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A scheme for generating the giant enhancement of the Kerr nonlinearity in a four-level system with the quantum

coherences from the decays and the incoherent pumping is proposed. Compared with that generated in a general four-

level system, the Kerr nonlinearity can be enhanced by several orders of magnitude with vanishing linear absorption.

By using the numerical results, we show that the remarkable enhancement should be attributed to the interaction of

the quantum coherences from the decays and the incoherent pumping.
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1. Introduction

Electromagnetically induced transparency (EIT)

is a phenomenon that allows a beam of electromag-

netic radiation to propagate through a medium almost

as if the medium is not there.[1] The generic EIT is

studied with three-level atoms, then the researchers

extend their interest to multi-level atomic systems,

which can be used to enhance the nonlinear optical

processes, such as frequency conversion[2] and four-

wave mixing.[3] The enhanced third-order Kerr non-

linearity in the multi-level systems due to the atomic

coherence together with the vanishing absorption is re-

sponsible for such efficient nonlinear optical processes.

In addition, the enhanced Kerr nonlinearity has var-

ious applications, such as in the self-phase modula-

tion for the generation of optical solitons[4] and in the

cross-phase modulation for quantum phase gates.[5]

Recently, many schemes of EIT-enhanced Kerr non-

linearity in multi-level atomic systems have been stud-

ied both theoretically and experimentally.[6−14] Naka-

jima showed that the third-order nonlinearity can be

enhanced with vanishing absorption via the autoion-

izing resonance.[8] Matsko et al. proposed a new

method for the resonant enhancement of the optical

Kerr nonlinearity, which uses the multi-level atomic

coherence.[10] A scheme for the giant enhancement of

the Kerr nonlinearity in a four-level system with dou-

ble dark resonances was proposed.[11] Sun et al. in-

vestigated the enhancement of Kerr nonlinearity in an

asymmetric GaAs double quantum well via the Fano

interference.[12] Very recently, Niu and Gong showed

that the enhanced Kerr nonlinearity with zero absorp-

tion can even be obtained in the general three-level

systems via the spontaneously generated coherence

(SGC).[15]

As we know, the coherent process is not the

unique condition to generate the quantum coher-

ence effects, the incoherent processes, such as

the spontaneous emission[16,17] and the incoherent

pumping,[18,19] can induce interferences in particular

circumstances and thus modify the stimulated pro-

cesses like absorption and refraction. Enlightened by

these studies, we here demonstrate a giant enhance-

ment of the Kerr nonlinearity induced by interacting

the quantum coherences from the decays and the in-

coherent pumping. In a four-level system, the change

of Kerr nonlinearity is not obvious by only considering

the SGC or the coherence induced by the incoherent

pumping (IPC). While the Kerr nonlinearity enhanced
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by the interaction between the SGC and the IPC can

be several orders of magnitude larger than that gen-

erated in a general four-level system.

2. Model and analytical results

The atomic system considered here is the same

as that in Ref. [18] and is shown in Fig. 1. A co-

herent field E with Rabi frequency Ω is used to cou-

ple state |3⟩ to both states |1⟩ and |2⟩ by choosing

a frequency tuned halfway between the two states.

The energy level splitting of |1⟩ and |2⟩ is donated

as ω12. The spontaneous decay rates from |1⟩ and |2⟩
to |3⟩ are γ′

1 and γ′
2, respectively. Incoherent pumping

processes r1 and r2 are used to drive the transitions

|1⟩ ↔ |4⟩ and |2⟩ ↔ |4⟩, respectively. The decay from

the upper state |4⟩ to the lower state |i⟩ is denoted

by γi (i = 1, 2, 3). When states |1⟩ and |2⟩ are closely

spaced so that the two transitions to state |3⟩ interact
with the same vacuum mode, the two decay pathways

are not independent, and the SGC should be consid-

ered. In principle, the dipole moments corresponding

to transitions |1⟩ ↔ |4⟩ and |2⟩ ↔ |4⟩ can have dif-

ferent directions. However, the electric field E can

be chosen in such a polarization mode that it couples

to both transitions, so the coherence induced by the

incoherent pumping can be presented.[18]
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Fig. 1. Schematic diagram of the four-level system with

doublet |1⟩ and |2⟩, state |4⟩ is the auxiliary level coupled

to the doublet via incoherent pumpings r1 and r2.

