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We modify the anisotropic phase-field crystal model (APFC), and present a semi-implicit spectral method to

numerically solve the dynamic equation of the APFC model. The process results in the acceleration of computations

by orders of magnitude relative to the conventional explicit finite-difference scheme, thereby, allowing us to work on a

large system and for a long time. The faceting transitions introduced by the increasing anisotropy in crystal growth

are then discussed. In particular, we investigate the morphological evolution in heteroepitaxial growth of our model.

A new formation mechanism of misfit dislocations caused by vacancy trapping is found. The regular array of misfit

dislocations produces a small-angle grain boundary under the right conditions, and it could significantly change the

growth orientation of epitaxial layers.
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1. Introduction

The phase-field crystal (PFC) method is a new

modeling technique that incorporates the periodic na-

ture of a crystal lattice by considering a free en-

ergy functional that is minimized by periodic den-

sity fields.[1] The periodic nature of the density field

naturally gives rise to elastic effects, multiple crys-

tal orientations, and the nucleation and motion of

dislocations.[2] This model bridges the gap between

the molecular simulation approaches and the phase-

field approach by operating on diffusive-time scales,

yet atomic-length scales.[3] Moreover, this model can

be related to other continuum field theories such as

classical density-functional theory and the atomic den-

sity function theory.[4] The PFC method has been suc-

cessfully used to describe a broad range of phenomena,

including multi-grain solidification,[5] soft materials,[6]

structural phase transformations,[7] nanocrystalline

grain growth,[8] dislocation migration,[9] and epitax-

ial growth.[10]

With the development in this field, many new

variants of the PFC model have been proposed to ex-

tend its applicability The PFC model is limited in its

ability to model systems with realistic dimensions sim-

ilar to any model that resolves in the atomic scale.[11]

An amplitude expansion of the PFC model was devel-

oped to alleviate this limitation by applying a heuris-

tic renormalization group method.[12,13] In addition,

Jaatinen et al. proposed a new variant of the PFC

model known as the eighth-order fit (EOF), to make

the model useful for practical applications in materi-

als science. The EOF reproduces certain thermody-

namic properties of the given material Fe as closely

as possible.[14,15] The original PFC model was devel-

oped only for a small set of crystal structures because

its singlemode free energy limits the complexity of

structural transformations that can be simulated.[16]

Therefore, the “two-mode” model has been introduced

to provide the additional flexibility in controlling the

selection of crystal structures and changing the rela-

tive stability of different crystal structures.[17,18]

The anisotropic phase-field crystal model (APFC)

was recently put forward by Prieler et al. in Ref. [19].
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This model can be obtained by replacing the Lapla-

cian with more general differential operators to allow

for spatial anisotropy. Simulating anisotropic crystal

lattice systems of arbitrary Poisson ratio, as well as

condensed matter systems such as colloids and liquid

crystals, has a great advantage.[20] In the present pa-

per, we follow the aforementioned direction to modify

the APFC model and present a semi-implicit spectral

method to numerically solve its dynamic equation of

APFC. This procedure results in the acceleration of

computations by orders of magnitude relative to the

conventional explicit finite-difference scheme that used

in Ref. [19].

The rest of the paper is organized as follows. In

Section 2, the calculation method and the modified

PFC model are given. In Section 3, the faceting intro-

duced by the anisotropy and the morphological evolu-

tion in heteroepitaxial growth are discussed. Finally,

the conclusions of the study are presented in Section 4.

2. APFC model and the numeri-

cal formulation

The APFC model has a dimensionless free-energy

functional

F =

∫
d r

{
φ

2

[
τ + aij

∂2

∂xi∂xj

+ bijkl
∂4

∂xi∂xj∂xk∂xl

]
φ+

1

4
φ4

}
, (1)

where φ is the average atomic density, τ represents

undercooling, aij is a symmetric matrix element, and

bijkl is a fourth-rank tensor with the symmetry of an

elastic tensor: i ↔ j, k ↔ l, (i, j) ↔ (k, l). We

have attempted to illustrate how the APFC method

can be used to examine the morphological instability

and dislocations nucleation in heteroepitaxial growth.

