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Spin-polarized current in double quantum dots∗
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We analyze the transport through asymmetric double quantum dots with an inhomogeneous Zeeman splitting in

the presence of crossed dc and ac magnetic fields. A strong spin-polarized current can be obtained by changing the dc

magnetic field. It is mainly due to the resonant tunnelling. But for the ferromagnetic right electrode, the electron spin

resonance also plays an important role in transport. We show that the double quantum dots with three-level mixing

under crossed dc and ac magnetic fields can act not only as a bipolar spin filter but also as a spin inverter under suitable

conditions.
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1. Introduction

Quantum transport in nanostructures has at-

tracted much attention in the recent decades, because

it deepens our understanding of fundamental quan-

tum physics and has various applications. Many in-

teresting phenomena have been found, such as the

Coulomb blockade,[1] the Fano effect,[2,3] and the

Kondo effect.[4] People have found an interesting re-

lation between the optical and the transport proper-

ties. While on the other side, interesting phenom-

ena in quantum optics may also appear in quantum

transport, like dark states[5,6] in coupled quantum

dots. And many interesting optical effects have been

found in coupled quantum dots.[7,8] The spin degree

of freedom of electrons has great potential as a carrier

of classical information (spintronics)[9] and quantum

information[10,11] (spin quantum bits). Spintronics is

a new research area, in which the spin plays an impor-

tant role in a lot of new physical phenomena. Control-

ling the spins of electrons in a mesoscopic system is

an important task in spintronic devices, as well as in

the fundamental understanding of spin relaxation and

coherence. A key aim in spintronics is the realiza-

tion of spin-based quantum information devices that

can filter electrons according to their spin orientations

(i.e., spin filters). The mixing of energy levels is a vi-

tal quantum property in the solid state. The charge

transport through double quantum dots (DQD) with

three-level mixing induced dark states has been stud-

ied experimentally[12] and theoretically.[13]

Recent studies indicate that the spin degree of

freedom also plays an essential role in transport. Ex-

periments recently carried out to study the transport

in the DQD show that the Pauli exclusion principle is

important in current rectification.[14] The spin block-

ade (SB) has been studied in the DQD[15−18] and

the triple dots.[18,19] Theoretical and experimental ef-

forts have also been devoted to the control of electron

spin resonance (ESR) in single,[20] double,[21,22] and

triple[23] quantum dots. Theoretical studies on spin

filters have been done in single,[24,25] double,[18] and

linear triple[18] quantum dots.

To explore the transport process with the spin

polarized current, in this paper, we study the trans-

port in an inhomogeneous asymmetry DQD with an

inhomogeneous Zeeman splitting (due to different g

factor for each dot) in the presence of crossed dc and

ac magnetic fields. The tunnelling from one dot to

the other is most likely when two equal spin levels are

aligned. However, when the ac magnetic field is ap-

plied, it rotates the spin and allows the spin-flip pro-
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cesses along the tunnelling, which can lead to new fea-

tures in the current. Diving electrons to perform co-

herent spin rotations by manipulating the ac magnetic

field can be detected by the direct measurement of the

tunnelling current.[17] Level mixing may lead to new

states whose energies depend on the dc magnetic field

as in Refs. [12] and [13], where one electron configura-

tion was considered. While in our paper, we consider

up to the two-electron process, in which the electron

(spin) correlation is important. The ac magnetic field

can be used for coherent electron spin manipulation in

semiconductor quantum dots. In particular, we make

use of the ESR, which is a fundamental component

for the realization of spin-based quantum information

devices in spintronics. We discuss the interplay of the

ESR and resonant tunnelling in the transport. We

also propose possible applications of the physics ef-

fects found in our systems.

2. Model and theoretical ap-

proach

Our system consists of two weakly coupled verti-

cal quantum dots connected to two electric leads as

schematically shown in Fig. 1. The first/left dot has

an s-type orbit, and the second/right dot has three

orbits as studied in experiment and theory.[12,13] The

system in the presence of a static magnetic field along

the Z (vertical) axis can be descried by the Hamilto-

nian

Ĥ = Ĥ0 + ĤLR + ĤB(t) + ĤT + Ĥleads, (1)

where Ĥ0 = ĤL + ĤR describes the uncoupled

DQD. Here ĤL =
∑

σ ϵsσ|sσ⟩⟨sσ| and ĤR = (EB +

∆R,σ)|1σ⟩⟨1σ|+∆R,σ|2σ⟩⟨2σ|−(EB−∆R,σ)|3σ⟩⟨3σ|+
Lc(|1σ⟩⟨2σ|+ |2σ⟩⟨1σ|+ |2σ⟩⟨3σ|+ |3σ⟩⟨2σ|) describe
the left and the right QD, respectively, where ϵsσ =

ϵs + ∆L,σ, ∆i,σ = giµBBdcσ (i = L,R) is the Zee-

man energy with σ =↑, ↓ referring to the spin degree

of freedom. Here we consider the DQD with an inho-

mogeneous Zeeman splitting, which could be due to

a different g factor for each dot (in our calculation,

we use gL = −0.33 and gR = −0.89, as in Ref. [26]).

