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Surface plasmon wave propagation
along single metal wire*
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Recently, the single metal wire (SW) has become attractive for its potential applications in the terahertz and
higher frequency range. However, as the most simple and typical surface plasmon polariton (SPP) transmission line, its
study seems far from enough. Many important transmission behaviours have not been explained satisfactorily from the
viewpoint of physics. In this paper, making use of the modified Drude model (MDM) based on the Sommerfeld theory,
the transmission behaviours of SPPs along SW are systemically investigated theoretically. Some important physical
phenomena such as the mode transformation, the lifetime of the radiative mode and the resonance frequency are revealed,
and their mechanisms are explored. The results obtained in the paper will facilitate a general understanding of the
features and the physical essence of the SPP transmission, not only for SW itself but also for other SPP transmission

lines.
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1. Introduction

Recently, the single metal wire (SW) has aroused
great interest, owing to its advantages of low loss and
low dispersion in transmitting electromagnetic (EM)
waves from the terahertz to light regime via surface
plasmon polaritons (SPPs).*—*]

As a simplest and typical SPP transmission line,
so many research studies on SW were conducted
for the axial symmetric mode (TMy mode).' =3 In
Ref. [4], were gave out some important transmission
features of the axial asymmetric modes on SW, show-
ing that besides the surface waves (real modes), there
are also radiation waves (virtual modes) for the asym-
metric mode. The behaviour of the negative disper-
sion and cutoff frequency are presented. However, no
satisfactory physical explanation on these phenomena
has been given till now.

Some problems on the SW transmission features
still need to be further explored. For example, what
will happen when the field penetration into the wire
becomes very strong for a very thin wire? Will an ex-
cited mode at import of the SW be transformed into

another mode, and what is the physical mechanism for
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such a mode transformation? How is the lifetime of
the mode estimated? What is the mechanism for the
occurrence of the radiative SPP mode on SW? How
are the resonance (asymptotic) frequency and the cut-
off frequency determined? The above problems show
the necessity and urgency in performing a further sys-
tematical investigation on the SPP transmission along
the SW.

In addition, in previously published papers,
the Drude Model (DM) 1% or even the simplified
DM was used to describe the dielectric characteris-

[1-6]

tics of the metal. However the DM is actually an
approximate model that is based on the assumption
that the ideal free electron gas in the metal has a
Maxwell-Boltzmann distribution. Therefore, it is not
so accurate for real metals.['!] Fortunately, decades
later, with the help of the quantum theory, the mod-
ified Drude model (MDM) came into being based on
the Sommerfeld theory of metal. In the MDM, the
Maxwell-Boltzmann distribution in DM is replaced
by the Femi Dirac distribution.['?l According to the
MDM, the interaction of free electrons with the EM
field can be treated with classical theory under the
following two limitations: the energy gained by the
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free electrons from the incident fields cannot exceed
the threshold of the quantum transition of electrons
in the metal (Ag: 2.7 eV, Auw: 1.4 €V); the absorbed
energy cannot exceed the work function of the elec-
trons to avoid them escaping from the metal.

In this paper, the MDM with data of the ex-
perimental measurements taken into consideration is
adopted to express the dielectric function of the real
metal.'3] The transmission and radiation characteris-
tics of the SPPs along SW are investigated in detail.
We focus on the exploration of the physical explana-
tion and mechanism of the transmission behaviours
of SW, and some important physical phenomena are
revealed for the first time.

The rest of the paper is organized as follows.
In Section 2 we show the calculated dispersion be-
haviours of the SPPs propagating along a SW based
on the MDM, some important and interesting phe-
nomena are presented here. The results of the com-
puter simulation are given in Section 3. The physical
mechanism of the phenomenon presented in Section
2 is given in Section 4. Some conclusions are drawn
from this study in Section 5.

