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Dark lump excitations in superfluid Fermi gases
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We study the linear and nonlinear properties of two-dimensional matter-wave pulses in disk-shaped superfluid

Fermi gases. A Kadomtsev—Petviashvili I (KPI) solitary wave has been realized for superfluid Fermi gases in the limited

cases of Bardeen—Cooper—Schrieffer (BCS) regime, Bose-Einstein condensate (BEC) regime, and unitarity regime. One-

lump solution as well as one-line soliton solutions for the KPI equation are obtained, and two-line soliton solutions with

the same amplitude are also studied in the limited cases. The dependence of the lump propagating velocity and the

sound speed of two-dimensional superfluid Fermi gases on the interaction parameter are investigated for the limited

cases of BEC and unitarity.
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1. Introduction

Since the experimental realization of ultracold
Fermi superfluid from the Bardeen—Cooper—Schrieffer
(BCS) to Bose Einstein condensate (BEC),? BCS-
BEC crossover has become an active research area
for both experimental®4 and theoretical work,®~7
provided a new type of macroscopic quantum fluid,
and led to an enormous progress on the study of
trapped, strongly interacting fermions. On the basis of

the excellent theoreticall®—1%!

and experimentall16:17]
work done on the BEC, many significant investiga-
tions have been generalized to the superfluid Fermi
gases, such as the propagation of sound and supersonic
bright solitons, '8 bulk and collective properties,!19:2%]
macroscopic quantum tunneling,?!! the Josephson ef-
fect throughout the BCS-BEC crossover, 22 and vor-
tex solitons and their propagation.!?*=2%! The research
on BCS-BEC crossover is not only of basic interest in
condensed matter physics, but also closely related to
the understanding of the physical mechanism of high-
Tc superconductivity. 26!

availability of BCS-BEC

crossover in ultracold fermionic atomic gases allows

The experimental

one to change the system from a BCS regime to a
BEC regime in a controllable way via tuning the s-
wave scattering length as. using the Feshbach reso-
nance technique:?”) when ags. > 0 (ase < 0 ), the
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system is in the BEC (BCS) regime. By introducing
a dimensionless interaction parameter n = 1/kpagc,
with kp = (37%2n)'/? being the Fermi wave num-
ber and n being the atomic density, several different
Fermi superfluid regimes can be distinguished. For
the BCS (BEC) regime, n < —1 (n > 1); for the
BCS-BEC crossover, —1 < n < 1; for the BCS (BEC)
limit, n = —oo (n = 400); for the unitarity limit,
n = 0. Thus, the rich physical properties of super-
fluid Fermi gases in different regimes can be investi-
gated with the use of an approximate description for
the low-temperature behaviour of a condensate.[28—30]
However, even if the dynamic properties of the ultra-
cold Fermi superfluid have been widely studied[®"3?] in
both one- and two-dimensional (2D) superfluid Fermi
gases, especially in spite of intensive research on dark
solitons, 33735 there are still many questions to be
solved, including the dark lump excitation of the sys-
tem.

In this paper, we study the linear and nonlinear
properties of 2D superfluid Fermi gases. Kadomtsev—
Petviashvili I (KPI) solitary wave is investigated for
the BEC regime, BCS regime, and unitarity regime
by following the procedure of Huang.?6—39 We also
investigate how the interaction parameter 7 affects
the dynamic properties of the superfluid Fermi gases.
Some interesting conclusions are obtained.
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2. Quasi-2D approximation for
order parameter equation and
basic set of KPI equation

2.1. Quasi-2D approximation for order
parameter equation

The dynamic behaviour of superfluid Fermi gas

at low temperature can be approximately given by!40!
ov

h— = | — 7V2 ox 14 1

ih— [ 5 + Vext (1) + p| ¥, (1)

where p is the bulk chemical potential of the sys-
tem. In limited regimes, it can be approximated by
p = con (1 4 c;n™),141 where ¢g, 1, 70, and v, are
dr|#?| = N denotes the number of

As in Ref. [36
duce a disk-shaped harmonic trap to the system with

constants, and

atoms in the condensate. ], we intro-
the strongly shortened axis along the z direction as
follows:

1
Vet (1) = §m[wL2(az2 + %) F w22, (Wi < w.),

where w, and w, are the frequencies of the trap in
the z direction and the transverse (z or y) direc-
tion, respectively. In combination with its modulus
and phase, the order parameter takes the form of
¥ = /nexp(ig), and then we can obtain a series of
coupled equations for n and ¢ as

on h

o oV (V) =0, (2)
o¢ h 2 1 oo

o " om (Vo) — %V Vn
V7)) = . (3

By introducing
(z,y,2) =a.(2/, o, ), t=w 't n=mnen,
with
= Vh/mw., ng=Njal, p=hw.,

we arrive at the following dimensionless equations af-
ter dropping the primes:
on
ot