Then we are able to manipulate the electron spin dif-

ferently in each dot. The energy EB = cB(Bdc − B0)

with cB a constant describes the magnetic field de-

pendence of the Fock–Darwin (FD) orbital levels, and

Lc is the coupling strength between the levels due

to the anisotropy of the right QD. The anisotropy of

the right QD leads to the level mixing and interest-

ing physics consequences.[12,13] The eigenstates of ĤR

are |Ψ0σ⟩ and |Ψ±σ⟩, corresponding to eigenenergies

ϵ0σ = ∆R,σ and ϵ±σ = ±
√

E2
B + 2L2

c + ∆R,σ. The

energy ϵ+σ plays a dominant role in charge transport.

In this new basis, the interdot hopping can be written

as ĤLR =
∑

α,σ (γασ|sσ⟩⟨Ψασ|+H.c.), α = 0,±. The

hopping rate of an electron between states |sσ⟩ and

|Ψασ⟩ can be calculated as[13]

γασ = γ|⟨sσ|Ψασ⟩|2L(|ϵsσ − ϵασ|;Γσ), (2)

where ⟨sσ|Ψασ⟩ (σ = {↑, ↓};α = 0,±) is the over-

lap between state |sσ⟩ of the left QD and state |Ψασ⟩
of the right QD, and L(|ϵsσ − ϵασ|;Γσ) describes the

Lorentzian broadening of the levels with L(x,w) =

(1+ (2x/w)2)−1 and Γσ ≡ ΓL,σ +ΓR,σ (ΓL/R,σ = Γ is

the tunnelling rate of an electron with spin σ between

the dot and the left/right lead). Here we make the

simple assumption that all the overlaps of the sσ lev-

els with the left QD FD states |iσ⟩ (i = 1, 2, 3) are the

same. We then set these overlaps to unity, since they

can be subsumed into γ defined below. The squares

of the relevant matrix elements are

|⟨sσ|Ψ0σ⟩|2 =
E2

B

E2
B + 2L2

c

, (3)

|⟨sσ|Ψ±σ⟩|2 = 1 +
L2
c

E2
B + 2L2

c

± 2Lc√
E2

B + 2L2
c

. (4)

The ĤT =
∑

l∈{L,Rα}kσ(γl|lkσ⟩⟨lσ| + H.c.) gives the

tunnelling between the DQD and the leads described

by Ĥleads =
∑

lkσ ϵlk|lkσ⟩⟨lkσ|. We now add an addi-

tional ac magnetic field in the XY plane, which will

lead to interesting phenomena, for instance the ESR

and the spin polarized current. This part Hamiltonian

is

ĤB(t) =
∑
i

giµBBac(ŝ
i
x cosωt+ ŝiy sinωt), (5)

where ŝi = (1/2)
∑

σσ′ |iσ⟩σσσ′⟨iσ′| is the spin oper-

ator in each dot. The ac magnetic field leads to the

spin-flip transition. The transition rate can be calcu-

lated using the Fermi golden rule[15][
1

τsf

]
L(R)

=
π

2
(gL(R)µBBac)

2 Γ

(∆L(R) − ~ω)2 + Γ 2
. (6)

We can see that ∆L(R) = ~ω leads to the maximum

spin-flip rate, i.e., the ESR.

117201-2



Chin. Phys. B Vol. 21, No. 11 (2012) 117201

ΓL

∆L

ΓR

∆R

γα,σ

S

+

0

-

Fig. 1. Schematic diagram of a system exposed to crossed

dc (Bdc) and ac (Bac) magnetic fields. One electron is con-

fined in the left dot, so only one electron with the opposite

spin can enter the DQD. The dots are coupled coherently

with tunnelling amplitude γασ and incoherently to the

leads with rates ΓL and ΓR.

