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Robust stabilization of state delayed discrete-time
Takagi—Sugeno fuzzy systems with input saturation

via an anti-windup fuzzy design*
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We consider the robust stabilization problem for discrete-time Takagi-Sugeno (T-S) fuzzy systems with time-

varied delays subjected to input saturation. We design static and dynamic anti-windup fuzzy controllers to ensure the

convergence of all admissible initial states within the domain of attraction. Based on the project lemma and classical

sector conditions, the conditions for the existence of solutions to this problem are obtained and expressed in terms of a

set of linear matrix inequalities. Finally, a numerical example is provided to illustrate the effectiveness of the proposed

design approach.
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1. Introduction

The Takagi—Sugeno (T-S) fuzzy system is one of
the most popular fuzzy systems in model-based fuzzy
control.' =5 TS fuzzy models are nonlinear systems
described by a set of if-then rules. It has been shown
that T—S fuzzy models can approximate any smooth
nonlinear function to any specified accuracy within
any compact set. Thus, it is expected that TS fuzzy
systems can be used to represent a large class of non-
linear systems. Therefore, many stability and control
issues related to T—S fuzzy systems have been studied
in the past two decades, see, e.g., Ref. [6], and the
references therein.

On the other hand, time delays are frequently en-
countered in many practical engineering systems, such
as chemical processes and long transmission lines in
pneumatic systems. It has been shown that the pres-
ence of time delay in a dynamical system is often a
primary source of instability and performance degra-
dation. Therefore, much research related to the time-
delay system has been carried out.[”) The studies on
the analysis and the synthesis of control systems with
input saturation using the anti-windup compensation
have followed two main approaches in general. The
first one is the static anti-windup schemes. The second
approach is the dynamic anti-windup schemes. How-
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ever, compared to the static anti-windup schemes, the
dynamical anti-windup compensators offer more de-
grees of freedom in the synthesis procedure.[® This
fact in general leads to less conservative solutions
for the performance of the closed-loop system. In
Refs. [9] and [10], the static anti-windup compensators
for time-delay systems were addressed, while the dy-
namic anti-windup compensation for time-delay sys-
tems was considered in Refs. [11] and [12].

Recently, the controller design of T-S fuzzy sys-
tems with time delays subjected to input saturation
has attracted lots of attention.['314 In particular, in a
continuous-time T-S fuzzy system with time-varying
delays, the fuzzy control was developed in Ref. [14] via
the static anti-windup approach. Nevertheless, stabil-
ity analysis and the synthesis of discrete-time is un-
certain in T—S fuzzy systems with time-varying delays
subjected to input saturation via static and dynamic
anti-windup methods, and they have seldom been con-
sidered which is the aim of the present study.

2. Main results

Consider a discrete-time T—S fuzzy system with
time-varying delays and input saturation represented
by the following if-then rules. Plant rule i: if s1(k) is
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Wit,- - ., and sp(k) is gy, then
x(k+1) = [A; + AA;(k)|x(k)
+ [Aai + AAqi(k)]z(k — h(k))
+[Bi + AB;(k)v(k), (1)
y(k) = Ciz(k), (2)
z(k) = ¢(k), Vke|[-1,0], i=1,2,...,r, (3)

where p;; is the fuzzy set, r is the number of if-
then rules, and s (k), ..
ables. Throughout this paper, it is assumed that the

., $p(k) are the premise vari-

premise variables do not depend on the control vari-
ables; (k) € R"™ represents the state; v(k) € R™
is the control input; and y(k) € RP is the mea-
sured output. The time-varying delay h(k) satisfies
h1 < h(k) < hg, where hy; and hsy are real positive
constants presenting the lower and the upper bounds
of the time-varying delay. The A;, Aq;, B;, and C;
are known real constant matrices; AA;(k), AAg;(k),
and AB;(k) are real-valued unknown matrices repre-
senting the time-varying parameter uncertainties, and
are assumed to be of the form

[AA;(k) AAqi(k) AB;(k)]

= M,LE(]C)[NM Nadi sz] Z = 1,2, ey Ty (4)

where M;, N,;, Naqi, and INp,; are known real con-
stant matrices, and F; : N — R"*% is an unknown

time-varying matrix function satisfying
Fy(k)"Fi(k) <1, k. (5)

The parameter uncertainties AA;(k), AAg;(k), and
AB;(k) are considered to be admissible if both rela-
tions (4) and (5) hold.