P 2
£+ +2( )(a:2+y2)

[ —V2f}+u—0 (5)

+ V- (nVg) =0, (4)

1
2

The quantum pressure term (—V?2y/n/2\/n) ap-
pears on the left side of Eq. (5), which has a great
effect on the dispersion of the system. In the disk-
shaped trap, the value of w, /w, is small enough, so
we neglect the third term on the left-hand side of
Eq. (5) here and later.
such a consideration, it is easily found that the energy-

According to Eq. (5), under

level space in the z direction is much larger than the
energy of atom—atom interaction, which means the
quasi-2D condensate. Furthermore, we can see the
motion of atoms in the z direction is frozen and gov-
erned by the ground-state wave function of the corre-
sponding harmonic oscillator. Thus, the excitation
can only propagate in the (x,y) plane. Based on
the analysis above, we take /n = A(z,y,t)G(z), and
¢ = —pt + p(x,y,t), where p denotes the chemical
potential of the ground state, and G(z) satisfies the
following well-known eigenvalue function of a 1D har-

monic oscillator in quantum mechanics:
L
———+ =2°G =G, (6)

and its ground-state solution takes the form

Go(z) = exp(—22/2),
with the eigenvalue ¥ = 1/2. Substituting these iden-
tities into Eqs. (4) and (5), we obtain

DA 0A0p 0A0p 1 (0% 0%\
ot T ozor  oyoy A(W+6g/2 =0,(7)

I 827A+827A + _ +1 A
2\ 02 = 0Oy? Py

(5 (5) +3(5) 14

Co
A2vot2ri+l _ . (8)

+ A270+1
V27 + 1

+ CoC1
V27 + 271 +1

Aiming to derive Egs. (7) and (8), we followed the
same procedure as that in Refs. [36] and [47]. Specif-
ically, we let G(z) = Go(z) and multiplied Eq. (5) by
G5, then integrated once with respect to z to elimi-
nate the dependence on z. Actually we can generally
multiply Eq. (5) by an arbitrary function in terms of

exp (
that the differences only lie in the coefficients of the

—22/b), with b being an arbitrary constant, so

terms with high powers of A. Since we only take the
case of a thin-disk-shaped trap (w; < w,) into con-
sideration, the trapping potential in the (z,y) plane
is a slowly varying function of z and y. As a result,
the size of condensate in the radial direction is much
larger.
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Now we begin to discuss the linear and nonlinear
exciting properties of the system. Firstly, we consider
the linear case. Let A = ug + a(x,y,t) (ug > 0), with
(a,p) = (ag, po) expli(kr1z + koy — wt)] + c.c., ug, ag,
and g being constants, we derive the linear dispersion
relation of Egs. (7) and (8) as

w(k‘l, ]4)2)

= i%k( 290 + 2m + Legerug PP + B2, (9)
where k? = k? + k2. Equation (9) is a Bogoliubov-type
linear excitation spectrum of a 2D system; it is also
closely related to the quantum pressure of the system.
At this point, we can also derive the sound speed of
the system given by the formula based on the following
relation between ¢, w, k1, and ks:

i [ (22 4 (29
= 550 |\ 9k ks

1
ii( 2’)/0 + 2’71 + 16001U370+2’Y1)1/2, (10)

1/2

o
|

of which the concrete value depends on the real pa-
rameters cg, c1, Yo, and 7.

2.2. Basic set of KPI equation

Next, we study the weak nonlinear excitations of
the system by means of perturbation, which has been
widely used to solve many physical issues.*243] For
the long wavelength disturbance with a finitely small
amplitude, we use the asymptotic expansion A =
ug + 62((1(0) +e2¢M 4. ), o = 6(80(0) + EQSD(U +-e0),
where a() and ¢U) are assumed to be functions of the
multiple-scale variables & = e(x — ct), n = €%y, and
7 = €3t. The variable € is a small parameter charac-
terizing the relative amplitude of the excitation. Sub-
stituting them into Eqgs. (7) and (8), we arrive at the
following equations:

2a) 1 92l .
C 85 §UOT€2 :Oé(]), (11)
coc1/ 270 + 271 + Lud 0T o)
@) .
—cug (gg =g, (12)
where j = 0,1, ..., the concrete expression of /) is

a(j)dg_
0), we obtain the
and @) satisfies ¢(© =

omitted, and V) satisfies 319 = 2¢

For the first order (j =
smallest quantity a(®,

(2c/uo) [

mined. For the next order, the solvability condition

déa(o), where a(9) is a function to be deter-

results in the closed equation for a(®)

9 (9a%  3c 0 1 0%
e\ or " 2u," 0 8c o€
¢ 9?a®
+3 57 =0 (13)

The fourth-order derivative term with respect to &
and the second-order derivative term with respect to
1 have opposite signs.

