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Spin Hall and spin Nernst effects in graphene with

intrinsic and Rashba spin–orbit interactions∗
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The spin Hall and spin Nernst effects in graphene are studied based on Green’s function formalism. We calculate

intrinsic contributions to spin Hall and spin Nernst conductivities in the Kane–Mele model with various structures.

When both intrinsic and Rashba spin–orbit interactions are present, their interplay leads to some characteristics of the

dependence of spin Hall and spin Nernst conductivities on the Fermi level. When the Rashba spin–orbit interaction is

smaller than intrinsic spin–orbit coupling, a weak kink in the conductance appears. The kink disappears and a divergence

appears when the Rashba spin–orbit interaction enhances. When the Rashba spin–orbit interaction approaches and is

stronger than intrinsic spin–orbit coupling, the divergence becomes more obvious.
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1. Introduction

Recently, the spin Hall effect (SHE) has be-

come one of the most exciting subjects in spintron-

ics and has been studied both experimentally and

theoretically,[1−6] given that it offers a possibility of

controlling the electron spin in spintronics applica-

tions. In the spin Hall effect, a transverse current

which comes from the transverse motion of two kinds

of spin in opposite directions, is induced by a longi-

tudinal electric field. Generally, the SHE is associ-

ated with either an intrinsic or extrinsic mechanism,

depending on the origin of the SHE. The intrinsic

SHE which does not require the presence of impu-

rities, may be described in terms of the Berry phase

formalism,[7,8] and also referred to as the topological

SHE. While the corresponding extrinsic mechanism is

related to the impurity scattering (side jump and skew

scattering).

A driving power or voltage may be generated not

only by an electric field, but also due to a tempera-

ture gradient. One of the most important examples is

the Seebeck effect.[9,10] Motivated by the development

of spintronics, the spin Seebeck effect has become an

important subject of current research, where the lon-

gitudinal spin current and spin voltage are generated

by the temperature gradient. Therefore, it is reason-

able to believe that the temperature gradient may lead

to anomalous spin Nernst effects[11] in systems with a

spin–orbit interaction.

In this paper, we study the spin Hall conduc-

tivity (SHC) and spin Nernst conductivity (SNC) in

graphene with intrinsic and extrinsic spin–orbit in-

teractions. Since the discovery in an experiment in

2004,[12] graphene has been one of the most interest-

ing and widely-studied materials and has paved the

way for the development of carbon-based spintron-

ics. Graphene is a two-dimensional allotrope of car-

bon with a honeycomb structure, and a linear disper-

sion relationship in momentum at low-energy scales.

The quasiparticle can be described in terms of Dirac

fermions. The relativistic nature of the quasiparti-

cle in graphene leads to unusual transport properties.

The Kane–Mele model[13,14] is an idealized model of

graphene with intrinsic and extrinsic spin–orbit inter-

actions, and many authors have pointed out that the

SHE can occur in graphene with an intrinsic spin–

orbit interaction. Unfortunately the intrinsic spin–

orbit interaction is so weak that it is difficult to realize

in experiments so far. Furthermore, the Rashba spin–

orbit interaction is also weak. However, recent exper-

iments have suggested that the Rashba spin–orbit in-

teraction can be very strong for the graphene grown on

a substrate.[15,16] The Rashba spin–orbit interaction
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can also be controlled via the impurity coverage.[17]

Therefore, we aim to study the interesting physics of

the interplay of the two types of spin–orbit interac-

tions in SHC and SNC.

The paper is organized as follows. In Section 2,

we describe the Kane–Mele model in graphene and

present a general formulae for SHC and SNC. In Sec-

tion 3, the SHC and SNC in graphene with various

structures are described. Conclusions are given in Sec-

tion 4.