We consider the case with one electron always

confined in the left dot and an additional electron par-

ticipating in the transport process,[18] which may be

realized in the coupled QDs by applying a suitable

gate voltage. The relevant basis states are

• 1-electron states: |1⟩ = | ↑, 0⟩, |2⟩ = | ↓, 0⟩;
• 2-electron states: |3⟩ = | ↑↓, 0⟩, |4⟩ = | ↑, ↓+⟩,

|5⟩ = | ↑, ↓0⟩, |6⟩ = | ↑, ↓−⟩, |7⟩ = | ↑, ↑+⟩, |8⟩ = | ↑,
↑0⟩, |9⟩ = | ↑, ↑−⟩, |10⟩ = | ↓, ↑+⟩, |11⟩ = | ↓, ↑0⟩,
|12⟩ = | ↓, ↑−⟩, |13⟩ = | ↓, ↓+⟩, |14⟩ = | ↓, ↓0⟩,
|15⟩ = | ↓, ↓−⟩.

The dynamics of our system may be described by

the equations of motion for state occupation probabil-

ities ρs including the scattering in and the scattering

out contributions

ρ̇(t)s =
∑
m̸=s

Wsmρm −
∑
k ̸=s

Wksρs. (7)

The neglection of the off-diagonal elements of the

density matrix is appropriate for weakly coupled

QDs.[13,15] Here Wij is the transition rate from state

j to state i. The expressions for transition rates Wij

depend on the different processes, for example,

| ↑, 0⟩ −→ | ↑↓, 0⟩ =⇒ W3,1 = ΓL,↓, (8)

| ↓, ↓+⟩ −→ | ↑, ↓+⟩ =⇒ W4,13 =

[
1

τsf

]
L

, (9)

| ↑↓, 0⟩ −→ | ↑, ↓+⟩ =⇒ W4,3 = γ+↓. (10)

The other transition rates can be calculated in the

same way. With the inclusion of the spin-flip interac-

tions, the rate equations for the occupation probabil-

ities of |1⟩ = | ↑, 0⟩ and |3⟩ = | ↑↓, 0⟩ are

ρ̇1 = W1,2ρ2 +W1,4ρ4 +W1,5ρ5 +W1,6ρ6 +W1,7ρ7

+W1,8ρ8 +W1,9ρ9 −W2,1ρ1 −W3,1ρ1, (11)

ρ̇3 = W3,1ρ1 +W3,2ρ2 +W3,4ρ4 +W3,5ρ5 +W3,6ρ6

+W3,10ρ10 +W3,11ρ11 +W3,12ρ12

−W4,3ρ3 −W5,3ρ3 −W6,3ρ3

−W10,3ρ3 −W11,3ρ3 −W12,3ρ3. (12)

We are mainly interested in the steady current.

The spin-resolved steady current going from the right

dot to the right lead can be calculated as

I↑ = eΓR↑(ρ7 + ρ8 + ρ9 + ρ10 + ρ11 + ρ12), (13)

I↓ = eΓR↓(ρ4 + ρ5 + ρ6 + ρ13 + ρ14 + ρ15). (14)

The spin polarization of the current is defined as

P =
I↑ − I↓
I↑ + I↓

, (15)

where I↑ (I↓) is the current of electrons with spin up

(down).

3. Results and discussion

We now consider the case of a large ϵs (the case of

a small ϵs has been studied in Ref. [27]), which can be

achieved by adjusting the gate voltage on the left QD.

In this case, the large ϵs leads to s-orbit resonating

close with the “+”-channel. The key parameter de-

termining the charge transport in our system is the dc

magnetic field-dependent and spin-dependent energy

level ϵ+σ. We can see that resonant tunnelling occurs

when the energy levels in the two dots are aligned, i.e.,

ϵsσ = ϵ+σ. The resonant tunnelling results in interest-

ing spin-dependent hopping rates, as shown in Fig. 2.

Here the peaks are due to the resonance tunnelling

as a consequence of the energy levels’ alignment.

The spin dependent tunnelling rates γ+σ (σ =↑, ↓)

0 5 10
0

0.3

 γ
+
/
m

e
V

Bdc/T

γ

γ+↑

+↓

Fig. 2. (colour online) The spin-dependent hopping rates

γ+σ versus magnetic field Bdc. Parameters used are

Lc = 1 meV, Γ = 10 µeV, γ = 100 µeV, Es = 1.5 meV,

and B0 = 5.2 T.
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will play determine roles in current and spin polar-

ization, as shown in the following discussion. From

formula (2), it is clear that γ+σ will reach the maxi-

mum when ϵsσ = ϵ+σ.

3.1.Current

The calculation under small spin-flip rates leads

to an approximate formula for the current

⟨I⟩ ≈ 2Γγ+↑γ+↓ + Γ 2(γ+↑ + γ+↓)

5γ+↑γ+↓ + 3Γ (γ+↑ + γ+↓) + Γ 2
. (16)

Figure 3 shows the current through the system

as a function of the static magnetic field intensity.