The constrained input v(k) is denoted as v(k) =
o(u(k)), where u(k) is the designed controller, and
o : R™ — R™ represents a saturation function of the

form

o(u) = [o(u1) o(uz) - o(um)]",

o(u;) = sign(u;) min(ug, | u; |).
Then, the final output of the fuzzy system is

Zh

[Adz' + AAgi(k)]x(t — h(k))

xz(k+1) {[A; + AA;(k)]x(k)

+[B; + AB;(k)lv(k)}, (6)
= Z hi(s(k))Cim(k), (7)

where for all &,

hi(s(k)) > 0,

Zhi(s(k))

i=1,,m

=1, Vk

2.1. Static anti-windup design

According to the parallel distributed compensa-
tion (PDC), the dynamic output feedback fuzzy con-
troller, which consists of the anti-windup terms, is
given by

(k+1) Zh

Zh

where x.(k) € R™, y(k) € R?, and u(k) € R™ are
the controller state, the input, and the output vec-

czxc(k) + Bciy(k)

Clwc(k) + Dczy(k)]7 (9)

tors, respectively, Ac;, B¢, C¢;, and Dg; are real con-
stant matrices of appropriate dimensions, and E; is
the anti-windup gain.

Define an extended state vector

xz.(k)

e Rtne,

(k) =

From Egs. (6)—(9), the closed-loop dynamics can be
written as

Ek+1)

=YY hisl

i=1 j=1I1=1

x {[Aiji + AAi (k)IE(F)

+ [Agi + AAq (k)€K — h(k))
—[Bi + AB;(k)|¥ (u(k))},

s(0)hi(s(t))

(10)

A; + B;D;C; B,C,;

Aijl - )
BciCj Aci
AA;(k)+ AB;(k)D.;C; AB;(k)C.
M) - | A4+ AB DG ABCS |
0 0
. Ay 0 i AA (k) 0
A= | A0 Ay = | 2O
0 0 0 0
) ABi(k)
B, =B;+ RE.;, AB;k) = ,
0
. B; 0
i = y R= ;
0 I
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P(u(t)) 2 ult) — sat(u(t)) € R™.

The controller output can be expressed as

= 3D A1)

=1 j=1

K€1), (11

where

K;; = {DciCj Cci:| .
We first give the following results, which will be used
in the proof of our main results.

Lemma 101
1,...,r in Eq. (11). Given the corresponding matri-
ces L; € R™*2(+ne) if vector &(k) belongs to the
polyhedral set D(uyg) is defined as

Consider matrices Kjj, ©,j =

for any diagonal positive definite matrix I" € R™*™.

[16]

Lemma 2 For any matrices X, ), and Z

with appropriate dimensions, and ) > 0, we have

xXTz4+ 2Ty < XTyx + ZTy-1z.

Theorem 1 Consider the discrete-time fuzzy
system (10). Given hg and hy, if there exist symmetric
positive definite matrices W, @Q, S and matrices Y,
Z; (i=1,...,r), such that the following linear matrix
inequalities (LMlIs) hold:

D(UO) .le < 0, 1< < r, (14)
2 {g(k) € R2(nHno), ji+ 8210 <0, 1<i<j<m, (15)
—ug(z) < (Kijezy) — Li2))€(k) < ugzy, w N
Up(z) >0, 1,7=1,...,n7, ,’/;’:17...,7’77,}7 (12) ”(Z)W 1/'( ) u%(z) o
then the following relationship holds: ,j=1,...,r; 2=1,...,m, (16)
Y(u(k)'T <1/’ w(k) =Y hi(s(k))L E(k)> <0,(13)
Pl where
|
[ -w 0 YT ~WAL, 0 WNL, W ]
©-@ o -AL 0 NI 0
x x —28 SBI'+Z'R" 0 SNE 0
15 = * * * -W —M; 0 0 <0,
* * * * I 0 0
* * * * * I 0
| * * * * * * —h
\
B M, we define the following Lyapunov function candidate:
Mi = 0 ’ Naz_;l |:Naz + NbiDCJCl szCCJ:| ’ k—1
i i V(k) = ER)"PER) + Y &) QE(K)
Nuti = [ Nugi 0] by =B h=ha =y + 1 .
—h1+1
+ oy Z £ Q&)
then the closed-loop system with the initial states lo- j=—ha+2l=k+j—1
cated in the ellipse e(P, 1), with P = W~ is guar-  then
anteed to be asymptotically stable by the static anti- AV (k)

windup fuzzy controller (10a) and (10b). Further-
more, the gain matrix is E.; = Z; 8.