2. Model and general formula for

spin Hall conductivity

2.1.Kane Mele model

The effective Hamiltonian[14] of graphene in the

presence of spin–orbit interactions is expressed as

H = H0 +H∆ +HR, (1)

The first term, H0, describes the low-energy electronic

states around the Dirac points K and K ′ in the Bril-

louin zone, and has the form

H0 = ~vF(pxσxτz + pyσy). (2)

This term comes from the nearest-neighbour-hopping

term in the tight-binding approximation. The σ =

(σx,σy,σz) and σ0 stand for the Pauli matrices which

act on pseudospin space. The Pauli matrices τ =

(τx, τy, τz) and τ0 act on the two valley space. The

vF denotes the electron’s Fermi velocity. For simplic-

ity, we take ~ = vF = 1 throughout the paper. The

second term is the intrinsic spin–orbit interaction in-

duced by the atomic potentials or topological term

and takes the following form:

H∆ = −∆σzszτz, (3)

which is opposite to the original papers.[18,19] The

Pauli matrices s = (sx, sy, sz) and s0 act on the real

spin space. Throughout this paper, I assume that

∆ > 0. The last term

HR = −λR

2
(σxsyτz − σysx) (4)

is the Hamiltonian of Rashba spin–orbit interaction,

where λR is the corresponding coupling parameter.

The eigenvalues of the Hamiltonian are given by

E(σ, s, p) = σ
√
p2 + (∆+ sλR/2)2 + sλR/2, (5)

where σ = ± refer to the conduction and valence

bands, and s = ±1 correspond to the spin-up and

spin-down electrons, respectively. The corresponding

chiral base wave functions take the following forms:[18]

|+, s⟩ =
1√
2

[
eiϕ sin

θs
2
, cos

θs
2
,

si cos
θs
2
, sie−iϕ sin

θs
2

]T
, (6)

|−, s⟩ =
1√
2

[
eiϕ cos

θs
2
,− sin

θs
2
,

−si sin
θs
2
, sie−iϕ cos

θs
2

]T
, (7)

where superscript T denotes the transpose of the ma-

trix, cos θ± = (∆± λR/2)/[
√
p2 + (∆± λR/2)2]

1/2

and cosϕ = px/p. When the Rashba coupling van-

ishes, the intrinsic spin–orbit interaction opens up a

gap which breaks the energy spectrum into an elec-

tron band at positive energies and a hole band at neg-

ative energies. When only the Rashba spin–orbit in-

teraction is present, the Rashba spin–orbit interaction

breaks the spin degeneracy. When both intrinsic and

Rashba spin–orbit interactions are present, their in-

terplay leads to different dispersion relations. When

λR reaches a critical value 2∆, the band gap closes.

For the case of ∆ > λR/2 (see Fig. 1(a)), the system

is gaped, and two valence bands are degenerate only

at p = 0. When ∆ = λR/2 (see Fig. 1(b)), the disper-

sions are threefold degenerate at p = 0. For ∆ < λR/2

(see Fig. 1(c)), one conduction band and one valence

band are degenerate at p = 0.
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Fig. 1. (colour online) Dependence of the energy spec-

trum on the type of spin–orbit interactions. The blue and

red curves denote the energy spectra with different spins.

(a) ∆ > λR/2, (b) ∆ = λR/2, and (c) ∆ < λR/2.
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2.2.Green’s function for the SHC and

SNC

Based on Green’s function theory,[20−23] the spin

hall conductivity in a perfect crystal lattice, for a

z-component spin current flowing in the x direction

under an electric field along the y direction (E =

(0, E, 0)), can be expressed as

σs
xy = σs1

xy + σs2
xy. (8)

The first term on the right of Eq. (8) is the contri-

bution from the Fermi surface, the other term is the

contribution from the Fermi sea, and

σs1
xy = −e~

2

∫
dε

2π
∂εf(ε)

∫
d2p

(2π~)2
Tr

[
ĵs(p)G

R
0 (ε, p)v̂y(p)(G

A
0 (ε, p)−GR

0 (ε, p))

− ĵs(p)(G
A
0 (ε, p)−GR

0 (ε, p))v̂y(p)G
R
0 (ε, p)

]
, (9)

σs2
xy = −e~

2

∫
dε

2π
f(ε)

∫
d2p

(2π~)2
Tr

[
ĵs(p)G

A
0 (ε, p)G

A
0 (ε, p)v̂y(p)G

A
0 (ε, p)

− ĵs(p)G
A
0 (ε, p)v̂y(p)G

A
0 (ε, p)G

A
0 (ε, p)− (GA

0 → GR
0 )

]
, (10)

where f(ε) is the Fermi distribution, ĵs = {v̂x, ŝz}/2
is the spin current density operator, v̂x,y =

(1/~)(∂H/∂px,y) is the velocity operator, and

GR,A
0 (ε, p) = [ε−H0(p)± i0+]−1 (11)

is the retarded (advanced) Green’s function in the

clean limit.