2. Behaviours of SPP propaga-
tion along SW

The physical model considered in this paper is a
nonmagnetic SW in the air with a radius of a = D/2,
where D is the diameter of SW. The Maxwell equa-
tions are solved in a cylindrical coordinate system with
continuous boundary conditions on the cylinder sur-
face (the tangential components of the electric field
and the magnetic field must be continuous at the wire
surface 7 = a), we can obtain the dispersion equa-

tion of the electromagnetic wave propagation in the z
[4,14]
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Here, J,, and Hg) are the fist kind of Bessel function
and the Hankel function respectively, k4 = kfem, — k2,
k%, = ke, — k2, with &, and e, being the permit-
tivities of the metal and air respectively. In Eq. (1),
the TE and TM modes are coupled with each other
except the axial symmetric modes (m = 0); it can be

simplified as
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for TMy mode;
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for TEgmode.
Making use of the MDM, the dielectric character-
istic of the real metal is

w2

p
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Em = €co
where w, is the plasma frequency of the metal, v
is the mean collision frequency of electrons. The
value of €4, is in the range of 1-10, depending on the
metal type.[''"12 For silver wire, the parameters are
wp = 1.39 x 10%, v = 3.2 x 10'3, and o, = 4.5 ob-
tained by fitting the experimental data in Ref. [13].

Based on Egs. (1)—(4), the dispersion curves of
the SPPs propagating along the silver wire with di-
ameters of 440 nm, 44 nm, and 4.4 nm are obtained;
the results are shown respectively in Figs. 1-3, where
the right and the left region of the light line are the
slow wave region (real modes, surface waves) and the
fast waves region (virtual modes, radiation waves), re-
spectively. Figure 1 shows the comparisons between
the dispersion curves obtained by the MDM and those
by the DM as given in Ref. [4] for different modes of
the waves and different diameters of the wires. We can
see that the curves derived by both models are sim-
ilar, but for the former ones, the highest frequencies
decrease and the frequency bands are narrower. The
differences are due to the decrease of the surface plas-
mon resonance frequency (ws), which will be discussed
later in the paper.

Further investigations on these results show the
following interesting and important transmission be-
haviours of SW.

1) For the axial symmetric mode (TMy mode) as
shown in Fig. 2(a), the dispersion curves are always
on the right side of the light line (slow wave region),
indicating that the TMy mode is a surface wave with
velocity less than the speed of light. This result is
in accordance with the results presented in Refs. [1]-
[3]. The simulated field pattern at 900 THz for the
TMjy mode on silver SW is shown in Fig. 2(b), which
indicates that the axial symmetric fields concentrate
mainly in the vicinity of the surface of the wire. The
three-dimensional (3D) simulation in Fig. 2(c) shows
the stable propagation of TMy mode.
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Fig. 1. (colour online) Comparison between the disper-
sion relation of silver SW obtained by MDM and that
obtained by MD in Ref. [4] with (a) D = 440 nm, m = 16;
(b) D =44 nm, m = 1; (¢) D = 4.4nm, m = 1.

2) For the asymmetric mode, the dispersion fea-
tures shown in Fig. 3 are quite different from those
of the symmetric mode. Firstly, the dispersion curves
traverse the light line and are located in the slow wave
region as well as the fast wave region, which means
that both the transmission wave and radiation wave
appear in this case. Secondly, the radiation waves
have cutoff frequencies, whose values depend on the

mode number of the wave and the diameter of the

w/101% s~

4
k./108 m~1

Fig. 2. (colour online) (a) Dispersion curves of TMg mode
for different diameters of 440 nm, 44 nm, and 4.4 nm;
(b) simulated field distribution on the cross section of
440 nm silver wire; (c) stable transmission of TMg mode
on 440 nm silver wire, obtained by 3D simulation.

wire. Thirdly, the dispersion curves become flat and
squeeze together with the increase of the mode number
or the decrease of the diameter, which indicates that
the thick wire can sustain more propagation modes
than the thin wire. Finally, the negative dispersion
behaviour can be found for the thin wire as shown in
Figs. 3(b) and 3(c), but for the thick wire, the dis-
persion curves in Fig. 3(a) are positive for the mode
numbers 1-16.
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of silver SW.

Some of the phenomena presented above have
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(colour online) Dispersion curves for different
modes with diameters of (a) 440 nm, (b) 44 nm, (c) 4.4 nm

been found in previous studies,*1%16] but it seems
that more reasonable explanations and more knowl-
edge of the mechanisms of the occurrence of these
phenomena need to be explored for a deeper under-
standing of the SPP transmission features along SW,
and this is what we try to do in the following sections.