Proof The satisfaction of relationship (16)
implies that the set e(P) {&@t) € R™Me;
£(t)TPg(t) < 1} is included in the polyhedral set D
defined as in Eq. (12) with G =Y P.

To establish the robust stability of system (10),

= £(k+ 1) PE(k+1)
£(k)TPE(K) + &(k) " hE(k)
—&(k — h(k)) " Q&(k — h(K))
= Z Zhi(s(t))h](s(t))hl(s(t))
i=1j=11=1
x{¢

(k)" 1(Aiji + AAij (k)T P(Aij + AAq (k)
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— P + hJ&(k) — &(k — (k)" Q&(k — h(k))
+&(k — h(k)" (Aai + AAgs (k)"
x P(Adi +AAg;(k))E(k — h(k))
@ (u(k))" (B; + AB;i(k))"
P(B; + AB;(k))¥ (u(k))
+ 2€(k)( il + AAi(k)"
(Agi + AAyi(k))E(k — h(k))
—2¢(k)(Aiji + AAj (k)T
(Bi + AB; (k)% (u(k))
—26(k — h(k))" (A + AAgi (k)"
P(B; + AB;(k))¥(u(k))}.
Based on Lemma 1,
AV (k) < AV (k) — 2@ (u(k)) " T(¥ (u(k)) — G&(k)).

Then AV (k) < 0, if the following matrix inequality is
satisfied:

251 <0, 1<i<r, (17)
Doiji + oy <0, 1<i<j<r,  (18)
where
~P+h 0 G'T -AJ, - AA;; (k)"
0 * -Q 0 —AdTi — AAqi(k)"
2ijl = > B
g x o« —2T BY+AB;k)"T
* * * P!

Now using Lemma 2, and pre- and post-multiplying
the obtained inequality by diag(W,I,S,I,1,I) and
its transpose, we get the LMI (26) by Schur’s comple-
ment.

Using a similar method, we can obtain LMI (15)
from LMI (18).

Hence, if LMIs (14)—(16) are satisfied, it follows
that V(¢) < 0 is verified and ¢ (P, 1) is the domain
of attraction. All initial states located in the ellipse
e (P, 1) converge to the origin as time goes by. Conse-
quently, the closed-loop system is asymptotically sta-
ble. This completes the proof.

2.2. Dynamic anti-windup design

9) and (20
computed to stabilize the system (6) and (7) without

It is supposed that controllers (1 ) are

taking into account the saturation of the system input

k + ]. Z h mxc(k) + Bcvy(k)]v (19)

T
k)= hi(s(k))[Ceiwe(k) + Deiy(k)].  (20)
i=1
In order to cope with such a disregard, according to
the PDC, an anti-windup compensator is then con-
sidered to minimize the effect of the saturation of the
closed-loop performance

a(k+1) Zh N[Aaixa (k)
- Ban,b( (k)] (21)
(k) =Y hi(s(k))[Caima (k) + Daith(u(k))],  (22)
=1

e R™" and 9(u(k)) = sat(u(k)) —

u(k) € R™ are the anti-windup compensator state

where x, (k)

and input vectors, respectively, A,;, Ba;, Ca;, and
D.; are real constant matrices of appropriate dimen-
sions, and vector u,(k) € R" is the compensating
signal of the controller dynamics. Hence, the compen-

9) and (20

Zh

+ Bciy(k) + ua (k)] (23)

sated controllers (1 ) become

k+1 Acvmc( )

w(k) = 3 has(k)) [Ceie (k) + Desy(R)]. (24)

Define vector n(k) = [:c(k)T x (k)" xa (k)T | , then
the closed-loop system becomes
n(k+1) Zzzh ()hu(s(t))
i=1 j=11=1
x {[Aiji + AA (k) + BiKuVIn(k)
+ [Adai + AAai(k)]n(k — h(k))
+[Bi + AB;(k) + Bi K| (u(k))}, (25)
where
Aiji 0
Aiji = 4
0 0
AA;; (k)
AAi(k ! ,
Jl( ) 0 O]
0 Bl Aal
Bl - ) ’Cll = )
Ina 0 Cal
Ay 0
V:[OOIna}y Adz— ¢ ]7
00
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B; AB;(k
e e N e
0 0
and
~ A; + Bich (o] Bich
ijl — )
! BCZCJ Aci
N AA;(k)+ AB;(k)D.C, AB;(k)C.;
Ay - [ 240+ ABBDC AB (KO, |
0 0
0 - Ag 0
Bl = ) Adi =
I. 00
R AAg(k) O
AAqyi(k) = (k) ;
0 0
N —Bi ~ _ABi k
i = ) ABZ(k) = ( )
0 0

The controller output can be expressed as

T T
w(t) =D > hi(s(t)hy(s(t) Ki€(D),
i=1 j=1
where
K;j = [DciCj C.i 0} .