In the low-temperature regime, according to the

Mott rule,[21,24] the SNC can be written as follows:

αs
xy =

π2k2B
3e

T

[
d

dε
σs
xy(ε)

]
ε=µ

, (12)

where T stands for temperature, µ is the Fermi energy,

and kB is the Boltzman constant.

3. Spin Hall and spin Nernst con-

ductivity

In this section, I give the analytical expressions

of intrinsic contributions to the SHC and SNC. Based

on Eq. (9) and (10), I obtain the intrinsic contribution

by using the residue theorem as

σs
xy = e~

∫
d2p

(2π~)2
Im

∑
σ1,σ2,s1,s2

f(E(σ1, s1))− f(E(σ2, s2))

[E(σ1, s1)− E(σ2, s2)]2

×⟨σ1, s1|ĵs|σ2, s2⟩⟨σ2, s2|v̂y|σ1, s1⟩. (13)

Using Eq. (12), the corresponding SNC in the low-temperature regime is given by

αs
xy =

2π2k2B~
3

T

∫
d2p

(2π~)2
Im

∑
σ1,σ2,s1,s2

δ(µ− E(σ1, s1))

[E(σ1, s1)− E(σ2, s2)]2

×⟨σ1, s1|ĵs|σ2, s2⟩⟨σ2, s2|v̂y|σ1, s1⟩. (14)

These contributions are only dependent on the band

structure of the Kane–Mele model. In the eigenstate

representation (Eqs. (6) and (7)), the SHC and SNC

are determined by the off diagonal matrix elements of

the spin density operator and velocity operator. When

the Rashba coupling vanishes, one can obtain

σs
xy =

∆

|µ|
e

2π
, (15)

αs
xy = −|µ|∆

µ3

πk2BT

6
, (16)

for |µ| > ∆, and σxy = e/2π, αxy = 0 for |µ| < ∆.

They are consistent with the results obtained in pre-

vious work.[14,25]

When both intrinsic and Rasha spin–orbit in-

teractions are present in the system, there are four

regimes for the position of the Fermi energy (µ): (i)

µ > ∆ + λR, (ii) |∆ − λR/2| − λR/2 < µ < ∆ + λR,
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(iii) −|∆ − λR/2| − λR/2 < µ < |∆ − λR/2| − λR/2,

and (iv) µ < −|∆−λR/2|−λR/2. From Eqs. (13) and

(14), in the region (i), I obtain

σs
xy =

[
µ(µ+∆)

µ2 − λ2
R/4

− 2η∆/λR log
2∆+ λR

|2∆− λR|

]
e

4π
, (17)

αs
xy = −2∆(µ2 + λ2

R/4) + µλ2
R

(µ2 − λ2
R/4)

2

πk2BT

24
, (18)

where η = 1− δ(2∆− λR). In the region (ii), I obtain

σs
xy =

[
µ

λR
− µ(∆− λR

2
)/λR(µ+ λR/2)

− 2∆

λR
log

µ+∆

|2∆− (−1)η+1λR|

]
e

4π
, (19)

αs
xy =

[
1

λR
− ∆− λR/2

2(µ+ λR/2)2

− 2∆

λR

1

µ+∆

]
πk2BT

12
. (20)

For the region (iii), I obtain

σs
xy =

[
µ

λR
− µ(∆+ λR/2)

λR(µ− λR/2)

− 2∆

λR
log

µ+∆

|2∆− λR|

]
θ(λR − 2∆)

e

4π
, (21)

αs
xy =

[
1

λR
+

∆+ λR/2

2(µ− λR/2)2

− 2∆/λR
1

µ+∆

]
πk2BT

12
. (22)

Herein, θ(x) is the step function. Finally for the region

(iv), I obtain

σs
xy = − µ(µ+∆)

µ2 − λ2
R/4

e

4π
, (23)

αs
xy =

2∆(µ2 + λ2
R/4) + µλ2

R

(µ2 − λ2
R/4)

2

πk2BT

24
. (24)

All these expressions have taken into account the con-

tributions from both Dirac points.

