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The quantum spin Hall effect (QSHE) was first realized in HgTe quantum wells (QWs), which remain the only

known two-dimensional topological insulator so far. In this paper, we have systematically studied the effect of the

thickness fluctuation of HgTe QWs on the QSHE. We start with the case of constant mass with random distributions,

and reveal that the disordered system can be well described by a virtual uniform QW with an effective mass when

the number of components is small. When the number is infinite and corresponds to the real fluctuation, we find that

the QSHE is not only robust, but also can be generated by relatively strong fluctuation. Our results imply that the

thickness fluctuation does not cause backscattering, and the QSHE is robust to it.
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Studies on topological states of quantum mat-

ter have attracted much attention due to the discov-

ery of the time-reversal invariant topological insulator

(TI).[1−3] A great deal of interest has been stimulated

by the theoretical proposal of realizing the quantum

spin Hall effect (QSHE) in graphene.[4,5] Although the

spin–orbit coupling is too weak in graphene to observe

the effect, the TI concept is attractive. Subsequently,

this phase is indeed observed experimentally in both

two and three dimensions.[6−13] Since then, more and

more experimental and theoretical efforts are being

devoted to this field, making it the hottest topic in

condensed matter physics.[14,15]

A key feature of TIs is the existence of gapless

edge or surface states within the bulk gap. These

states are topologically protected and are robust to

nonmagnetic impurity scattering due to their helicity,

which has been verified by angle-resolved photoemis-

sion spectroscopy and scanning tunneling microscope

experiments.[10,16] More interestingly, it is noted re-

cently that the TI not only is robust to disorder, but

also can be brought about by disorder. The new topo-

logical phase, referred to as the topological Ander-

son insulator (TAI), has been predicted to exist in

both two and three dimensions.[17−20] TAI studies fo-

cus on on-site type disorder. Recent experiments in

the HgTe QWs show that except for the on-site dis-

order, the well-width fluctuation cannot be ignored

and will affect the transport properties.[21] Particu-

larly, the thickness fluctuation which naturally exists

may be helpful for studying Dirac fermion transport

with random mass, which is difficult to realize exper-

imentally at present.

In this paper, we provide a systematic theoreti-

cal study on the effect of the thickness fluctuation of

HgTe QWs. Based on the tight-binding model describ-

ing HgTe QWs, the thickness fluctuation is modeled

as the disorder in the Dirac mass. We start with the

case of constant mass with random distributions, and

show that the disordered system can be well described

by a virtual uniform QW with an effective mass when

the number of components is small. When the number

is infinite and corresponds to the real fluctuation, we

find that the QSHE is not only robust, but also can be

generated by relatively large fluctuation. Finally, the

similarity and difference between the effect of on-site

disorder and the physics of the Dirac equation with a

random mass are discussed.
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We start with the effective four-band Hamiltonian

for HgTe QWs which reads[7,23]

Heff(kx, ky) =

HD(k) 0

0 H∗
D(−k)

 , (1)

where HD(k) = ϵ(k) + di(k)σi, σi (i = x, y, z)

are 2 × 2 Pauli matrices. To the lowest order of k,

d1(k) = Akx, d2(k) = Aky, d3(k) = M − Bk2, and

ϵ(k) = C − Dk2. In the above Hamiltonian, the

spin-up and spin-down subsystems can be decoupled,

and HD(k) and H∗
D(−k) describe the spin-up and

spin-down subsystems, respectively. The lower block

H∗
D(−k) is the time-reversal counterpart of the up-

per block, and thus the total system preserves time-

reversal symmetry. A, B, C, D, and M are spe-

cific material parameters depending on the QW ge-

ometry, which take the same values as those in pre-

vious work.[17,18] A tight-binding model of the form

of Eq. (1) can be derived by the following substitu-

tions: kia → sin(kia) and (kia)
2 → 2[1 − cos(kia)],

where a is the lattice constant. The matrix elements

are written as: d1(k) = A sin(kx), d2(k) = A sin(ky),

d3(k) = M − 4B + 2B[cos(kx) + cos(ky)], and ϵ(k) =

C − 4D + 2D[cos(kx) + cos(ky)]. The system can ex-

hibit a conventional insulating phase for M > 0 and

a quantum spin Hall effect phase for M < 0. The

two different phases are characterized by a Z2−valued

topological invariant.

We first consider the case of constant mass with a

random distribution. The mass M is no longer a con-

stant on each site as above, and can take several differ-

ent values. There is a fixed coverage λi (the sum of all

λi is 1) for each value Mi, while the sites are randomly

distributed. A two-component case is shown schemat-

ically in Fig. 1(a), where λ percent sites take the value

M1 and the other ones take M2. In the following, we

will start with this simple case.
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Fig. 1. (colour online) (a) Schematic drawing of the distribution of mass in the two-component case. The mass in

the locations marked by filled squares takes one value and that with nothing takes another value. False color plots of

conductance as a function of the coverage λ and the Fermi energy EF on a 100(L) × 80(W ) strip: (b) M1 = −10 and

M2 = 4; (c) M1 = −10 and M2 = 0; (d) M1 = −10 and M2 = −4. The blue regions in (b), (c), and (d) have zero

conductance, and thus mark the regions in the gap.

