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Continuously tunable sub-half-wavelength localization

via coherent control of spontaneous emission∗
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We propose a continuously tunable method of sub-half-wavelength localization via the coherent control of the

spontaneous emission of a four-level Y-type atomic system, which is coupled to three strong coupling fields including

a standing-wave field together with a weak probe field. It is shown that the sub-half-wavelength atomic localization

is realized for both resonance and off-resonance cases. Furthermore, by varying the probe detuning in succession, the

positions of the two localization peaks are tuned continuously within a wide range of probe field frequencies, which

provides convenience for the realization of sub-half-wavelength atomic localization experimentally.
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1. Introduction

The atomic localization has attracted a great deal

of interest due to its widely application in laser cooling

and trapping,[1−5] Bose–Einstein condensation,[6−8]

atom lithography,[9,10] and so on. Several optical

methods for atomic localization have been proposed.

For example, Storey et al. proposed a scheme to

realize the localization based on the measurement

of the phase shift of the standing wave.[11,12] Later

on, it is demonstrated that the resonance imaging

methods can be used to localize the atoms.[13,14]

A number of schemes for the atomic localization

have been presented based on the electromagnet-

ically induced transparency,[15] the interference of

double-state resonance,[16] the coherent manipulation

of the Raman gain process,[17] the polychromatic

excitation,[18−20] and the coherence control of spon-

taneous emission,[21−26] recently. Besides, Ivanov et

al. have proposed a scheme for the two-dimensional

atom localization in a four-level tripod system,[27] they

demonstrated a high-precision localization due to the

measurement of population in the upper state or in

any ground state.

In particular, the coherence control of sponta-

neous emission has been regarded as a useful way to

investigate the atomic localization. Zubairy et al.[21]

proposed a scheme to localize a three-level atom based

on the Autler–Townes spontaneous spectrum, wherein

a classical strong standing-wave field was employed

to couple the auxiliary level. Due to the Autler–

Townes splitting dependence on position, detection of

the spontaneously emitted photon provides position

information of the atom along with the standing-wave

field. They also showed that the detuning effects be-

tween the atomic transition and the classical standing-

wave field were important for the atomic localization

in a three-level atom,[22] whose position information

was obtained by measuring the Autler–Townes spon-

taneous spectrum in the upper-level coupling case.

For the two schemes, there were four equally prob-

able localization peaks existing in a unit wavelength

domain of the standing wave, indicating that the de-

tection probability was confined to 25%.

In order to enhance the precision in atomic local-

ization, the phase control of the Autler–Townes spon-

taneous spectrum was adopted by Zubairy et al.[23−25]

in a four-level atomic system, where the excited state

of the probe transition was coupled to two auxiliary
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levels in a loop configuration using one standing-wave

field and two traveling-wave fields. By controlling the

amplitudes and the phases of the driven fields, two

localization peaks appeared in the half wavelength

region through the measurement of the spontaneous

emitted photon or the weak field absorption. As a

result, the detecting probability reached 50%. This

is termed as the sub-half-wavelength localization. In

the schemes mentioned above, the probe field detun-

ing plays an important role in the atomic localiza-

tion. In the absence of probe detuning, the condi-

tional probability distribution is space invariant, so

those schemes are no longer available for the atomic

localization. In contrast, a scheme has been proposed

based on the resonant interaction via detecting the

absorption spectrum.[26] When the probe field is reso-

nant with the atomic transition, the atom is localized

at the nodes of the standing-wave field in the sub-

half-wavelength domain with 50% detecting probabil-

ity. However, as the probe field detuning increases, the

detecting probability is reduced and vanishes eventu-

ally.

As referred above, the atomic localization was

realized on the condition of either resonance or off-

resonance. A question naturally arises, will the

sub-half-wavelength atomic localization happen under

both conditions over a wide range of probe field fre-

quencies in a scheme? In this paper, we show that

the sub-half-wavelength atomic localization is achiev-

able under both conditions. The significant interesting

features we find in the present scheme are as follows.

Firstly, the positions of the two localization peaks are

continuously tunable by changing the probe detuning

in succession. The position curve versus the probe de-

tuning is similar to the sine curve. Secondly, if the

probe detuning is changed from negative to positive,

the two localization peaks appear or vanish symmetri-

cally at the nodes of the standing-wave field. Thirdly,

as the absolute value of the probe detuning decreases,

the width of the peak becomes narrower. In addi-

tion, the sub-half-wavelength localization depends on

the collective phase of the three strong applied fields,

which has been realized in the previous work.[24,25] In

short, in the present scheme, the conditions for the lo-

calization are relaxed, which is useful for experimental

control.