Introducing

u=—4c*a" jug, X = —(z — ct)/V?2,
Y = V3y/V2ie, T =t/8/2¢c, U =u/V4 (14)

to Eq. (13), together with the definitions of &, 1, and

T, we obtain

o (oU ou  9%U 02U
3X<3T UGy T axs) Sy =0 (1Y)
In contrast to the standard form of the KP equation
in the following form:

(ug + 6uty + Uggs)w + 302uyy =0,

where u = wu(x,y,t) is a scalar function, x and y
are, respectively, the longitudinal and transverse spa-
tial coordinates, subscripts x, y, and ¢ denote partial
derivatives, and 02 = +1, we just find that our study
satisfies 02 = —1, which means that equation (15) is
the standard form of the KPI equation, differing a lot
from the opposite condition that o = 1 (i.e., the KPII

eqution).[#4:45]

3. Exact solutions of the KPI

equation

As is known, the KPI equation also has the lump
soliton solutions localized in 2D space. At first, we
study solutions of multi-lump solitons. Exact multi-
lump solutions of the KPI equation can be obtained in
several ways, and we write them in the Hirota form:[!

32
UX,Y,T) = 2@ nV(X,Y,T),

where V is defined as
V = det |:(X — 2k¢iy + 12]612:‘:11 + ’Vi:t)(si,l
1—64y }
kix — ki ]’
and §;; is the Kronecker symbol. Here ¢, =1,2,...,

N = 2M, and M specifies the number of solitons.
The parameters k;o = k;gr £ jk;1 and v+ = yir + j7va
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determine the amplitude (velocity) and the phase of  where

each soliton. In particular, if M = 1, then

k
€= X — 12(kp + k3T + LRI —z SRS
1

n=Y —12kgT + 2L

1
V = (& = 2kin)? + 4E3 % + —- ,
lel

4k3’

Thus, we have obtained the one-lump solution of
Eq. (15). In the case of M = 2,3,..., we can de-
rive its multi-lump soliton solutions. For convenience,

UX,Y,T)
—4(& — 2k1n)? + 16k3n? + 1/k3;

= 16 )
[4(€ — 2k1n)? + 16k3 0% + 1/k2]?

(16) one-lump solution is also written in the following form:

A[—(X +aY +3(a®? = 0*)T)? + b*(Y + 6aT)? + 1/b?]
[(X +aY +3(a2 —02)T)2 + b2(Y + 6aT)2 + 1022

UX,Y,T) = (17)

with a and b being real parameters. Thus, we obtain the density of the condensate corresponding to the
lump-soliton solution of the KPI equation given below:
V4 —[X 4 aY + 3(a® = b*)T]? + 0*(Y + 6aT)? 4 1/b? E

02| = w2e (1 — L=
A A{[X +aY +3(a®—-0)T]2+b2(Y +6aT)2 + 1/b%}2

(18)

From the solution obtained above, we know that
the excitation is a 2D dip (localized in the z and y
directions), which is excited on the condensate back-
Additionally,
we can obtain the velocity of the dark lump

Vi = {62 {1 - 8\;\/2?02 (n? +p?)r

27/3p 2y 1/2
)
8v6

where ¢ was defined by Eq. (10), and p, and p; are

ground (represented by u3 exp(—2?2)).

(19)

arbitrary real constants. However, the validity of the

KPI equation requires small values of p, and p;.
Moreover, the line-soliton solutions of the KPI

equation have been studied extensively in the past few

o [47—49]

year: The one-line-soliton solution is given by

U(X,Y,T)
= 2k%sech® {k[X + \Y — (4k% — 3A)T + &)}, (20)

and the two-line-soliton solution expressed in terms of
Hirota’s notation is given by

32

UXY,T) =252

InF(X,Y,T), (21)
where
F(X,Y,T) = 1+exp(n)+exp(n2) +exp(n: +n2+A12),

and

ni = 2ki[X + NY — (4k? — 3ADT] + do, (i =1,2),

\
4(k1 — k2)? + (A1 — X2)?

