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The spin Hall and spin Nernst effects in graphene are studied based on Green’s function formalism. We calculate

intrinsic contributions to spin Hall and spin Nernst conductivities in the Kane-Mele model with various structures.
When both intrinsic and Rashba spin—orbit interactions are present, their interplay leads to some characteristics of the
dependence of spin Hall and spin Nernst conductivities on the Fermi level. When the Rashba spin—orbit interaction is

smaller than intrinsic spin—orbit coupling, a weak kink in the conductance appears. The kink disappears and a divergence

appears when the Rashba spin—orbit interaction enhances. When the Rashba spin—orbit interaction approaches and is

stronger than intrinsic spin—orbit coupling, the divergence becomes more obvious.
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1. Introduction

Recently, the spin Hall effect (SHE) has be-
come one of the most exciting subjects in spintron-
ics and has been studied both experimentally and
theoretically,' =6 given that it offers a possibility of
controlling the electron spin in spintronics applica-
tions. In the spin Hall effect, a transverse current
which comes from the transverse motion of two kinds
of spin in opposite directions, is induced by a longi-
tudinal electric field. Generally, the SHE is associ-
ated with either an intrinsic or extrinsic mechanism,
depending on the origin of the SHE. The intrinsic
SHE which does not require the presence of impu-
rities, may be described in terms of the Berry phase

[7.8] and also referred to as the topological

formalism,
SHE. While the corresponding extrinsic mechanism is
related to the impurity scattering (side jump and skew
scattering).

A driving power or voltage may be generated not
only by an electric field, but also due to a tempera-
ture gradient. One of the most important examples is
the Seebeck effect.?"19 Motivated by the development
of spintronics, the spin Seebeck effect has become an
important subject of current research, where the lon-
gitudinal spin current and spin voltage are generated
by the temperature gradient. Therefore, it is reason-
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able to believe that the temperature gradient may lead
to anomalous spin Nernst effects!'!] in systems with a
spin—orbit interaction.

In this paper, we study the spin Hall conduc-
tivity (SHC) and spin Nernst conductivity (SNC) in
graphene with intrinsic and extrinsic spin—orbit in-
teractions. Since the discovery in an experiment in
2004,1'?! graphene has been one of the most interest-
ing and widely-studied materials and has paved the
way for the development of carbon-based spintron-
ics. Graphene is a two-dimensional allotrope of car-
bon with a honeycomb structure, and a linear disper-
sion relationship in momentum at low-energy scales.
The quasiparticle can be described in terms of Dirac
fermions. The relativistic nature of the quasiparti-
cle in graphene leads to unusual transport properties.
The Kane-Mele model(*34 is an idealized model of
graphene with intrinsic and extrinsic spin—orbit inter-
actions, and many authors have pointed out that the
SHE can occur in graphene with an intrinsic spin—
orbit interaction. Unfortunately the intrinsic spin—
orbit interaction is so weak that it is difficult to realize
in experiments so far. Furthermore, the Rashba spin—
orbit interaction is also weak. However, recent exper-
iments have suggested that the Rashba spin—orbit in-
teraction can be very strong for the graphene grown on

a substrate.l'®16] The Rashba spin-orbit interaction
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can also be controlled via the impurity coverage.['”]
Therefore, we aim to study the interesting physics of
the interplay of the two types of spin—orbit interac-
tions in SHC and SNC.

The paper is organized as follows. In Section 2,
we describe the Kane—Mele model in graphene and
present a general formulae for SHC and SNC. In Sec-
tion 3, the SHC and SNC in graphene with various
structures are described. Conclusions are given in Sec-
tion 4.

2. Model and general formula for
spin Hall conductivity

2.1. Kane—Mele model

The effective Hamiltonian™! of graphene in the
presence of spin—orbit interactions is expressed as

H = Ho + Ha + Hg, (1)

The first term, Hy, describes the low-energy electronic
states around the Dirac points K and K’ in the Bril-
louin zone, and has the form

Hy = th(pmaxTz +py0'y)~ (2)

This term comes from the nearest-neighbour-hopping
term in the tight-binding approximation. The o =
(04, 0y,0,) and oy stand for the Pauli matrices which
act on pseudospin space. The Pauli matrices 7 =
(T2, Ty, T>) and Ty act on the two valley space. The
vr denotes the electron’s Fermi velocity. For simplic-
ity, we take i = vp = 1 throughout the paper. The
second term is the intrinsic spin—orbit interaction in-
duced by the atomic potentials or topological term
and takes the following form:

Hp = -Ao,s,7., (3)

which is opposite to the original papers.!'®19 The
Pauli matrices s = (s, 8y, s.) and s act on the real

spin space. Throughout this paper, I assume that
A > 0. The last term
A

Hg = —?R(a'xsyTz —oys,) (4)

is the Hamiltonian of Rashba spin—orbit interaction,
where AR is the corresponding coupling parameter.
The eigenvalues of the Hamiltonian are given by