Modeling this process requires a slight modification of

the model to reflect the crystal lattice constant. Thus,

according to the derivation of Elder,[21] the dimension-

less parameter τ is replaced by the constants q0 and r,

which are related to the crystal lattice constant and

undercooling, respectively. In addition, an external

potential V is used to model an inert substrate. This

external potential is introduced by adding a term cou-

pling V linear to φ in the free-energy functional. This

process is given by

F =

∫
d r

{
φ

2

[
r + q40 + q20aij

∂2

∂xi∂xj

+ bijkl
∂4

∂xi∂xj∂xk∂xl

]
φ+ φV +

1

4
φ4

}
, (2)

where q0 = 2π/a0, and a0 is the crystal lattice con-

stant. The form of the external potential is

V = V1[cos (qtx) cos(qty/
√
3)

− cos(2qty/
√
3)/2] + φ0, (3)

where qt = 2π/at, and at is the crystal lattice con-

stant of the substrate, φ0 is the average value of φ,

and V1 is the strength of the external potential. A

perfect hexagonal lattice structure can be obtained for

V1 = 0.2. The lattice mismatch, ξ, between the film

and the substrate is defined as ξ = (a0 − at) /a0. The

substrate vicinal angle β can be obtained by trans-

forming the coordinates x and y. The time evolution

equation in the dimensionless form is derived as fol-

lows:

∂φ

∂t
= ∆

(
δF

δφ

)
= ∆

(
φ

2

[
r + q40 + q20aij

∂2

∂xi∂xj

+ bijkl
∂4

∂xi∂xj∂xk∂xl

]
φ+ V + φ3

)
. (4)

The semi-implicit Fourier spectral method can be

used to solve the dynamic equation, with a rational

assumption of a11/2 = a22/2 = b1111 = b2222 = b1122.

We apply differential splitting prior to the discretiza-

tion. Finally, the numerical discretization of Eq. (4)

is written as

φk,t+∆t − φk,t

∆t
= −k2

{[
r +

1

2
a11(q

2
0 − k2)2

]
φk,t+∆t

+Aφ+ (φ3)k,t + Vk

}
, (5)

where A has the following form:

A = q0aijkikj + bijklkikjkkkl, (i ̸= j, k ̸= l) , (6)

where φk,t, (φ
3)k,t, and Vk correspond to the Fourier

transform of φk,t, φ3, and V , respectively, and k

is the unit vector in the Fourier space. The sim-

ulation is conducted on a periodic system of size

1024∆x×1024∆x and 512∆x×1024∆x. The time step

(∆t) is 0.3. Note that the grid size (∆x) must be

adjusted according to the value of ξ to ensure the

continuity and integrity of the substrate. The sta-

bility of time stepping for Eq. (5) is a more compli-

cated issue. In practice, it is found that ∆t = 0.3 is
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sufficient for the long-time simulation with large sys-

tems. Other constant parameters are chosen as fol-

lows: a11/2 = a22/2 = b1111 = b2222 = b1122 = 1,

b1212 = 0, (r, φ0, ξ, β)=(−0.635, −0.47, 0.06, 6.18◦).

3. Results and discussion

3.1. Faceting transitions introduced by

the anisotropy in two-dimensional

crystal growth

The faceting introduced by the anisotropy in two-

dimensional (2D) crystal growth is studied in this sec-

tion. The effect of undercooling is also discussed. Sim-

ilar to the method used by Choudhary, the anisotropic

factor ε is introduced to quantify the anisotropy of

the material at the atomic scale. This process is given

by ε = a12/b1111. The calculated results with differ-

ent ε are shown in Fig. 1. The results are obtained

by placing a small crystalline cluster with 13 density

peaks into the simulation box and allowing the clus-

ter to grow until equilibrium is established. A perfect

hexagonal lattice structure can be observed in the case

of ε = 0. The increasing anisotropic factor ε leads to

a series of faceting transitions which include hexagon,

rhombus and the stripe for the shape of the crystal.

We have determined a dimensionless parameter σ in

order to characterize the structural features. This pa-

rameter is defined as the average ratio of the length

of adjacent sides of the crystal. The relationships be-

tween σ and the anisotropic factor ε are described in

Fig. 2.