3. Computer simulations on

asymmetric modes

From the dispersion behaviours of the SPPs on
SW shown in the previous section, we can see that
the dispersion characteristics of the asymmetric modes
strongly depend on the ratio of the diameter of the
wire (D) to the wavelength () of the transmission
wave. In order to see the influence of the dimension
of the wire on its transmission features more clearly,
computer simulations on the asymmetric modes are
performed using commercial finite element software
COMSOL Multiphysics. The field patterns on the
cross section of the silver wire with diameters of
440 nm and 4.4 nm for different modes are shown in
Fig. 4, we can see that the field distributions vary az-
imuthally according to the mode number for all asym-
metric modes, but for the same modes they are sig-
nificantly different from each other for different di-
ameters. At 900 THz (A = 330 nm), for thick wire
(D = 440 nm) as shown in Fig. 4(a), both the pene-
tration depth of the wave fields into the metal and
the decay length of the field into the air are very
small compared with the diameter of the wire, and the
fields concentrate only in the vicinity of the surface of
the metal wire; but for very thin wire with D < A
(D = 4.40 nm) as shown in Fig. 4(b), the penetrated
fields fill almost the whole space within the wire. So,
the field penetration into the wire strongly depends
on the ratio of the diameter to the wavelength, and
the strength of the penetrated field increases as the
diameter of the wire decreases.

Fig. 4. (colour online) Field patterns on the cross section for silver wire at 900 THz: (a) 440 nm diameter with

mode m = 1, and 4.4 nm diameter with (b) mode m = 1 and (c) with mode m = 2.
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Another interesting phenomenon found by our
simulations is the mode transformation for the very
thin wire (D = 4.4 nm). As shown in Fig. 5(a), the
excited asymmetric mode (m = 2) at the import of the
wire radiates off very quickly, shortly after that, the
symmetric mode (m = 0) takes it over and propagates
along the wire steadily, and Fig. 5(b) implies that this
process happens in a very short time. While for the
thick wire case (D = 440 nm), the excited asymmetric
mode can directly go into a stable propagation along
the wire as shown in Fig. 6. It means that when the
diameter of the wire is much less than the wavelength,
SW cannot effectively transmit asymmetric modes any
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Fig. 5. (colour online) (a) Transformation process from
m = 2 asymmetric mode to TMo mode and (b) the fields
along the very thin silver wire with a diameter of 4.4 nm.

X108

Fig. 6.
asymmetric mode along the silver wire with a diameter of
440 nm.

(colour online) Stable transmission of m = 1

more, mode transformation happens, and the asym-
metric mode with m = 2 is transformed into a sym-
metric mode with m = 0. It is the first time the
mode transformation in the SW has been revealed.
The mechanism for the appearance of this interesting
and important phenomenon will be given in the next
section.

4. Physical mechanisms

In this section, we will discuss the physical ex-
planation for the phenomena presented in Sections 2
and 3, and the mechanisms of some newly revealed
phenomena, such as mode transformation, will be ex-
plored from the viewpoint of physics.

Owing to the fact that the MDM is based on the
Sommerfeld theory of metal, Maxwell’s equations and
Newton’s theory can be used to deal with the interac-
tion between the free electrons in the metal and the
penetrated EM fields: under the excitations of the
penetrated fields, the free electrons will execute a col-
lective motion. For an SW, in particular a thin SW,
subjected to the penetrated fields, the uniformly dis-
tributed free electrons within the wire are re-arranged
to form a bunch-like state. On the other hand, due to
the space charge effect, the electrons tend to return to
their original uniform spatial distribution. These pro-
cesses are the general physical basis of the following
analyses.

4.1. Radiation of asymmetric modes

When the TMy mode is excited (symmetric ex-
citation) on the SW, the free electrons in the metal
can oscillate longitudinally only in the vicinity of the
surface of the wire, which is just the case of SPPs.
So, the TMy mode is always the surface propagating
mode as shown in Fig. 2. Yet, when the wire is ex-
cited by an asymmetric mode (asymmetric excitation)
as shown in Fig. 7, the natural uniformly distributed
free electrons in the metal are forced to change into
electron bunches along the angular direction within
the wire to match the azimuthal variation of the pen-
etrated fields; the electron bunches will execute spiral
motion along the wire by combining the longitudinal
and transversal motions of the electrons. According
to the electrodynamics theory, the transversal rota-
tion of the electron bunches will emit EM radiation,
which is just the physical mechanism of the radiation
of the asymmetric mode.

The formulas for the calculation of the radiation
power can be found in Appendix A.
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Fig. 7. (colour online) Field patterns of m = 4 asym-
metric mode on the cross section of the silver wire with
diameters of (a) D = 440 nm, (b) D = 44 nm.