E(0,5,p) = o\/p?+ (A+ sAr/2)% + sAr/2, (5)

where ¢ = =+ refer to the conduction and valence
bands, and s = +1 correspond to the spin-up and

spin-down electrons, respectively. The corresponding

chiral base wave functions take the following forms:['8]

1+ 5) 1 i g 0, 0,
s) = — sin —, cos —
) ﬁ 2 b 2 b)
0, 0"
sicos 5 sie T sin 2] , (6)
17, 05 .0
|—,8) = E [e"b cos -, —sin =,
0, . s 0"
—sisin 5 sieT1? cos 2] , (7)

where superscript T denotes the transpose of the ma-
(A£2/2)/[VP? + (A £ e /2)7'/?
and cos¢ = p,/p. When the Rashba coupling van-

trix, cosfy =

ishes, the intrinsic spin—orbit interaction opens up a
gap which breaks the energy spectrum into an elec-
tron band at positive energies and a hole band at neg-
ative energies. When only the Rashba spin—orbit in-
teraction is present, the Rashba spin—orbit interaction
breaks the spin degeneracy. When both intrinsic and
Rashba spin—orbit interactions are present, their in-
terplay leads to different dispersion relations. When
AR reaches a critical value 24, the band gap closes.
For the case of A > Ar/2 (see Fig. 1(a)), the system
is gaped, and two valence bands are degenerate only
at p = 0. When A = A\g/2 (see Fig. 1(b)), the disper-
sions are threefold degenerate at p = 0. For A < Ar/2
(see Fig. 1(c)), one conduction band and one valence
band are degenerate at p = 0.

A<AR/2
-1 0 -1 0 -1 0 1
p p p

Fig. 1. (colour online) Dependence of the energy spec-
trum on the type of spin—orbit interactions. The blue and
red curves denote the energy spectra with different spins.
(a) A>Ar/2, (b) A=AR/2, and (c) A < Ar/2.
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2.2. Green’s function for the SHC and
SNC

Based on Green’s function theory,2°=23] the spin
hall conductivity in a perfect crystal lattice, for a
z-component spin current flowing in the x direction
under an electric field along the y direction (E =

sl _@ dg d2p

ny = B)

d’p
(2mh)?

0_32 — _@

xry 2

sre |

where f(e) is the Fermi distribution, j, = {0,3.}/2
is the spin current density operator, 7., =
(1/h)(OH /Opa.y) is the velocity operator, and

Go™ (ep) = e — Holp) £i01] (11)

is the retarded (advanced) Green’s function in the
clean limit.

In the low-temperature regime, according to the
Mott rule,124 the SNC can be written as follows:

(12)

zy

2.2
o = T kBT |:d0';y(€):| )
3e de ™ —p

Oy = eh/

(27h)

(0, E,0)), can be expressed as

s __ sl s2
Oy = Oy + Oy

(8)

The first term on the right of Eq. (8) is the contri-
bution from the Fermi surface, the other term is the
contribution from the Fermi sea, and

§0.16) [ e [GE e p)i, ()G e.0) ~ G )
1 (PGS (e p) — GE (P, ()G (e.p)]
Tr |,(0)G (6,0) G (,0)0, (D) G (2, )

~ 1, ()G (e, p)0, ()G (,0) G (e0) — (G — GB)]

(10)

where T stands for temperature, u is the Fermi energy,
and kp is the Boltzman constant.

3. Spin Hall and spin Nernst con-
ductivity

In this section, I give the analytical expressions
of intrinsic contributions to the SHC and SNC. Based
on Eq. (9) and (10), I obtain the intrinsic contribution
by using the residue theorem as

d%p Im Z f(E(01,81)) — f(E(02,52))

[E(01,51) — E(02, 52)]2

01,02,51,52

x (o1, 51|7s|02, 52) (02, s2]Dy |01, 51).

Using Eq. (12), the corresponding SNC in the low-temperature regime is given by

om2k3 i a%p
s = T I
Yy 3 / @rhyz

x (01, 51|7s|02, 52) (02, s2|Oy |01, 51).

These contributions are only dependent on the band
structure of the Kane—Mele model. In the eigenstate
representation (Egs. (6) and (7)), the SHC and SNC
are determined by the off diagonal matrix elements of
the spin density operator and velocity operator. When
the Rashba coupling vanishes, one can obtain

A e
0oy = Ti50 (15)
v Tul 2w

(13)
3 3(p — (01, 1))
01,09,81,82 [E(Ula 81) - E(Ug, 82)]2
(14)
s |M A7Tk'2T
W= e (16)

for |u| > A, and o,y = €/27, agy = 0 for |u| < A.
They are consistent with the results obtained in pre-
vious work.[14:25]