2. Model and equations

As schematically illustrated in Fig. 1, a four-

level Y-configuration atom model is considered, which

has two excited states: an intermediate state, and a

ground state. The atom moving in the z direction

passes through a classical standing-wave light field in

a cavity aligned along the x direction. The standing-

wave laser field is applied to the dipole-allowed tran-

sition |3⟩–|1⟩. A traveling-wave laser field and a mi-

crowave field are applied to the dipole-allowed transi-

tion |2⟩–|1⟩ and the dipole-forbidden transition transi-

tion |3⟩–|2⟩, respectively. The upper transitions form a

closed loop. A weak probe field is applied to the lower

probe transition |1⟩–|0⟩. The four fields are written

as Ej e
−i(vjt+ϕj) + c.c. (j = 0, 1, 2, d), where Ej , vj ,

and ϕj are the amplitudes, the frequencies, and the

initial phases, respectively. The position-dependent

standing-wave component E1 = Es
1 sin (kx) has wave

vector k = 2π/λ, where λ is the wave length of the

standing-wave field. Assuming the center-of-mass po-

sition of the atom to be a constant along the direction

of the standing wave, and neglecting the kinetic term

of the atom in the Raman–Nath approximation,[28]

we derive the master equation for the atom–field in-

teraction system in an appropriate rotating frame and

under the dipole approximation

ρ̇ = − i

~
[H, ρ] + L13ρ+ L12ρ+ L01ρ, (1)

H = ~∆pσ00 − ~
[
Ω1 sin (kx)σ31 +Ω2σ21

+ Ωd e
−iϕσ32 +Ωpσ10 +H.c.

]
, (2)

where ∆p is the probe detuning between the atomic

transition frequency ω10 and the weak field frequency

ωp, (here we assume that the three strong applied

fields are resonant with the corresponding transitions)

Ω1 sin (kx) is the position-dependent half Rabi fre-

quency of the standing-wave field, Ω2, Ωd, and Ωp are

half Rabi frequencies associated with the traveling-

wave field, the micro-wave field, and the probe field,

respectively, and ϕ = ϕ1 + ϕ2 − ϕd is the collective

phase of the three applied fields. The phase of the

probe field is not considered, because it has no effect.

The damping terms take the form

Lijρ = γkj (2σjkρσkj − σkkρ− ρσkk) , (3)

where 2γkj represents the atom decay rate from state

|k⟩ to state |j⟩, σkl = |k⟩⟨l| is the atomic projection

operator for k = l and the flip operator for k ̸= l
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(k, l = 0, 1, 2, 3). In the following, we set γ31 = γ1,

γ21 = γ2, γ10 = γ0. The set of equations for the den-

sity matrix elements are derived from Eqs. (1)–(3) as

ρ̇33 = −2γ1ρ33 + iΩ1 (ρ13 − ρ31)

+ iΩd

(
ρ23 e

−iϕ − ρ32 e
iϕ
)
,

ρ̇22 = −2γ2ρ22 + iΩ2 (ρ12 − ρ21)

+ iΩd

(
ρ32 e

iϕ − ρ23 e
−iϕ

)
,

ρ̇00 = 2γ0ρ11 + iΩp (ρ10 − ρ01) ,

ρ̇23 = − (γ1 + γ2) ρ23 − iΩ1ρ21 + iΩ2ρ13

+ iΩd e iϕ (ρ33 − ρ22) ,

ρ̇13 = − (γ0 + γ1) ρ13 + iΩ1 (ρ33 − ρ11)

+ iΩ2ρ23 + iΩpρ03 − iΩdρ12 e
iϕ,

ρ̇03 = − (γ1 − i∆p) ρ03 − iΩ1ρ01 + iΩpρ13

− iΩdρ02 e
iϕ,

ρ̇12 = − (γ0 + γ2) ρ12 + iΩ1ρ32 + iΩ2 (ρ22 − ρ11)

+ iΩpρ02 − iΩdρ13 e
−iϕ,

ρ̇02 = − (γ2 − i∆p) ρ02 − iΩ2ρ01 + iΩpρ12

− iΩdρ03 e
−iϕ,

ρ̇01 = − (γ0 + i∆p) ρ01 − iΩ1ρ03 − iΩ2ρ02

+ iΩp (ρ11 − ρ00) , (4)

together with the complex conjugates of the above

equations. The set of equations of motion for the ex-

pectation values of the atomic operators are derived

from Eq. (4) as

d

dt
X (t) = QX (t) +R, (5)

where X (t) = (⟨σ33⟩, ⟨σ22⟩, ⟨σ00⟩, ⟨σ32⟩, ⟨σ31⟩, ⟨σ30⟩,
⟨σ21⟩, ⟨σ20⟩, ⟨σ10⟩, ⟨σ01⟩, ⟨σ02⟩, ⟨σ12⟩, ⟨σ03⟩, ⟨σ13⟩,
⟨σ23⟩)T is a column vector, Q is a 15×15 matrix, and