4.2. Mode transformation and lifetime

Now, the mechanism of the mode transforma-
tion for SPPs propagating along SW can be explored.
When an asymmetric mode is excited on a very thin
metal wire, the field penetration into the wire is
very strong as shown in Figs. 4(b) and 4(c); the
free electrons are forced to change their original uni-
form spatial distribution state, and the distribution
re-arrangement of free electrons occurs in the wire to
form electron bunches, which will also execute a spe-
cial spiral motion along the wire. This motion causes
the asymmetric mode to rapidly disappear through
On the other hand, the variation of the
spatial distribution of the electrons will result in a
strong space charge force, which leads to a reverse
trend for the re-arranged electron distribution return-
ing to the original uniform state gradually. This pro-
cess gives birth to the symmetric mode (TMy modes)
for a subsequent stable propagation: the mode trans-
formation is completed. The mode transformation is

radiation.

a transient process, which takes a very short time on
the order of attosecond according to the simulation
shown in Fig. 5(b), and this time is just the lifetime
of the radiated asymmetric mode, which is reasonable
compared with the relaxation time of the electrons in
the metal.['?]

4.3. Resonance (asymptotic) frequency
and cutoff frequency

As shown in Fig. 3, the dispersion curves for
all modes on SW will finally approach to resonance
(asymptotic) frequency ws. Similar to that for pla-
nar structure, wy is also very important for describing
the features of the dispersion behaviours of the SPPs
along the cylindrical wire.

For SPPs on planar structure, the dispersion

equation is simple and can be expressed as/'”

kz = "_‘) Sdfm . (5)
c V Ed+ Em

The resonance will occur for very large k., and we can
obtain g4 + £, — 0 from Eq. (5), then there is
_ Y (6)
VEso T €4

Here, we treat the problem from the viewpoint of
physics. As is well known, the group velocity repre-
sents the transmission of energy or signal of the EM
wave, it is defined as

k. \ !

Vg = < 8w> . (7)
As the group velocity approaches to zero (vg — 0), the
energy transmission along the wire will stop and the
resonance happens. So, by substituting Eq. (5) into
Eq. (7) and letting vy — 0, we can also obtain the res-
onant frequency of the SPPs in the planar interface as
shown in Eq. (6).

This treatment is also valid for a cylindrical struc-
ture, for which the dispersion relation as shown in
Eq.(1) is much more complicated, so the analytical
derivation of ws seems hard. Instead, the numerical
calculation can be carried out and the results are given
in Appendix B. It shows clearly that w approaches to
ws when (0k,/0w)™" = 0, where k,exhibits a large
value. The following important points should be no-
ticed for the wg of the SPPs:

(1) the values of ws are the same for planar and
cylindrical structures, so wy is one of the general pa-
rameter of SPPs;

(2) for a cylindrical structure, the value of ws is
independent of the diameter of the wire;

(3) the diameter of the wire influences only the
speed of w approaching to ws: the thinner the wire,
the slower the speed approaching to wy is.

Wg =
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The cutoff frequency of the SW can be calculated
by the dispersion equations (1)—(3) with k, = 0. The
dependence of the cutoff frequency of the asymmetric
modes on the azimuthal mode number are shown by
Fig. 8 for the silver wire with diameters of 4.4, 44,
and 440 nm. We can see that the cutoff frequencies
increase with the mode number increasing, but they
are always less than wg.
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Fig. 8. (colour online) Variations of cutoff frequencies

of silver SW with mode number for wires with different
diameters.

The cutoff frequencies come from the predomi-
nant azimuthal propagation of the SPPs on the SW,
which is perpendicular to the longitudinal direction,
just similar to the transversal propagating of SPPs
on planar structure. When the azimuthal component
of the SPP propagation becomes overwhelming com-
pared with the longitudinal component, the cutoff fre-
quency occurs. The cutoff frequency of the SW is dif-
ferent from that of the closed waveguide. For example,
for hollow rectangular and cylindrical waveguides their
cutoff frequencies depend on the transverse resonance
in the closed waveguide. As is well known, there exists
a relationship A\, = 2b for the TMy mode in a rectan-
gular waveguide. However, for the open SW system,
the wavelength shortening phenomenon appears in the
angular direction both inside and outside of the wire,
there exists a relationship (A¢)gn, < 7d.