Theorem 2 Consider the time-delay uncertain
fuzzy system (11). If there exist symmetric positive
definite matrices X, Y, Sy, H and matrices F', G,
Agwi, Bawts Cawi, Dawi (I = 1,...,7) such that the
following LMIs hold:

T <0, 1<i<nr, (26)
Tiji+Yu<0,1<i<j<r, (27)
X * *
I in, Y * > 0,
Kij) X — Fo) Kij() — Gugs) ug,
hi=1,...,r; z=1,...,m, (28)
where
A4 * * %
Aot — A
Tijl _ 2441 3; X * ’
A4 0 _hl *
A6ijl A7 0o —-I
R « *
A= 0 —-H =« :
G, 0 -28

Ao = 0 0 0 ;
Naiji Nagi —NpiSy

R x x
Az = | —MT I % ,A4:[H00},
0 0TI
0 0 0 Y 00
Axii 00 000
Agiji = Y , Ar=|
0 0 O YOO
0 0B85 000
and
. X 1T R
R: n+nc ) G1: |:FG11:|’
Iiin, Y
. AiiX 4+ B1Coyi Ajji
Y= . ;
Aawl YAijl
. M, X Ag 0
P = ‘|, Raai= « ,
0 YAq O
R B:S1 + B1 D,y
EQil _ 1 1awl 7

Bawl

Naiji = {Naile Naijl} ;Y = [0 Y] )
Axiji = [Az‘le 0} ;

then the closed-loop system with the initial states lo-

cated in the ellipse (P, 1) is guaranteed to be asymp-

totically stable by the anti-windup fuzzy controllers
(23) and (24) with the following parameters:

Ca = CoiM ™", (29)
D, = D,uS;", (30)
Ay = N"YApi —YBCo) M~T,  (31)
B, = N Y(Buw — YBD,,;,)S;". (32)

The nonsingular matrices M and N satisfy NM T =
I,+n. — Y X, which guarantees the region ¢(R) with

Y N B
R: 5 R =
NT o

X M
MT o

Proof The satisfaction of relationsip (28) implies
that the set e(R) = {&(t) € R"";¢£(t) " RE(t) < 1}
is included in the polyhedral set D as defined in
Eq. (12).
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To establish the robust stability of system (25),
we define the following Lyapunov function candidate:

Vn(k)) = (k)TRn(k)
+ Z (k)T Hn(k)
i=k—h(k)
—hi+1 k—1
+ Z Z THn
j=—ho+21l=k+j5-1
Then
AV(n(k))
= n(k+ 1) Ry(k + 1) — n(k)" Ry(k)
+ n(k)Tﬁn(k) —n(k — h(k))" Hn(k — h(k))
= Zzzh (t)ha(s(t))
i=1 j=1[=1

x {n(k) T [(Aiji + A (k) + BiKuV)'R

(k)" Hn(k — h(k))

+n(k — h(k)T (Agi + AAq (k)T RAg
+ AAqg (k))n(k — h(k))

+ W (u(k) (B + AB; (k) + BiKay)®
X R(B; + AB; (k) + B1 Ko )® (u(k))
+2n(k) (Aiji + AA (k) + B Ky V)"
X R(Adqi + AAqi(k))n(k — h(k))
—2n(k) (A + AA (k) + BiKy V)"
x R(B; + AB; (k) + B1Kay) P (u(k))
—2n(k — h(k))T (Aa;i + AAqi (k)T
x R(B; + AB; (k) + B1Ka) ¥ (u(k))}.

—n(k — h(k

Based on Lemma 1,

AV (k) < AV (k) — 20 (u(k)) T3 (8 (u(k)) — Gin(k)).

