v are
the coordinates measured along axes é,(\) and é,(\),
respectively.

Fig. 1. The 3D circular cone-beam acquisition geometry
with a flat detector.

The projection data g(A, u,v) can be written as

900 u,v) = / T Ha) + B8OV (1)

where B(\, u,v) is the unit direction vector of the ray
connecting a(A) with the point (u, v) on the detector
plane.

2.2. FDK algorithm

The FDK algorithm is a popular approximate
FBP-type algorithm for tomographic image recon-
struction in the circular cone-beam geometry de-
scribed above. The FDK algorithm computes an esti-
mate fFPX) (1) of the object function f(r) by back-
projecting filtered projection data gg according to

27
1) = [ e @

where v* and v* denote the coordinates of the projec-
tion of r onto the detector and can be written as
Sr-é S
AL R L (3)
R—1r-é, R—r-é,
The gr is defined for the transaxially non-truncated
data as
oo
gr(\,u,v) = / hr(u —u)gi(\ ' v)du’,  (4)

where hg denotes the ramp filter kernel.l'®! The func-
tion g1 corresponds to the weighted projection data
S
A UV) = —————x
B u:0) = e

From the course of the FDK algorithm, we can see

(A u,v). (5)

that the error only emerges in the filtering processing
when the projection data are transaxially truncated.
The error will be bigger when the position of the fil-
tered value is nearer the boundary of the truncated
projection data. So the truncation artifacts appear
as bright bands and streaks at the edges of SFOV in
z-axial reconstruction slices.

2.3. FBP algorithm based on RIT

According to Ref. [17], the ramp and the Hilbert
filterings have the following relationship:
19
or du
where gy denotes the 1D convolutions of the weighted

gr(A\, u,v) = (A u,v), (6)

projection data with the Hilbert kernel hy and can be
written as

ga(\, u,v) = /OO hua(u —u")gr(\ o/, v)du’.  (7)

— 00
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So
g (Auv):ig Ooh (u—u")gr (Ao, v)du
AT 27 Ou J_ o H I
= [ b)) g (hu = ) (8)
o) n(W)z-g1(h v — o', v)du'.

In the case of 2D reconstruction, the application
of the filter operation (8) together with Egs. (2) and
(5) is the 2D Radon inversion transform. In the fol-
lowing, we extend the 2D Radon inversion transform
to reconstruct 3D images, and then obtain the FBP
algorithm based on the Radon inversion transform,
which can be written as follows.

Step 1 Weighting the projection data as in
Eq. (5)

s
A’ , = -
Y

Step 2 Differentiation of g; with respect to u

(A, u,0). (9)

(local operation)

g2\ u,v) = 9 A\ u,v). (10)

%91

Step 3 The Hilbert filtering of g, (global opera-
tion)

1
93(/\7% U) = %gQ(Aa/IMU)hH(U’) (11)
Step 4 Backprojecting the filtered cone-beam
projections onto the 3D image

FRIT) () — /O ng3()\7u*’y*)d)\7 (12)

where u* and v* have been described in Eq. (3).
Note that fFPK) and f(RIT) are mathematically
identical for non-truncated cone-beam data, but the
FBP algorithm based on the RIT and the FDK al-
gorithm perform differently for image reconstructions
from the truncated data. An intuitive reason for that
is that the filtering operation in the new FBP formula
consists of a purely local component and a subsequent
global component. The local component in Eq. (10)
produces the intermediate function g that can be ob-
tained accurately for all points in the detector, even in
the presence of data truncation. The data truncation
thus only affects the integration in Eq. (11) and yields
an approximate filtered projection gs. Note, further-
more, that the values of g» are much more closely dis-
tributed around 0 in most regions than those of g;.
Therefore, the restriction of the integration domain
in Eq. (11) does not significantly change the outcome

of the total filter operation. From the above analysis
to the FBP algorithm based on the RIT, it is found
that the proposed algorithm has the ability to restrain
truncation artifacts in case of data truncation. At the
same time, the data filtering of the proposed algo-
rithm is simple like that in the FDK algorithm, and
thus its reconstruction efficiency is improved over the
ATRACT.