4.4. Negative dispersion

As mentioned above, when the asymmetric modes
are excited in the wire, the bulk free electrons in the
metal will be forced to form electron bunches along the
azimuthal direction of the wire. These bunches will in-
teract with each other in the transversal direction and
the interactions become considerable when the wire is
very thin. These strong interactions cause the electron
bunches to vibrate strongly in the transversal direc-
tion. When the transversal vibration, instead of the

longitudinal motion, becomes the dominant motion of
the free electrons in the metal, the negative disper-

sion occurs just like that in the case of the planar thin
film.[17]

5. Conclusions

Making use of the MDM, the systematical inves-
tigation by means of analytical theory and computer
simulations on the SPP transmission along the SW
are implemented in depth in this paper. The follow-
ing results are obtained.

(i) For the SPP propagation along SWs with dif-
ferent diameters, the dispersion curves for both sym-
metric and asymmetric modes are presented. Com-
paring with those given in previous literatures, in our
results, the highest frequency is low and the frequency
bands are narrow for all modes. The corresponding
field patterns are obtained by simulations.

(ii) Based on the MDM of the Sommerfeld the-
ory, the detailed physical analysis of the mechanisms
for the radiative mode, the negative dispersion and
the cutoff frequencies are presented.

(ili) Some physical phenomena, such as mode
transformation, lifetime, resonance (asymptotic) fre-
quency ws, are revealed and their mechanisms are ex-
plored.

As a simple and typical SPP transmission line,
the results given in the paper will facilitate a general
understanding of the features and the physics of the
SPPs, not only for SW itself but also for other kinds
of SPP transmission lines.

Appendix A: Formulas for the
calculation of radiation power

For the fields outside of the wire:

EY = CHW (ker)e k=7, (A1)
HY' = DH() (ker)e 3%+, (A2)

the radial Pointin vector per unite length can be ob-
tained as

1
P = 3 Re { / (BFHT — E?Hg)rdﬁ}

L
= —5‘%(@“025)

x Re{ / (Ey'HY — EEHg)rde}

2w
= E(MDF +1C%e), (A3)

where C' and D are the constants relating to the exci-
tation source, which can be determined by boundary

117303-7



Chin. Phys. B Vol. 21, No. 11 (2012) 117303

matching approaches, w and k. can be deduced from
the dispersion relations.

According to the expression of the radial Poynting
vector, when k2 = k% — k2 > 0, we can obtain P, > 0,
which means that there exists radiation in the radial
direction.

Appendix B: Numerical calcula-
tion of resonance (asymptotic)
frequency

With vy = 0, the values of the resonance fre-
quency ws for SPP propagation along the silver SW

are numerically calculated here according to the dis-
persion equation (1), the calculation results of wy
are listed in Table Bl with K = k,/k, = k,c/wp.
Obviously, we can obtain a common value of ws =
0.3162 rad/s for different diameters and mode num-
bers of SW, this value is the same as that obtained
by Eq. (6) for the silver planar structure. The varia-
tion of the value of K with diameter of wire is shown in
Fig. B1, indicating the process of frequency approach-
ing to ws: the thinner the wire, the larger the value of
K is, and the result is consistent with the dispersion
behaviour of SW as shown in Fig. 3.

Table B1. Resonance (asymptotic) frequency for silver cylindrical structure.

ws n=1 n=>5 n =10 n =15 n = 20 n = 30
D = 440 nm 0.3162 0.3162 0.3162 0.3162 0.3162 0.3162
(K ~ 20)
D = 2004 nm 0.3162 0.3162 0.3162 0.3162 0.3162 0.3162
(K ~ 60)
D =100 nm 0.3162 0.3162 0.3162 0.3162 0.3162 0.3162
(K ~ 150)
D =44 nm 0.3162 0.3162 0.3162 0.3162 0.3162 0.3162
(K ~ 400)
D =10 nm 0.3162 0.3162 0.3162 0.3162 0.3162 0.3162
(K ~ 1400)
D =44 nm 0.3162 0.3162 0.3162 0.3162 0.3162 0.3162
(K ~ 2000)
D =2 nm 0.3162 0.3162 0.3162 0.3162 0.3162 0.3162
(K ~ 5000)
6000 ii) the values of wg are the same for a planar and
'S cylindrical structure;
1000k iii) for a cylindrical structure, the value of wy is
independent of wire diameter.
X A similar situation happens to Au wire.
20009
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Fig. B1. Dependence of K on diameter of wire for the
process of w approaching to ws.
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