After some complicated derivation, we can obtain

the density matrix equations of motion (see Sec. II in

Ref. [18])

ρ̇32 =

[
− 1

2
(r2 + γ′

2) + i∆2

]
ρ32

− 1

2
(p
√
r1r2 + p′

√
γ′
1γ

′
2)ρ31

+ i[Ω(2ρ22 + ρ11 + ρ44 − 1) +Ωρ12],

ρ̇31 =

[
− 1

2
(r1 + γ′

1) + i∆1

]
ρ31

− 1

2
(p
√
r1r2 + p′

√
γ′
1γ

′
2)ρ32

+ i[Ω(2ρ11 + ρ22 + ρ44 − 1) +Ωρ21],

ρ̇34 =

[
− 1

2
(r1 + r2 + γ0 + γ1 + γ2)

+ i(∆1 + δ1)

]
ρ34 + iΩ(ρ24 + ρ14),

ρ̇22 = −(r2 + γ′
2)ρ22 + (r2 + γ2)ρ44

− 1

2
(p
√
r1r2 + p′

√
γ′
1γ

′
2)(ρ21 + ρ12)

+ iΩ(ρ32 − ρ23),

ρ̇21 =

[
− 1

2
(r1 + r2 + γ′

1 + γ′
2)− i(∆2 −∆1)

]
ρ21

− 1

2
(p
√
r1r2 + p′

√
γ′
1γ

′
2)(ρ22 + ρ11)

+ p
√
r1r2ρ44 + iΩ(ρ31 − ρ23),

ρ̇24 =

[
− 1

2
(r1 + 2r2 + γ0 + γ1 + γ2 + γ′

2) + iδ2

]
ρ24

− 1

2
(p
√
r1r2 + p′

√
γ′
1γ

′
2)ρ14 + iΩρ34,

ρ̇11 = −(r1 + γ′
1)ρ11 + (r1 + γ1)ρ44

− 1

2
(p
√
r1r2 + p′

√
γ′
1γ

′
2)(ρ21 + ρ12)

+ iΩ(ρ31 − ρ13),

ρ̇14 =

[
− 1

2
(r2 + 2r1 + γ0 + γ1 + γ2 + γ′

1) + iδ1

]
ρ14

− 1

2
(p
√
r1r2 + p′

√
γ′
1γ

′
2)ρ24 + iΩρ34,

ρ̇44 = −(r1 + r2 + γ0 + γ1 + γ2)ρ44 + r1ρ11

+ r2ρ22 + p
√
r1r2(ρ12 + ρ21), (1)

where ∆1 = ω13 − ν, ∆2 = ω23 − ν, δ1 = ω41 − νp,

and δ2 = ω42 − νp are the corresponding detunings,

p′ = µ13 · µ23/|µ13||µ23| and p = µ14 · µ24/|µ14||µ24|
indicate the existence or not of the quantum coher-

ences from the decays and the incoherent pumping,

respectively. Here, ωij is the frequency of transition

|i⟩ ↔ |j⟩, ν (νp) is the frequency of the coherent (in-

coherent) field, and µij(= ⟨i|µ|j⟩) is the dipole matrix

element.

The single atom polarization is given by ⟨µ⟩ =

(µ13ρ31 + µ23ρ32) e
−iνt +H.c., while the macroscopic

polarization with N atoms is described by P (ν) =

N⟨µ⟩ = ε0χ
(1)E + ε0χ

(3)EEE/2 + · · · . To derive the

linear and the nonlinear susceptibilities, we need to

obtain the steady state solutions for the density ma-

trix equations. In the present approach, an iterative
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method is used, and the density matrix elements are

expressed as ρmn = ρ
(0)
mn + ρ

(1)
mn + ρ

(2)
mn + ρ

(3)
mn + · · · ,

where each successive approximation is calculated us-

ing the matrix elements of one order less than the one

being calculated. In the limit of weak coherent field,

the zero-order solution will be ρ
(0)
33 = 1, and the other

elements are equal to zero. Under the weak-probe ap-

proximation, we can obtain the matrix elements of the

first order

ρ
(1)
31 + ρ

(1)
21

=
2iΩ

A

{
(p+ p′ − 2)[3(ρ

(0)
11 + ρ

(0)
22 ) + 2(ρ

(0)
44 − 1)