              

         

 (a) (b) (c) (d) (e)

(f) (g) (h) (i) (j)

Fig. 1. Faceting transitions which include hexagon, rhombus and the stripe for the shape of the crystal. (a)–(j)

correspond to ε = 0, ε = 0.5, ε = 0.556, ε = 0.625, ε = 0.714, ε = 0.774, ε = 0.782, ε = 1, and ε = −0.625, respectively.

(j) demonstrates a nonfaceted interface for a high undercooling value of r = 0.88.

9
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Fig. 2. The relationship between the average ratio σ

of the length of adjacent sides of the crystal and the

anisotropic factor ε.

These simulation results demonstrate that the

stable faceting is only found in the case of 0.5 < ε <

0.782. For other positive values of ε, the emergence of

the stripe phase will destroy the symmetry of the crys-

tal. Note that the symmetry of the crystal growth can

be controlled by the sign of the value of ε. For exam-

ple, figures 2(d) and 2(i) correspond to ε = 0.625 and

ε = −0.625, respectively, at the same time t = 5000.

In addition, a high undercooling value of r = 0.88

results in the disappearance of faceting and in the re-

duction of the growth anisotropy (see Fig. 2(j)). This

change is mainly caused by the competitive growth

among the adjacent sides of the crystal at a high

growth rate.
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3.2.Morphological evolution in het-

eroepitaxial growth

In this section, the APFC model is employed to

study the coarsening and coalescence of strained is-

lands and the subsequent formation of misfit disloca-

tions on vicinal substrates. The island structures have

become an interesting topic in the fabrication of quan-

tum dots or nanowires in lithography-free nanoscale

devices.[22,23] Eight layers of substrate atoms reside

at the bottom of the simulation cell in the initial con-

ditions. A constant flux boundary condition is main-

tained along the top boundary, 100∆x above the film

surface, to simulate a finite deposition rate. Numeri-

cal simulations are conducted with different ε to illus-

trate the impact of the anisotropic factor on epitaxial

growth.

The calculated results for ε = 0.5 are shown in

Fig. 3. The morphological instability of the epitaxial

layers is discussed in the framework of the continuum

elasticity theory. The elastic strain energy resulting

from the lattice mismatch is released in the form of

surface energy during the initial stage of film growth.

The surface profiles of epitaxial films are dislocation-

free islands. The islands tend to grow in fairly uni-

formly spaced arrays.[24] As the strain islands grow

up, the increasing surface energy cannot be compen-

sated by the decrease in the strain energy caused by

the lattice mismatch. Thus, the growths of strain is-

lands are restricted. In these conditions, capillarity-

driven coarsening, or the competitive growth process

wherein some islands grow at the expense of others

to minimize the total surface energy, arises.[25] The

capillarity-driven coarsening causes the mean island

volume to increase with time, during which the num-

ber of islands per unit area simultaneously decreases.

Finally, film nucleate dislocations are observed on the

edge of the islands with the most stress. Islands are

no longer coherently strained. The evolution of strain,

morphology and interfacial structures are in agree-

ment with the study of Satapathy.[26]

    

 (a) (b) (c) (d)

Fig. 3. Coalescence of strained islands and the formation of misfit dislocations on vicinal substrates with

ε = 0.5. (a)–(d) correspond to t = 2400, t = 12000, t = 28000, and t = 50000, respectively. Dislocations are

enclosed by white squares. The substrate is highlighted by a darker gray background. The dislocations are

enclosed by white squares.

Figure 4 gives the simulation results for ε = 0.532,

and there are several significant changes compared

with Fig. 3. From the analysis in Section 3.1, the

larger ε indicates an increased ratio σ of the length

of adjacent sides. The strained islands undergo a

shape transition from hexagon to rhombus. The in-

crease of σ also leads to the growth of strained islands

with a tilt angle θ toward the substrate. Figure 5

shows the changes in the tilt angle θ with different

ε. An approximate linear relationship is obtained be-

tween the two values. With the coarsening and coa-

lescing of the strained islands, the characteristics of

oriented growth results in vacancy trapping into the

islands (see Fig. 4(c)). This event is analogous to the

phenomenon of solute trapping in rapidly solidified

alloys.[27] The areas of vacancy trapping can provide

sources of stress-relieving dislocations as the coalesc-

ing islands continue to grow. This process is different

from the traditional formation mechanism of misfit

dislocation.[28−30] In addition, figure 4(d) shows that

the creation of misfit dislocations changes the growth

orientation of coalescing areas. This change in growth

orientation will gradually decrease as the dislocations

go down to the film–substrate interface.
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(a) (b) (c)