3. Implementation and experi-

mental results

To show the advantages of the presented FBP al-
gorithm based on the RIT, we implemented it in C
language, and evaluated it with both numerical sim-
ulation data and real CT data. The CPU used to
implement the experiments is Intel Xeon(R) X5450 @
3.00 GHz.

3.1. Simulation studies

To compare the proposed algorithm with the FDK
algorithm and the ATRACT, we performed them
and evaluated the results with 256 x 256 x 256 standard
3D Shepp-Logan head phantom.!'8:19 In the circular
cone-beam configuration, the trajectory had a radius
of 477 mm and a source—detector distance of 1265 mm.
The cone-beam projection data was generated with
360 projection views uniformly distributed over the 27
circular trajectory, and its size was 256x256. Firstly,
we used the FDK, the ATRACT, and the proposed al-
gorithm to reconstruct the model with non-truncated
data. Secondly, we reconstructed the center inner re-
gion (160x160x160) with truncated data (160x160).

To evaluate the reconstruction results, the root of
the mean square errors (RMSE) is introduced and can
be written as!?l

N
RMSE = | © 3 [A) - ()2, (1)

=1

where f; and fy denote the reconstructed and the ref-
erence images of N voxels, respectively.

In Fig. 2, we display 2D z-axial slices in 3D
images reconstructed using the FDK algorithm, the
ATRACT, and the the proposed algorithm with non-
truncated data. From Fig. 2 and the RMSE shown
in Table 1, we can see that the FDK algorithm, the
ATRACT, and the proposed algorithm reconstruct
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images with little difference in the case of the non-
truncated data. According to the cost shown in Ta-
ble 1, the reconstruction efficiencies of the FDK and
the proposed algorithms are fast, while that of the
ATRACT is slow. The reason is that the filtering pro-

cessing of the ATRACT is composed of the Radon
transform and backprojection calculation, and its im-
plementation is heavy. The calculation cost of the
ATRACT is nearly twice as large as that of the pro-

posed algorithm.

Fig. 2. The 2D z-axial slices in 3D images reconstructed using (a) the FDK algorithm, (b)the ATRACT, and

(c) the proposed algorithm with non-truncated data.

Table 1. The cost and RMSE for the reconstructions in Fig. 2.

Algorithm Reconstruction size/pixel Reconstruction cost/min RMSE

FDK algorithm 256 % 256 x 256 24.62 0.0066
ATRACT 256 x256 %256 42.92 0.0076

The proposed algorithm 256 x 256 x 256 24.59 0.0068

In Fig. 3, we display 2D z-axial slices in 3D
images reconstructed using the FDK algorithm, the
ATRACT, and the proposed algorithm with truncated
data. From Fig. 3 and the RMSE shown in Table 2,
we find that the truncation artifacts are severe in the
images reconstructed by the FDK algorithm, but the

ATRACT and the proposed algorithm can restrain the

truncation artifacts efficiently. From the cost shown
in Table 2, the proposed algorithm is fast like the
FDK algorithm, but the reconstruction efficiency of
the ATRACT is slow. The calculation cost of the
ATRACT is about twice as large as that of the pro-

posed algorithm.

Fig. 3. The 2D z-axial slices in 3D images reconstructed using (a) the FDK algorithm, (b) the ATRACT and

(c) the proposed algorithm with truncated data.

Table 2. The cost and RMSE for the reconstructions in Fig. 3.