4(ky + k2)2 + (M — Ag)2’

eXp(A12) =
For simplicity, let
ki=koe=k, A\ =—-Xa=),

we obtain the two-soliton solution with the same am-
plitude

U(X,Y,T)
_ R [eRXHLY T | oKX LY T

T AgeBEXHLY 30T | f (3K X =LY 43T
 4Age2KXH2T) (1 4 K X+LY +uT
KX LY 4T | g 2K X420T) =2 (22)
where Ag = N\?/(\? +4k?), K = 2k, L = 2k), and
w = 8k(3\2 — k?). Introducing the transformation of
Eq. (14) into Eq. (22), we obtain the asymptotic be-
haviour of the two-soliton solution of Eq. (22) as z
and y approach infinity at a fixed time ¢. There are
four cases of + — 400 and y — 400, and hence we
use v, u® 43 and u® to represent the two-line-
soliton solutions of four cases.

It is found that under the condition that x — —oo
and y — 400, the limit u(") is given by

K? 1 -
uV) = —— sech? = ( -k = 5 o L‘\/sgy
2 2 /2 2¢/2¢
t
4w +4), 23
8v/2¢ > (23)
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and for the case that z — —oo and y — —o0, u(? is

given by
1 xr —ct \/§y
@ = h? - - K—— + L—=
u Sec
2 < V2 2v/2¢

8v/2¢

where § = In 4y. For  — +o00 and y — +o0, u® is

oty 5) : (24)

given by
K? 1 T —ct V3
® = 2 gech? = — K LYY
U sec +
2 2 < 2 2¢/2¢

t
+w8—\/§c). (25)

For  — +o00 and y — —oo, u? is given by
2 _
u® = K—sech21<— gr—a L@
2 2 2 2¢/2¢
t
+w——. 26
=) (26)

4. Discussion and conclusion

Based on the analysis above, we can gain the one-
lump-soliton solution and the corresponding atomic
number density of the system, as shown in Figs. 1 and
2, respectively.

Fig. 1. Profile of the one-lump-soliton solution of the KPI
equation at t = 0.

Figure 1 shows the profile of the single-lump solu-
tion of the KPI equation in (x,y) plane at t = 0. We
note that the solution decays as x? — oo and y? — co.
By describing the single-lump soliton at nonzero t,

we find that the first and fourth cases correspond
to the same soliton whose phase has been changed by
0 = In A upon interaction. Figure 2 shows the profile
of condensate density P = |¥|? corresponding to the

single-lump solution at ¢ = 0. It is obviously seen that
the lump soliton stably propagates on the (z, y) plane.

1.02 “g\\;ﬁ“

Wl

0.96

0.90

0.84

0
z 10

Fig. 2. Profile of the corresponding condensate density
P = |W|? of the one-lump-soliton solution of the KPI equa-
tion at t = 0.

Fig. 3. Profile of the two-line-soliton solution at ¢ = 0 for
k=0.5and A =5.

For the two-line-soliton solution of the KPI equa-
tion, we have discussed the soliton solution with same
amplitude. The wave function and condensate density
in the (z,y) plane are shown in Figs. 3 and 4, respec-
tively, with £ = 0.5 and A = 5. We have obtained lim-
ited results of the two line-soliton solution under four
different cases of x — o0 and y — +oo. We find that
the first and fourth cases correspond to one soliton
whose phase change can be counted as 6 = In A after
soliton interaction. Thus, we know the soliton proper-
ties such as the amplitude, propagating velocity, and
width remain unchanged after interaction. Similarly,
the second and third cases correspond to another soli-
ton with its phase being the only changed soliton pa-
rameter after the interaction. We can also note that
the phase change between the first and fourth solitons
(or the second and third cases) depends on the angle
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6 between two solitons. Suppose 20 = arctan (A/k),
then if A < k, i.e., 0 is small enough, the phase shifts
by an amount of § — —oo. By contrast, if A > k,
namely the angle 6 — 7/2, the phase change tends to
be zero, which is in good agreement with the situation
for the BEC system.[*”]

AN
A

i
I

DO

|

\
i

0.90

0.75

x

Fig. 4. Profile of the condensate density P = |¥|? cor-
responding to the two-line-soliton solution at t = 0 for
k=0.5and A =5.

In the deep BEC regime where vo =1, v = 1/2,

co = don_l, and ¢; = dln_5/2

, we choose dy = 3.42,
dy = 15.88, and uy > 0.?°! In the unitarity regime
where v9 = 2/3, 1 = —1/3, ¢o = dy), and ¢; = din,
we choose dj = 1.40, d} = 4.39, and uy > 0.