Due to the random distribution of mass, the sys-

tem becomes disordered. To study the robustness of

the QSHE, we employ the recursive Green function

method and evaluate the conductance G of a ribbon

with a width W and length L using the Landauer–

Büttiker formalism.[24−26] In the following calcula-

tions, we use a periodic boundary condition in the

width direction to avoid the finite-size effect, and thus

determine the phase boundary more precisely. We

only consider a single realization of the disorder at
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each λ, but present the results in a fashion that is

designed to amplify the effect of fluctuations, which

turns out to be sufficient for determining the size of

the gap with a very good accuracy. In Fig. 1(b), the

masses areM1 = −10 andM2 = 4, and their coverages

are 1−λ and λ, respectively. At λ = 0, the system has

a uniform mass M1 and shows the QSHE. As λ is in-

creased, which means replacing the mass with M2 on

increasing number of sites, the system remains in the

QSHE phase and the gap size is reduced. At a critical

value λc, the gap vanishes. Hereafter, the gap is in-

verted and the system becomes a normal insulator. In-

terestingly, we find that the disordered system can be

described by an effective massMeff = (1−λ)M1+λM2

(the black line in Fig. 1(b)). We also consider the cases

of M1 = −10, M2 = 0 (see Fig. 1(c)), and M1 = −10,

M2 = −4 (see Fig. 1(d)), and find that the effective

mass description is also applicable to the results. The

system we study is like an alloy composed of two ma-

terials. One of them is randomly substituted by the

other at a fix percentage λ. The simplest approach to

treating the substitutional disorder would be to simply

interpolate between the tight binding parameters for

the two materials. In our case, since only the masses

are different, it is reasonable to approximate the elec-

tronic structure of the system using a translationally

invariant Hamiltonian with an interpolating effective

mass. At small λ (or close to 1), the band structure is

not drastically changed and the effective description

is expected to be more accurate, which is indeed the

case, as shown in Fig. 1. We also notice that even

at intermediate λ, the discrepancy is small. Thus,

to some extent, the effective description is applicable

for the whole λ regime. The topological properties

of the system can also be studied by calculating the

Z2−valued topological invariant. The spins sz = ±1

in Eq. (1) can be taken separately. When the system

is in the QSHE phase, each copy exhibits quantized

Hall conductance. Thus, we can calculate the Hall

conductance to determine the topological properties

using the Kubo formula:

σxy = −2e2

~
Im

∑
En<EF<Em

⟨n|vx|m⟩⟨m|vy|n⟩
(Em − En)2

, (2)

where vk = ∂H(k)/∂k, with H(k) being the Hamil-

tonian of the system. For the disordered systems, the

above calculation can be generalized by taking the

disordered system as a “supercell” and introducing

the twisted boundary conditions.[27−29] However, the

increasing amount of calculation will greatly limit the

size we can access. Hence, to calculate larger sizes, we

preserve the inversion symmetry. Then the problem

can be greatly simplified.[6] It has been shown that

the topological invariant can be determined from the

knowledge of the parity ξ2m(Γi) of the 2m-th occupied

energy band at the four time-reversal invariant mo-

menta (TRIM) Γi that satisfy Γi = Γi +G (G is the

reciprocal lattice vector). The four TRIMs can be ex-

pressed in terms of primitive reciprocal lattice vectors

as Γi=(n1,n2) = (n1b1 +n2b2)/2, with nj = 0, 1. Then

Z2 is the product
∏

nj=0,1 δn1n2 , where the parity

product for the occupied bands δi =
∏N

m=1 ξ2m(Γi).

We want to mention that for a large enough sys-

tem, such consideration will not change the under-

lying physics. We show the results in Fig. 2. For

different disorder realizations, the energy levels for
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Fig. 2. (colour online) The gap value extracted from the

calculations of topological invariant (black solid line) and

of the effective mass Meff = (1 − λ)M1 + λM2 (red solid

line) for: (a) M2 = 4, (b) M2 = 0, and M2 = −4. The

insets in Fig. 2(a) show the broadened energy levels which

restrict the gap size to be λ = 0.4. The shaded regions

in both figures mark the range on the λ axis where the

system has a nontrivial Z2.
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the electrons at half filling and the one just above

are broadened (as shown in the inset of Fig. 2(a)).