Then, AV (k) < 0, if the following matrix inequality

X (Aijl + A.Aijl(k) + BlKllV) — R+ E]n(k) is satisfied:
\
R+ h * * *
0 —-H * *
< 0. (33)
T1G1 O —2T1 *
Aijl + A.Aijl(k) + BV Agi + AAdZ(k) B; + ABZ(k) + By —R!
|
Noting [ R+ IOThIT + * x % %
0 —-H * * % %
[AAii(k)  AAai(k) AB;(k)] 5 Gy 0 —28 x %
- - - il = . .
= MiFi(k)[Naijl Nagi  — Nuil, ! 241 Raqi Xou —R x %
0 0 0 MF I «
where L Naiji Nagi —NypiS1 0 0 —I
< 0,
. M; N N _
M; = e Naiji = |:Naijl 0} y Naqi = [Nadi 0} , where
Ay X + B\Cowi Ay
F = YA X 4 A YA
and using Lemma 2, we have a new inequality. i1+ Aawl it

Define matrix

Pre- and post-multiplying the obtained new inequal-
ity by diag(IT*,I,S;,IT*'R,I,I) and its transpose,
respectively, with §; = T, * and Eqs. (29)(32), we

obtain

X Iin,
MT 0

B¢S1 + B1 D,y

Yo = .
Ystl + Bawl

Using Lemma 2 and applying the Schur’s complement
formula to LMI (26), we have

i <. (35)
On the other hand, by pre and post-multiplying in-
. "o :
equality (28) by and its transpose, re-
0 1
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spectively, it is easy to see that LMI (28) ensures
e (P,1) C D(uy).

Hence, if LMIs (26)—(28) are satisfied, V (t) < 0 is
verified, and e (P, 1) is the domain of attraction. All
initial states located in the ellipse ¢ (P, 1) converge to
the origin as time goes by. Consequently, the closed-
loop system is asymptotically stable. This completes
the proof.

3. Simulation example

Consider the uncertain fuzzy system with time-
varying delays and saturated inputs (6) and (7) with
the following parameters:

0 1 0.2 1

A1 = A2 = )
0.1 -2 0.1 —0.5 — %01
0.1 O -0.1 0

Aa = y Aa=
0.1 -0.2 0.1 0.2
0 0

B2 = y Bl = )
1 —0.5

C = [70.1 f0.2] , Cy=0y,

and AAl(k) AAgl(k‘) ABl(k) and AAQ(k) AAQQ(k)
ABsy (k) can be represented in the form of Eq. (4) with

-1
0

M, — . Ny = [—0.01 0.01} :

Naar = [—0.1 0.1} . Ny =001,

—0.5
M2 = )
0
N2 = Nai, Nag2 = Nadi, N2 = Npi.

The membership functions are set as

%, for z; < —1,
hi(z1(k)) = 2 + 34, for |z1] <1,

1, for z; > 1.
ha(z1(k)) =1 = ha(z1(F)). (36)

Now, the dynamic controller is given as

-1 -3 —-0.5 -3
Acl = s c2 = s
—4 —10 -1 —10
—10 —-15
Bcl = 5 Bc2 = ’
—20 —40

Ca=[-3-2], Co=[-1-3],
D. =D =0.

In this example, the initial condition is z(0) =

{0_1 —0,1}T, the control bound is given by ug = 1.
We assume that the time-varying delay h(k) is given in
Fig. 1. For such a delay, we should choose hy = 11 and
hi = 2. By solving the LMIs (14)—(16), the static anti-
windup compensator with the parameters E.; and
E.5 can be obtained. Then by solving LMIs (26)—(28),
the dynamic anti-windup compensator with parame-
ters Aa1, Aao, Ba1, Ba2, Ca1, Cas can be obtained.

11

—_
o

Time-varying delay

N W ks~ ot O N o ©

0 ' 100 ' 200 ' 300
Time/s

Fig. 1. Time-varying delay.

With the anti-windup output feedback controller,
the simulation result of the state response of fuzzy sys-
tems (6) and (7) is given in Fig. 2. The simulation re-
sult clearly demonstrates that the proposed static and
dynamic anti-windup methods are effective. Also, as
expected, the state response with the dynamic anti-
windup presents a smaller settling time.

. o~ x1(t) with dynamic anti-windup control
0.08 —— x5(t) with dynamic anti-windup control
— - z1(t) with static anti-windup control
- xo(t) with static anti-windup control
Q

0.04f

0 ' 20 ' 20 ' 60
Time/s

Fig. 2. State response x(¢).
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4. Conclusion

The anti-windup synthesis problem for T—S fuzzy

systems with uncertain parameters and time-varying

delays subjected to a saturation input has been ad-

dressed. Based on the project lemma and a classi-

cal sector condition, sufficient conditions for the exis-

tences of static and dynamic fuzzy controllers, which

robustly stabilize the uncertain T-S fuzzy time-delay

systems, have been obtained. An example has been

provided to show the effectiveness of the proposed
method.
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