In Figs. 2 and 3, the zero-temperature SHC and

the corresponding low-temperature SNC as functions

of µ are shown for two special cases λR = 0 and∆ = 0,

respectively. When λR = 0, the SHC and SNC are

constant when the Fermi level is in an energy gap, and

they disappear when |µ| → ∞. The SHC is symmetric

with respect to the middle of the gap, while the SNC

is antisymmetric (also see Eqs. (15) and (16)). When

∆ = 0, the SHC and SNC are constant in the limit of

|µ| → ∞. This can be also seen in Eqs. (19) and (22).

The SHC is antisymmetric with respect to the change

in the Fermi level sign, while the SNC is symmetric.
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Fig. 2. (colour online) Spin Hall conductivity (dashed red

curve) and the corresponding low-temperature spin Nernst

conductivity (solid blue curve) for ∆ = 0.1, and λR = 0.
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Fig. 3. (colour online) Spin Hall conductivity (dashed red

curve) and the corresponding low-temperature spin Nernst

conductivity (solid blue curve) for ∆ = 0, and λR = 0.1.

When both intrinsic and Rashba spin–orbit inter-

actions are present, we consider three cases:[19] λR >

2∆ (topological trivial phase), λR < 2∆ (topological

phase), and λR = 2∆ (phase boundary). The depen-

dence of zero-temperature SHC and low-temperature

SNC on the chemical potential in the three cases are

shown in Fig. 4 (∆ = 0.1 and λR = 0.01), Fig. 5

(∆ = 0.1 and λR = 0.2), and Fig. 6 (∆ = 0.01 and

λR = 0.2), respectively. In the topological phase (see

Fig. 4), the SHC and SNC are similar to those for

λR = 0. In the gapped region [−∆,∆ − λR] (region

(iii)), the SHC and SNC are constant. However, there

is a kink in the SHC in the region [∆ − λR,∆ + λR]

(region (ii)). The corresponding SNC is discontinu-

ous at the interface between regions (i) and (iii). The

kink and discontinuity result from the splitting of the

energy band induced by the Rashba spin–orbit inter-

action. On the phase boundary (see Fig. 5), the SHC

and SNC are divergent at the threefold degenerate

point µ = −∆ (see Fig. 1(b)). In the topological triv-

ial phase (see Fig. 6), the SHC and SNC are divergent

at the degenerate point µ = −∆, where the top of the
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upper valence band touches the bottom of the lower

conduction band (see Fig. 1(c)).
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Fig. 4. (colour online) Spin Hall conductivity (dashed red

curve) and the corresponding low-temperature spin Nernst

conductivity (solid blue curve) for ∆ = 0.1, and λR = 0.01.
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Fig. 5. (colour online) Spin Hall conductivity (dashed red

curve) and the corresponding low-temperature spin Nernst

conductivity (solid blue curve) for ∆ = 0.1, and λR = 0.2.
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Fig. 6. (colour online) Spin Hall conductivity (dashed red

curve) and the corresponding low-temperature spin Nernst

conductivity (solid blue curve) for ∆ = 0.01, and λR = 0.2.

4. Discussion and conclusion

In summary, the SHC and SNC in the Kane–Mele

model have been studied. The analytical expressions

of the intrinsic contributions are obtained. The depen-

dencies of zero-temperature SHC and low-temperature

SNC on the chemical potential are analyzed. In the

limit of the vanishing Rashba term and in the topolog-

ical phase, the SHC is constant and the SNC is zero

when the chemical potential is in the gap. However,

there is a kink in the conductance in the topological

phase. The kink is associated with the splitting of the

energy band induced by the Rashba spin–orbit inter-

action. On the phase boundary, the kink becomes a

divergent point at the position where the top of the

upper valence band touches the bottom of the lower

conduction band. In the topological trivial phase, the

divergence becomes more pronounced with an increas-

ing Rashba spin–orbit interaction.
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