We find very good agreement between the numeri-

cal and the analytical results. We should notice that

the current peaks here have nothing to do with the

ESR. Instead, it is because of the resonant tunnelling

when the energy levels in the two dots are aligned,

i.e., ϵsσ = ϵ+σ. The energies of |Ψ+σ⟩ states depend

complicatedly on the dc magnetic field, which results

in that we get level alignments at different Bdc. The

hopping rate γ+↓ is proportional to the matrix ele-

ment |⟨s ↓ |Ψ+↓⟩|2, which (from Eq. (4)) reaches the

maximum at EB = 0, i.e., Bdc = B0. We should

also notice that ϵs↓ ≈ ϵ+↓ at B0. So the hopping

rate γ+↓ reaches the maximum at B0, as shown in

Fig. 2. We can ignore the contribution from γ+↑ due

to γ+↑ ≪ γ+↓ around B0. As seen from Eq. (16),

the current through the system can be given approxi-

mately by ⟨I⟩ ≈ Γ/(3+Γ/γ+↓). Therefore, the current

reaches an extreme at B0, as shown in Fig. 3. The

other two peaks adjacent to B0 are because of the reso-

nant tunnelling too. The hopping rate γ+↑ reaches the

Bdc/T
0 10

0

0.3

 numerical result
 analytical result

<I
>/
Γ

5

Fig. 3. (colour online) Current I versus magnetic field

Bdc. The line with circles is the exact numerical result,

and the line with solid dots is the analytical result of

Eq. (16). Here ~ω = 100 µeV, Bac = 0.003 T, the other

parameters are the same as those in Fig. 2.

maxima respectively both due to ϵs↑ = ϵ+↑. In this

case, the current through the system can be given ap-

proximately by ⟨I⟩ ≈ Γ/(3 + Γ/γ+↑), so the current

reaches the maximum too.

3.2. Spin polarization

It is interesting to examine the spin polarization

of the current, which is shown in Fig. 4. Here the

analytical result is based on the approximate solution

P ≈ γ+↑ − γ+↓

γ+↑ + γ+↓
. (17)

The analytical result agrees well with the exact

numerical one. The nice spin polarized (spin-down)

current in Fig. 4 around Bdc ∼ 5.2 T is because of

the spin-dependent effective tunnelling between the

two dots, as shown in Fig. 2. In this case, the s ↓
level in the left QD is aligned with state |Ψ+↓⟩ in the

right QD, so a ↓-polarized current is produced due to

γ+↓ ≫ γ+↑. At Bdc ∼ 4.5 T and 5.9 T, we can find

overall spin-up currents. This is because the s ↑ level

is close to resonance with the right QD state |Ψ+↑⟩,
i.e., γ+↑ ≫ γ+↓, so that a ↑-polarized current is pro-

duced. Thus, our system can act as a bipolar spin

filter through changing the dc magnetic field. And we

can easily notice that the nice spin polarized currents

are achieved just when the currents reach the maxima.

Bdc/T

Bdc/T

0 5 10
-1

0

1

0 5 10
-1

0

1

 numerical result
 analytical result

P

 out
 in

Fig. 4. (colour online) The spin polarization of current

versus magnetic field Bdc. The line with circles is the ex-

act numerical result, and the line with solid dots is the

analytical result of Eq. (17). The inset shows that the po-

larization of current for the right ferromagnetic electrode

allows only incoming electrons with spin down, where the

line with circles is the out current’s polarization, and the

line with solid dots is the incoming current’s polarization.

The parameters are the same as those in Fig. 3.

As shown in the insert of Fig. 4 (for the right ferro-

magnetic electrode), the out current has a good spin

polarization too, under suitable conditions. In this
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case, the ESR also plays an important role in trans-

port. The SB can be suppressed due to the ESR. Un-

der the conditions that ~ω ≈ ∆L (ESR occurs) and the

ac frequency in the right dot is far off resonance (the

spin flip is less effective) near B0, the right QD can act

as a spin filter.[16] At Bdc ∼ 4.5 T and 5.9 T, a spin-

down polarized incoming current is converted into a

spin-up polarized current, which is a consequence of

the spin-flip transition and the spin-dependent inter-

dot tunnelling (see Fig. 2). Our result shows that our

system can also work as a spin inverter.

4. Conclusion

We have studied the quantum transport in an

asymmetric DQD with an inhomogeneous Zeeman

splitting in the presence of crossed ac and dc magnetic

fields. The resonant tunnelling leads to rich physics.

The dc magnetic field induces tunable and spin de-

pendent inter-dot tunnelling rates. And the energy

levels of |Ψ+σ⟩ states also depend on the dc magnetic

field. A nice spin polarized current can be achieved

only by changing the dc magnetic field. In particu-

lar, by changing the dc magnetic field, our system can

act not only as a bipolar spin filter but also as a spin

inverter.
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