+ (ρ
(0)
21 + ρ

(0)
12 )] + 2i∆1[ρ

(0)
22 − ρ

(0)
11 − (ρ

(0)
21 − ρ

(0)
12 )]

}
= −4iΩ

A
(p+ p′ − 2). (2)

Here all parameters are reduced to dimensionless ones

by scaling with γ. For simplicity, we set ∆2 = −∆1,

δ1 = −δ2 = −γ, ri = γ′
i = γ, and γi = 0 during the

calculation, because the expression of Re[χ(3)] will be

quite tedious when all parameters are considered. To

obtain the third-order terms in ρ21 + ρ31, we need to

know ρ11, ρ22, ρ44, and ρ12 to the second order

ρ
(2)
11 = ρ

(2)
22 =

4Ω2

AB
[p3 + p(p+ 1)(p′ − 2)

+ (p′ − 2)2 − 2(p− 2)∆2
1], (3)

ρ
(2)
44 =

4Ω2

AB
[(1 + p)(p+ p′ − 2)2 − 4∆2

1(p− 1)], (4)

ρ
(2)
21 =

4Ω2

AB
[−(p′ − 1)(p+ p′ − 2)

+ i∆1(p+ p2 − 4 + 3p′ − pp′) + 2∆2
1]. (5)

With the above procedure, the linear absorption and

the refractive part of the third-order susceptibility can

be written as

Im[χ(1)] =
4

A
(p+ p′ − 2), (6)

Re[χ(3)] =
−8∆1

A2B
[p(12− 7p2 + 21p+ 20∆2

1)

+ p′(40− 7p′)

− pp′(10p+ 2 + 3p′)− 4(11 + 7∆2
1)], (7)

where

A = (p+ p′)2 − 4(1 +∆2
1),

B = p2 + p′2 − 2(1 +∆2
1),

and some unessential constant factors have been omit-

ted. It is shown by Eq. (7) that the SGC, the IPC,

and their interaction can affect the refractive part of

the third-order susceptibility.

3. Numerical results

In the following, we focus on the third-order sus-

ceptibility. Firstly, we plot in Fig. 2 the refractive part

of the third-order susceptibility obtained in the four-

level system. It is shown that the Kerr nonlinearity

is enhanced by about several orders of magnitude in

comparison with that generated in a general four-level

system without IPC and SGC. To show the property

of the corresponding linear absorption, Im[χ(1)] is also

displayed in Fig. 2 (see the dashed line). Note that for

a given probe detuning (M), the giant enhancement

of Re[χ(3)] corresponds to the strong linear absorp-

tion. This is not desirable for the applications of low-

intensity nonlinear optics. While another giant en-

hanced Kerr nonlinearity (N) is accompanied by the

vanishing linear absorption. In other words, the giant

Kerr nonlinearity with zero linear absorption can be

obtained in the four-level system. From Fig. 2, we can

draw the elementary conclusion that the presence of

quantum coherences from the decays and the incoher-

ent pumping results in the giant enhancement of Kerr

nonlinearity.
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Fig. 2. Kerr nonlinearity Re[χ(3)] versus probe detuning

∆1. The other parameters are chosen as γ1 = γ2 = γ3 =

γ, r1 = r2 = r = 2γ, γ′
1 = γ′

2 = γ′ = 2γ, δ2 = −δ1 = γ,

and ω12 = γ.

Now we investigate the physical mechanism lead-

ing to the giant Kerr nonlinearity. From the results

given in Ref. [15], we know that the Kerr nonlinearity

can be enhanced by the presence of SGC in a general

three-level V-type system. Is the mechanism applica-

ble for our scheme? To answer this question, we depict

Re[χ(3)] with only the SGC considered in Fig. 3(a),

Re[χ(3)] in the conventional four-level system without

114208-3



Chin. Phys. B Vol. 21, No. 11 (2012) 114208

the quantum coherences from the decays and the in-

coherent pumping is also displayed for comparison. It

is shown that small enhancement of the Kerr nonlin-

earity can be achieved by considering only the SGC.