(d) (e) (f)

59.1O

6.6O

Fig. 4. Shape transition of the strain islands and the creation of misfit dislocations caused by the vacancy

trapping for ε = 0.532. (a)–(f) correspond to t = 2500, t = 12500, t = 17500, t = 22000, t = 30000, and

t = 36500, respectively. The substrate is highlighted by a darker gray background. The dislocations are

enclosed by white squares.
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Fig. 5. Relationships between the tilt angle θ and the

anisotropic factor ε.

The calculated results for ε = 0.568 are shown

in Fig. 6 to further analyze the mechanism of dislo-

cation nucleation caused by vacancy trapping. Com-

pared with Fig. 4, a large number of vacancies are

trapped into the films after the coalescence of strained

islands, and the film surface begins to approach a pla-

nar morphology. We believe that this behavior re-

sults from the strain energy concentration at the ar-

eas of vacancy trapping. The local free-energy den-

sity is depicted in Figs. 6(b) and 6(d) to character-

ize this phenomenon more clearly. The gray scale

is inversely proportional to the local free-energy den-

sity. The local free-energy density of the areas of va-

cancy trapping is clearly higher than the other parts,

as shown in the figure. The vacancies gradually dis-

appear with the diffusion of atoms. A periodic ar-

ray of misfit dislocations eventually appears in the re-

gion where the vacancies existed. The regular array

of dislocations creates a small-angle grain boundary,

as shown in Fig. 6(f). This phenomenon significantly

changes the growth orientation of epitaxial layers. The

so-called grain-boundary disclinations (rotational de-

fects) are generated in nanocrystalline and polycrys-

talline films.[31]
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(b) (c)
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Fig. 6. Vacancy trapping and the formation of a small-angle grain boundary in heteroepitaxial growth. (a)–(f)

correspond to t = 1000, t = 1500, t = 35000, and t = 50000, respectively. (f) clearly shows a small-angle grain

boundary. (b) and (d) correspond to the local free-energy density of (a) and (c). The substrate is highlighted by a

darker gray background, and the dislocations are enclosed by white squares.

4. Conclusion

We have modified the APFC model and pre-

sented a semi-implicit spectral method to numerically

solve the dynamic equation of the APFC model. The

faceting transitions introduced by the anisotropy in

crystal growth have also been discussed. In partic-

ular, we investigated the morphological evolution in

the heteroepitaxial growth of our model. The follow-

ing conclusions were obtained:

i) The application of the new numerical formu-

lation results in the acceleration of computations by

orders of magnitude relative to the conventional ex-

plicit finite difference scheme. Thus, the formulation

allows us to work on a large system and for a long

time.

ii) The increasing anisotropic factor ε leads to

a series of faceting transitions including a hexagon,

rhombus and a stripe for the shape of the crystal.

The stable faceting only exists in the case of 0.5 <

ε < 0.782. For other values of ε, the emergence of the

stripe phase will destroy the symmetry of the crystal.

The symmetry of the crystal growth can be controlled

by the sign of the value of ε.

iii) In heteroepitaxy, it is found that the increas-

ing ε leads to the growth of strained islands with a

crystal orientation of several degrees toward to the

substrate. The characteristics of oriented growth re-

sults in vacancy trapping in the islands with the coars-

ening and coalescing of strained islands. The areas

of vacancy trapping can provide sources of stress-

relieving dislocations as coalescing islands grow fur-

ther. The creation of misfit dislocations can change

the growth orientation of coalescing areas. A peri-

odic array of misfit dislocations appears in the region

where vacancies existed with respect to a larger ε. The

regular array of dislocations makes up a small-angle

grain boundary that significantly changes the growth

orientation of epitaxial layers.
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