When both intrinsic and Rasha spin-orbit in-
teractions are present in the system, there are four
regimes for the position of the Fermi energy (u): (i)
> A+ AR, (ii) |A—)\R/2‘ —)\R/Q <p < A4 Mg,
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(iii) —|]A = Ar/2| — Ar/2 < p < |A — Ar/2| — Ar/2,
and (iv) p < —|A—Ar/2|—Ar/2. From Egs. (13) and
(14), in the region (i), I obtain

o~ | et A
v p? =M% /4
2A+ AR | e
—2nA log ——— | — 1
nA/Arlog oA 1 (17)
o = C2A(p AR /4) + pAR TRET (18)
A (e Y7 TR

where 7 =1—6(2A — Agr). In the region (ii), I obtain

7hy = | = WA= ) A+ A2
2A + A e
e e 09
o[ A
o AR 2(p 4 Ar/2)?
_ Ml] kgT (20)
AR p+A4] 12

For the region (iii), I obtain

ot = [ _ A+ IR/2)

W AR Ar(p— Ar/2)
- A Joow -2 L )
2A/>\RuiArrk1:%T (22)

Herein, 6(x) is the step function. Finally for the region
(iv), I obtain

s _  mptd) e
Oy = pu2 — /\12:{/4 4’ (23)
0 = 2A(u% + A& /4) + pAE TkET (24)
N e vy TR

All these expressions have taken into account the con-
tributions from both Dirac points.

In Figs. 2 and 3, the zero-temperature SHC and
the corresponding low-temperature SNC as functions
of y1 are shown for two special cases Ag = 0 and A = 0,
respectively. When Ag = 0, the SHC and SNC are
constant when the Fermi level is in an energy gap, and
they disappear when |u| — 0o. The SHC is symmetric
with respect to the middle of the gap, while the SNC
is antisymmetric (also see Egs. (15) and (16)). When
A =0, the SHC and SNC are constant in the limit of
|| = oco. This can be also seen in Egs. (19) and (22).
The SHC is antisymmetric with respect to the change
in the Fermi level sign, while the SNC is symmetric.
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o

Fig. 2. (colour online) Spin Hall conductivity (dashed red
curve) and the corresponding low-temperature spin Nernst
conductivity (solid blue curve) for A = 0.1, and Ag = 0.

osy(e/2m)

Fig. 3. (colour online) Spin Hall conductivity (dashed red
curve) and the corresponding low-temperature spin Nernst
conductivity (solid blue curve) for A =0, and Ag = 0.1.

When both intrinsic and Rashba spin—orbit inter-
actions are present, we consider three cases:19 \g >
2A (topological trivial phase), Ag < 2A (topological
phase), and Ag = 2A (phase boundary). The depen-
dence of zero-temperature SHC and low-temperature
SNC on the chemical potential in the three cases are
shown in Fig. 4 (A = 0.1 and Ag = 0.01), Fig. 5
(A = 0.1 and \g = 0.2), and Fig. 6 (A = 0.01 and
Ar = 0.2), respectively. In the topological phase (see
Fig. 4), the SHC and SNC are similar to those for
Ar = 0. In the gapped region [—A, A — Ag] (region
(iii)), the SHC and SNC are constant. However, there
is a kink in the SHC in the region [A — Ag, A + Ag]
(region (ii)). The corresponding SNC is discontinu-
ous at the interface between regions (i) and (iii). The
kink and discontinuity result from the splitting of the
energy band induced by the Rashba spin-orbit inter-
action. On the phase boundary (see Fig. 5), the SHC
and SNC are divergent at the threefold degenerate
point = —A (see Fig. 1(b)). In the topological triv-
ial phase (see Fig. 6), the SHC and SNC are divergent
at the degenerate point u = —A, where the top of the
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upper valence band touches the bottom of the lower
conduction band (see Fig. 1(c)).
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Fig. 4. (colour online) Spin Hall conductivity (dashed red
curve) and the corresponding low-temperature spin Nernst
conductivity (solid blue curve) for A = 0.1, and Ag = 0.01.
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Fig. 5. (colour online) Spin Hall conductivity (dashed red
curve) and the corresponding low-temperature spin Nernst
conductivity (solid blue curve) for A = 0.1, and Ag = 0.2.

2 10
I o
—Q—Ofi«y
I .
—~ 1 | 6 Q
S S
~ | ) [a)ee)
) 2
e [ £
Lo =
§) 0 ° 2 g
! 10
~1 -2
—0.5 0 0.5
w

Fig. 6. (colour online) Spin Hall conductivity (dashed red
curve) and the corresponding low-temperature spin Nernst
conductivity (solid blue curve) for A = 0.01, and Ag = 0.2.

4. Discussion and conclusion

In summary, the SHC and SNC in the Kane-Mele
model have been studied. The analytical expressions
of the intrinsic contributions are obtained. The depen-
dencies of zero-temperature SHC and low-temperature
SNC on the chemical potential are analyzed. In the

limit of the vanishing Rashba term and in the topolog-
ical phase, the SHC is constant and the SNC is zero
when the chemical potential is in the gap. However,
there is a kink in the conductance in the topological
phase. The kink is associated with the splitting of the
energy band induced by the Rashba spin—orbit inter-
action. On the phase boundary, the kink becomes a
divergent point at the position where the top of the
upper valence band touches the bottom of the lower
conduction band. In the topological trivial phase, the
divergence becomes more pronounced with an increas-
ing Rashba spin—orbit interaction.
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