Then we focus on the effect of the quantum coherence

from the incoherent pumping on the Kerr nonlinearity

(see the dashed line). The variation of the Kerr non-

linearity is not obvious when only p = 1 is considered.

So the giant Kerr nonlinearity can not be obtained

by considering only the quantum coherence from the

decays or the incoherent pumping. While the pres-

ence of both effects causes a giant enhancement of the

Kerr nonlinearity (see the solid line in Fig. 3(b)). To

explain the interesting phenomenon, we turn to the

analysis of Eq. (7). Here Re[χ(3)] is composed of four

terms, the first two terms T1(p) and T2(p
′) are func-

tions of p and p′, respectively. The third term T3(pp
′)

is related to the product of p and p′, and the last term

T4 is independent of p and p′. Obviously, T3(pp
′) ex-

ists only when both p ̸= 0 and p′ ̸= 0 are satisfied.

We plot T3(pp
′) obtained in the numerical simulation

in Fig. 3(b). It is evident that Re[χ(3)] and the con-

tribution from T3(pp
′) are approximately coincident

in the narrow region of the giant enhancement of the

Kerr nonlinearity. In other words, the giant Kerr non-

linearity is undoubtedly caused by the interaction of

the quantum coherences from the decays and the in-

coherent pumping. Our scheme is different from the

previous schemes mentioned above. So we here pro-

pose a new scheme for the giant Kerr nonlinearity by

interacting the quantum coherences from the decays

and the incoherent pumping.
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Fig. 3. (a) Kerr nonlinearity Re[χ(3)] for different p and p′. (b) Variation of Re[χ(3)] with p = p′ = 1 (solid line) and

the contribution from T3(pp′) each as a function of ∆1. The other parameters are the same as those in Fig. 2.

Next we discuss the methods of enhancing the

Kerr nonlinearity in the four-level system. Based on

the results given above, the presence of both coher-

ent effects leads to the giant enhancement of the Kerr

nonlinearity. Thus the changes of quantum coher-

ences from the decays and the incoherent pumping

could affect the third-order Kerr nonlinearity. The

corresponding numerical results are depicted in Fig. 4.

With r and γ′ changing from r = γ′ = γ (dashed

line) to r = γ′ = 2γ (solid line), which implies the

stronger coherence effects, the refractive part of χ(3)

is enhanced by about 20 times.

Note that the quantum coherence of the decays

is very sensitive to the space between |1⟩ and |2⟩. So

the change of the energy level splitting ω12 will affect

spontaneously the generated coherence, thus vary the

third-order susceptibility. To demonstrate the result,

the energy level splitting is decreased from ω12 = 2γ

(solid line) to ω12 = γ (dotted line) in Fig. 4. The

maximal Kerr nonlinearity is enhanced by about five

times. While it should be noted that the effect from

ω12 strictly depends on the presence of the SGC. By

comparing the dashed curve in Fig. 4 with the dotted

curve in Fig. 2, it is obvious that the enhanced Kerr

nonlinearity can not be obtained with a decreasing ω12

when the SGC is absent.
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Fig. 4. The refractive part of the third-order suscep-

tibility for different ω12, decay rate γ′, and incoherent

pumping rate r.

It should be noticed that it is difficult to real-

ize the quantum interference of two spontaneous de-

cay channels in natural atomic systems experimen-

tally, because the existence of such coherence relies

on the nonorthogonality of the two transition dipole

moments. Only one experiment implemented the

interference.[17] However, the repetition of that result

failed.[20] Very recently, there were experimental evi-

dences that the SGC plays a role in the charged GaAs

quantum dots.[21] The semiconductor microstructure

allows the creation of artificial quantum systems with

desirable properties, based on which we can fabricate

a quantum dot with the model shown in Ref. [18] to

implement our results.

4. Conclusion

In conclusion, we have investigated the giant en-

hancement of the Kerr nonlinearity in a four-level sys-

tem with quantum coherences from the decays and

the incoherent pumping. The result shows that the

presence of both coherence effects can result in the

giant Kerr nonlinearity with vanishing linear absorp-

tion. By analyzing the analytical expression of the

third-order susceptibility, the giant enhancement is at-

tributed to the interaction of two coherence effects. In

addition, the methods of enhancing the Kerr nonlin-

earity in the four-level system are also discussed.
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