R is a column vector. The Q and R can be easily

derived. The steady-state spontaneous emission spec-

trum from the |1⟩ → |0⟩ transition is given by

S (ω, x) = γ0u (r)Re

∫ ∞

0

dτ

× lim
t→∞

⟨δσ10 (t+ τ) δσ01 (t)⟩ e−iωτ , (6)

where u (r) = (3/8π) sin2 θ is a normalization con-

stant, θ is the angle between the observation direc-

tion r and the atomic dipole moment of the |0⟩–|1⟩
transition, and δσ10 (τ) = σ10 (τ) − ⟨σ10 (∞)⟩ repre-

sents the deviation of the dipole polarization operator

σ10 (τ) from its mean steady value. In order to calcu-

late the correlation spectrum, a column vector Y (τ)

is introduced, and its elements are two-time correla-

tion functions Yk (τ) = ⟨δσmn (τ) δσ01 (0)⟩. We should

note that the order of elements Yk (τ) is the same as

that of Xk (τ). According to the quantum regression

theory,[29] we can obtain the equation of Y (τ) as

d

dτ
Y (τ) = QY (τ) , (7)

which can be solved by making use of matrix Q. Then

we can get the spontaneous spectrum

S (ω, x) = r0u (r)Re
15∑
k=1

U9k (iω̃)Yk (0) , (8)

where ω̃ = ω − ω10 is the detuning between the scat-

tered light frequency ω and the atomic resonance fre-

quency ω10, Yk (0) is the initial values of the elements

of vector Y (τ), and U9k is the elements of the ninth

row in the matrix U = (iω̃I −Q)
−1

, with I being a

unit matrix.
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Fig. 1. Energy level structure of the Y-type atom.

The driven atom radiates spontaneously, and the

detector detects the spontaneously emitted photons.

The spectrum of the spontaneously emitted photons

mimics the position probability of the center-of-mass

motion of the atom. The conditional position distri-

bution of the atom as a function of position x and

frequency ω is given by[21,22]

W (ω, x) = |N |2 |f (x)|2 S (ω, x) , (9)

where N is a normalized factor, f (x) is the center-of-

mass function of the atom and is assumed to be nearly

a constant over many wavelengths of the standing-

wave field.
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3. Numerical results and discus-

sion

When the spontaneously emitted photons are

measured at a fixed frequency, the conditional posi-

tion probability is only a function of position W (x).

Here, we present the numerical results of the proba-

bility distribution. The Rabi frequencies, the decay

rates, the frequencies, and the detunings are scaled in

units of decay rate γ0. For simplicity, we assume all of

the four half Rabi frequencies (Ω1, Ω2, Ωd, Ωp) to be

real and that the probe field is much weaker than the

applied fields. In our discussion, the parameters are

set as γ1 = γ2 = 0.2γ0, Ω1 = Ω2 = Ωd = Ω = 20γ0,

and Ωp = γ0.

The conditional position probabilityW (x) is plot-

ted as a function of kx (−π ≤ kx ≤ π) and probe de-

tuning ∆p for the collective phase ϕ = 0, as shown

in Fig. 2. It is shown that the atomic localization

occurs over a wide range of probe detunings. As

the probe detuning ∆p changes from −20γ0 to 20γ0,

two localization peaks appear in each of the two half-

wavelength regions, while they appear at the nodes

of the standing-wave field when ∆p = 0. It means

that the atomic localization is realized with a detect-

ing probability of 50%. Several characteristics are

found. (i) The positions of the sub-half-wavelength

localization peaks are continuously tuned when the

probe detuning changes in succession. In the region of

−20γ0 < ∆p < 0, the two localization peaks appear in

the right side of the half-wavelength region. The dis-

tance between the two peaks increases continuously as

the probe detuning changes. When 0 < ∆p < 20γ0,

the two localization peaks switch from the right side

to the left side, and the interval decreases successively.

The position curve shown in Fig. 2 is similar to a sine

curve. (ii) The two localization peaks appear sym-

metrically in two half-wavelength regions. When the

probe detuning is tuned from negative to positive, the

two peaks are symmetrical about the nodes of the

standing-wave field. (iii) The widths of the localiza-

tion peaks become narrower as the absolute value of

the probe detuning decreases, implying that the higher

precision is obtained during this process. Accordingly,

in the present scheme, the position as well as the preci-

sion of the spatial resolution of the atomic localization

can be controlled only by modifying the probe detun-

ing.
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kx

W↼x↽
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∆
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Fig. 2. (colour online) The positions of the two localiza-

tion peaks as a function of kx (−π ≤ kx ≤ π) and probe

detuning for the collective phase ϕ = 0. The other param-

eters are chosen as γ1 = γ2 = 0.2γ0, Ω1 = Ω2 = Ωd =

Ω = 20γ0, and Ωp = γ0.