For the parameters used, the physical gap size is de-

termined by the value at k = (0, 0) TRIM. We can

approximate the gap value from the peaks of the dis-

tributions, which are the energy levels for the most

energetic electrons. Such consideration is reasonable

in that disorder broadens the energy bands, and the

states in the tail are mostly localized, as in the case

of integer quantum Hall effect. Our calculations are

carried on 1000 different disorder realizations and the

extracted gap size fits well with that from the calcu-

lations of conductivity. Additionally, in all 1000 re-

alizations, Z2 = −1 for λ < λc, while Z2 = 1 for

λ > λc, which implies that the topological quantum

phase transition at λc is a sharp one. These results

are well consistent with those from the calculations

of conductivity. We also consider the case of three

components, and the results are similar.

Now we study the case of constant masses with

random distributions. This kind of disorder is not re-

alistic in the HgTe QWs, but the underlying physics

is general. Namely, the Dirac equation with several

constant masses can be well described by a uniform

one with an effective mass which is just the arith-

metical average of different values. It can be real-

ized in graphene via adatom deposition to engineer a

robust QSHE.[30] In real materials, the thickness fluc-

tuation is anywhere and the amplitude is estimated to

be of the order of 0.2–0.3 nm.[21] In the tight-binding

model, it is described by replacing the mass on site n

with M+ϵn. The disorder ϵn satisfies the distribution

probabilities:

Pd(ϵn) =

 1/W, −W/2 ≤ ϵn ≤ W/2

0, otherwise,
(3)

where W is the distribution width describing the

strength of disorder. The fluctuation can be also

viewed as the case of constant masses with random

distributions, while the number of components is infi-

nite and the coverages are all equal.
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Fig. 3. (colour online) False color plot of conductance G as a function of disorder strength W and the Fermi

energy EF for (a) M = −10 and (b) M = 1. The conductance in the white region also fluctuates and is not

shown here. The phase boundaries extracted from the calculations of topological invariant and SCBA are shown

for (c) M = −10 and (d) M = 1.
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We evaluate the conductance G of a ribbon with

the same geometry as those in Fig. 1 in the presence

of the disorder described by Eq. (2). In Fig. 3(a),

the disorder is introduced to a TI in its clean form,

and it can be seen that the TI phase persists to a

fairly large strength of disorder. In Fig. 3(b) the dis-

order is introduced to a normal insulator. Interest-

ingly, it can invert the gap and turn the normal insu-

lator into a TI. These behaviors are similar to those

induced by an on-site one, where a topological An-

derson insulator is predicted.[17] The phase diagrams

extracted from the calculations of topological invari-

ant are shown in Figs. 3(c) and 3(d). It can be seen

that the weak-disorder boundary fits well with that

from the calculations of conductivity, while the strong-

disorder one fits well only when the strength of disor-

der W is small. The percentage of the disorder re-

alizations with Z2 = −1 is also shown in the figure.

When its value is 0 (1), the system is in the trivial

(nontrivial) insulating phase. At large strength of dis-

order, its value is between 0 and 1, indicating that

the system is in a mixed phase. We also compare the

result with that from the self-consistent Born approx-

imation. They differ on the strong-disorder boundary

and the curves bend to opposite directions. It has

been argued that the strong-disorder boundary can-

not be described by effective medium theory, where

a mobility edge is crossed.[19] However, the boundary

from the calculation of the topological invariant seems

narrower than that from the conductivity. The reason

is that in the TI phase the conductance keeps an ex-

act quantized value, while in a finite region near the

strong-disorder boundary the fluctuation is also very

small and cannot be distinguished by the false color

plot. In fact, the strong-disorder transition is in the

universality class of the quantum Hall effect which can

be evidenced by the localization length scaling.

The above results show that a random mass has

similar effect as on-site potential. However, they have

different effects on the transport properties of Dirac

fermions, where fluctuations of the on-site potential

allow for metallic conduction at the Dirac point while

fluctuations of the mass do not.[31] The reason is that

the low-energy effective Hamiltonian of HgTe QWs is

a modified Dirac equation.[32] In the presence of dis-

order, the quadratic term acting on the decaying state

dominates the physics. Since both kinds of disorder

make the state exponentially decay, they have similar

effects.

In conclusion, we have made systematic studied

the effect of the thickness fluctuation of HgTe QWs

which naturally exists in experiments. We first con-

sider the case of constant masses with a random dis-

tribution and show that the disordered system can be

well described by virtual uniform QWs with an effec-

tive mass when the number of components is small.

Though this kind of disorder is not realistic in HgTe

QWs, the underlying physics is interesting and may be

realized in graphene via adatom deposition. We then

study the effect of realistic thickness fluctuation. We

find that the QSHE is not only robust, but also can

be generated by relatively large fluctuation. Though

it can be viewed as a special case of constant masses

with an infinite number of components, the mecha-

nism is different and it is due to the existence of the

quadratic term in the low-energy effective Hamilto-

nian. Our results imply that the thickness fluctuation

does not cause backscattering and the QSHE is robust

to it.
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