Figure 5 shows the dependence of sound speed ¢
onn = 1/kpag. in 2D superfluid Fermi gases for differ-
ent values of ug in the unitarity regime. It is obviously
seen that the sound speed increases as 1 = 1/kpag.
and ug increase, and decreases as the condensate den-
sity n and s-wave scattering length increase, whose
case is also inconsistent with that of the 1D super-
fluid Fermi system,®”, but quite different from that
in Ref. [34]. The main reason lies in the higher-order
bulk chemical potential p used in our work. We also
note that the sound speed in a 2D superfluid Fermi
system is higher than that in a 1D Fermi system in
the case of unitarity, which agrees well with that in
Ref. [34].

Figure 6 shows the dependence of the sound speed
of 2D superfluid Fermi gases on the interaction pa-
rameter n = 1/kpag. for different values of ug in the
deep BEC regime. We note that the sound speed de-
creases as the value of n = 1/kpag. increases, i.e., the
sound speed increases as the condensate density n and
s-wave scattering length increases. Similarly, the vari-
able ¢ increases as ug increases, and the sound speed

in a 2D superfluid Fermi system is larger than that
of a 1D Fermi system in the deep BEC regime, which
is in good agreement with that of the 1D superfluid

Fermi gases. 450!

Moreover, we find the sound speed
of 2D superfluid Fermi system is larger than that of
the 1D system where the confinement is applied in two
directions. Such conclusions have also been obtained
in Refs. [34] and [36] for both Fermonic and Bosonic

systems.

1.2
------ u0:30
Fo-e-ug=2.0 Jrtant
—’LL()Zl.O ’,/”’
0.8 R
Q L B ",/’/
0.4k ,/
57
.'.’
ot
L4
o,
Y/
O 1 1 1 1
0 0.02 0.04 0.06 0.08 0.10

1
kFasc

Fig. 5. Dependence of the sound speed of the superfluid
Fermi gases on the interaction parameter n = 1/kpasc for
different values of up in the case of unitarity.

1.2

------ ug=3.0

- -mmrup=2.0

— up=1.0
0.8}

Fig. 6. Dependence of the sound speed of the superfluid
Fermi gases on the interaction parameter n = 1/kpasc for
different values of ug in the deep BEC regime.

Figures 7 and 8 show the variation of the lump
propagating velocity (given by Eq. (19)) with respect
to the interaction parameter n = 1/kpag. for different
values of ug in the cases of the unitarity and the deep
BEC regime, respectively. Obviously, the dependence
of the lump propagating velocity on the interaction pa-
rameter 7 = 1/kpag. is the same as that of the sound
speed in superfluid Fermi gases: the lump propagating
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velocity in the case of unitarity decreases with the in-
creasing wave number or the condensate density; the
lump velocity in the unitarity, which is just the op-
posite to its couterpart in the deep BEC regime, de-
creases with the increasing s-wave scattering length.
However, for a certain value of n = 1/kpas., the value
of lump velocity is smaller than the sound speed of
the system, which is in good agreement with the re-
sults in Ref. [34]. Compared with the propagating of
the dark soliton of 1D superfluid Fermi gases,/®® the
lump velocity is also much larger for the disk-shaped
harmonic confinement only applied in the axial direc-
tion (z direction), which agrees well with Refs. [34]
and [51].

4

0O 0.2 0.4 0.6 0.8 1.0

1
kFasc

Fig. 7. Variation of the lump propagating velocity with
respect to the interaction parameter n = 1/kpasc for dif-
ferent values of ug in the case of unitarity.

65
d —UQ:].O
52_' ————— ’U,U:Q.O
.‘ ------ ’UJU73.0
3941
i
26
\
\

Fig. 8. Variation of the lump propagating velocity with
respect to the interaction parameter n = 1/kpasc for dif-
ferent values of ug in the deep BEC regime.

On the basis of the conclusions and figures we
obtained, there exist quite different characteristics
in 2D superfluid Fermi gases for different regimes.
By comparing our results with some other research
results, both common and different properties have

been displayed. The main reason for the distinc-
tions lies in the higher-order bulk chemical potential
= con? (14 ¢1n?) introduced in our study, with ¢y
and c¢; being the parameters closely related to the in-
teraction parameter n = 1/kpas.. Compared with the
bulk chemical potential 4 = Cn” applied elsewhere,
the parameters ¢y and c¢; in our model are in differ-
ent forms of dependence on n = 1/kpay. for different
regimes, which differs a lot from C. Furthermore, it
can be easily noted that the limit values of vy and ~;
in different superfluid regimes differs from that of ~.
Undoubtedly, different characteristics and results will
be presented.
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