For a further insight into the characteristics

found above, we plot W (x) as a function of kx

(−π ≤ kx ≤ π) in Fig. 3 by taking the probe detuning

∆p = −15γ0, −5γ0, 0, 5γ0, 15γ0 respectively. Under

the resonance condition, i.e., ∆p = 0, the atom is

localized at the nodes of the standing-wave field. The

two localization peaks for ∆p = −15γ0 (blue dotted

line) and −5γ0 (red dotted line) are symmetrical with

the peaks of ∆p = 15γ0 (blue solid line) and 5γ0 (red

solid line) about the position of ∆p = 0 (black solid

line), respectively. The two peaks have full widths

of 0.1 for ∆p = ±15γ0 and 0.06 for ∆p = ±5γ0. It

is evident that the width of the localization peak for

the latter case is narrower than that for the former

one. This gives rise to a higher spatial resolution in

the position distribution. Since the amplitudes of the

three strong applied fields are equal to each other, in

the dressed state picture, the energy separations of

the three dressed states are identical. The coherence

induced symmetrical triplet splitting results in the

selective elimination of spontaneous emission. This is
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Fig. 3. (colour online) The 2D demonstration of Fig. 2

for chosen probe detuning ∆p.
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the essential reason for the sub-half-wavelength local-

ization occurring periodically and symmetrically.

In addition, as shown in Fig. 4, the detecting

probability can be controlled by varying the collective

phase of the three applied fields. We show the condi-

tional position probability distributions W (x) for the

phases ϕ = 0, π/2, 3π/2, π and different probe de-

tuning values ∆p = 10, 20. The other parameters

are the same as those in Fig. 2. When ∆p = 10,

ϕ = 0 (Fig. 4(a-1)), two localization peaks are confined

in the left half-wavelength domain (−π ≤ kx ≤ 0),

whereas no localization peaks appear in the right half-

wavelength domain (0 ≤ kx ≤ π). This case is termed

as the sub-half-wavelength localization. With the de-

tuning increased to ∆p = 20, ϕ = 0 (Fig. 4(b-1)),

the two adjacent peaks overlapping with each other

finally evolve into one. For this case, the probability

peak is wide. When the collective phase is varied from

ϕ = 0 to ϕ = π/2 or 3π/2 (Figs. 4(a-2) and 4(b-2)),

the distribution probability peaks vanish, the sponta-

neous emission is negligibly weak. This is based on

the fact that the phase control leads to the quenching

in the spontaneous emission spectrum.[24,25] When the

collective phase is set to be ϕ = π, the conditional po-

sition probability distributionW (x) switches symmet-

rically from one side to the other with a fixed detecting

probability, as shown in Figs. 4(a-3) and 4(b-3)).
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Fig. 4. (colour online) Conditional position probability distribution W (x) as a function of kx (−π ≤ kx ≤ π) for different

values of collective phase ϕ and detuning values (a) ∆p = 10 (b) ∆p = 20. The other parameters are the same as those in

Fig. 2.

Finally, we make a comparison with the previous

work. In our scheme, the advantage is beyond the re-

alization of sub-half-wavelength. The positions of the

two localization peaks are continuously controllable.

In addition to the dominant feature, there are sev-

eral differences between our work and the others. In

Ref. [24], the localization of the atom via spontaneous

emission is required to be prepared in a specific excited

state, which is hard to realize in experiment. However,

in our scheme, a weak probe field is used to excite the

population into the excited state. The initial prepa-

ration of the atom in the specific excited state is not

necessary. In Refs. [21]–[25], the sub-half-wavelength

localization is realized when the probe field is not res-

onant with the atom over a narrow region. In Ref.

[26], the atom is localized at the nodes of the standing-
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wave field under the resonance condition, whereas the

detecting precision decreases as the probe detuning

increases. Nevertheless, in our scheme, the sub-half-

wavelength localization is realized under both condi-

tions, the conditions for sub-half-wavelength atomic

localization are relaxed extensively. It can improve

the experimental accessibility and controllability.

4. Conclusion

In summary, we propose an effective scheme for

the sub-half-wavelength localization, wherein the po-

sitions and the precision of the localization peaks are

continuously controllable by varying the probe detun-

ing. The mechanism is closely related to the coherence

induced symmetrical triplet splitting results in the se-

lective elimination of the spontaneous emission. The

strict condition of sub-half-wavelength is relaxed ex-

tensively, which improves the experimental feasibility

and controllability.
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