Algorithm Reconstruction size/pixel Reconstruction cost/min RMSE
FDK algorithm 160x160x160 6.15 0.18
ATRACT 160x160x160 12.83 0.016
The proposed algorithm 160x160x160 6.13 0.015
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3.2. Reconstruction using real data

To further check the capability of the proposed
algorithm, we carried out experiments to reconstruct
a local region of human head phantom from the trun-
cated real data. The real data was acquired with a
cone-beam CT system, which was mainly constitutive
of an X-ray source (Hawkeye 130, Thales, France), an
orthogonally rotary stage with an object holder, and a
flat-panel detector (Varian 4030E, USA) with a pixel
size of 0.127 mm. In the circular cone-beam configu-
ration, the trajectory had a radius of 678 mm and a
source—detector distance of 1610 mm. The size of the
reconstructed region was 600x600x600 with a pixel

size 0.107 mm. The cone-beam data was generated

with 360 projection views uniformly distributed over
the 27 circular trajectory.

As shown in Fig. 4, we use the FDK algorithm to
reconstruct the local region from non-truncated and
truncated data respectively. Figure 4(a) shows the
376th z-axial reconstructed slice with non-truncated
data. Figure 4(b) shows the 376th z-axial recon-
structed slice with truncated data visualized in the
window [0,1]. Because of the severe truncation arti-
facts, the reconstructed image is very obscure and can-
not be identified. We modify the display window to
[0, 0.3] in Fig. 4(c). The quality of the reconstructed
image is improved in the center region, but the trun-
cation artifacts still exist at the boundary of the local

region and cause the boundary obscure.

Fig. 4. The 376th z-axial slices in 3D images reconstructed by the use of the FDK algorithm: (a) the 376th
slice from non-truncated data visualized in the window [0,1]; (b) the 376th slice from truncated data visualized
in the window [0,1]; (c) the 376th slice from truncated data visualized in the window [0, 0.3].

From the reconstruction results using real data
shown in Fig. 5, we find that the proposed algo-
rithm can effectively restrain the truncation artifacts
like the ATRACT with the truncated data, so its re-
sistant ability to truncation artifacts is also demon-
strated by the real data reconstruction. Furthermore,
the ATRACT and the proposed algorithm react to
the truncation with a globally almost constant offset
on the reconstructed densities, and this offset can be
nicely compensated by adapting the grayscale window
during visualization. From the reconstruction cost
shown in Table 3, the proposed algorithm is improved
over the ATRACT, and is more than two times faster
than it. We can see that the reconstruction efficiency
advantage of the proposed algorithm will be more ob-

vious when the reconstruction size is larger.

Fig. 5. The 376th z-axial slices in 3D images recon-
structed by using the ATRACT and the proposed algo-
rithm with truncated data: (a) the reconstruction result
of ATRACT visualized in the window [0,1]; (b) the recon-
struction result of the proposed algorithm visualized in the

window [0,1].

Table 3. The cost for the reconstructions in Fig. 5.

Algorithm Reconstruction size/pixel Reconstruction cost/min
ATRACT 600x600x600 454.35
The proposed algorithm 600x600x600 182.65
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4. Conclusion

In the various applications of CT, it is common
that the size of the detector is limited and that of
the reconstructed object is relatively large, thereby
causing the projection data to be truncated at all
directions. In this paper, we have presented an ap-
proximate truncation resistant algorithm for the im-
age reconstruction from the truncated projection data
in the circular cone-beam CT. The algorithm is an
FBP algorithm based on the Radon inversion trans-
form. Its data filtering contains the derivative of pro-
jections (local operation) and the subsequent Hilbert
filtering (global operation). Its local operation of the
differentiation of projections shows a resemblance to
the ATRACT, which is the reason that the proposed
algorithm can restrain the truncation artifacts. From
the experimental results, we find that the proposed al-
gorithm has the same ability to restrain the truncation
artifacts as the ATRACT in the local reconstruction;
Furthermore, it is fast like the FDK algorithm, and
about two times faster than the ATRACT. In conclu-
sion, the proposed algorithm provides a simple and
efficient approach to solve approximate local recon-
struction problems with truncated projection data in
the circular cone-beam CT.
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