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We consider multi-agent systems with time-varying delays and switching interconnection topologies.

By con-

structing a suitable Lyapunov—Krasovskii functional and using the reciprocally convex approach, new delay-dependent

consensus criteria for the systems are established in terms of linear matrix inequalities (LMIs), which can be easily solved

by using various effective optimization algorithms. T'wo numerical examples are given to illustrate the effectiveness of

the proposed methods.

Keywords: consensus, multi-agent systems, time delay, Lyapunov method

PACS: 05.65.4+b, 02.10.Yn

1. Introduction

Multi-agent systems (MASs) have received con-
siderable attention due to their extensive applications
in many fields, such as biology, physics, robotics, and
control engineering.['~% In Ref. [4], the consensus
problem of high-order MASs with time delays and
switching topologies was addressed by using the Lya-
punov function and the properties of the Metzler ma-
trix with zero row sums. In Ref. [5], the constrained
consensus problem was investigated for a group of
agents in disconnected topologies owing to the exis-
tence of packet drops, limited communication chan-
nels, external disturbances, and other influencing fac-
tors. In Ref. [6], the Ho consensus control condition
of networks of second-order MASs with external dis-
turbances was proposed based on new positive semi-
definite Lyapunov functions. A prime concern in those
systems is the agreement among the group of agents
on their states of leader by the interaction. Namely,

this problem is a consensus problem. Specially, the
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consensus problem with a leader is called the leader—
following consensus problem or the consensus regula-
tion. Recently, this problem has been applied in var-
ious fields, such as vehicle systems,”l intelligent de-
cision support systems for power grid dispatching,!®
and networked control systems.!?!

During the last few years, the MASs have been
put to use in the consensus problem for systems with
time delays. The delays are due to the finite speed of
information processing in the implementation of the
system. It is well known that the time delay often
causes undesirable dynamic behaviors, such as oscilla-
tion, performance degradation, and instability of the
network. It should be pointed out that analyzing the
consensus problem of the MASs with time delays can
be regarded as investigating the asymptotical stability
of the MASs. The stability criteria for time-delay sys-
tems can be classified into two types: delay-dependent
ones and delay-independent ones. The former are gen-
erally less conservative than the latter, because the

delay-dependent stability criteria include the infor-
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mation on the size of delay.'%) Since the consensus
issue is a prerequisite to the applications of MASs,
various approaches to finding consensus criteria for
the MASs with time delays have been investigated in
the literature.['* =16 By using the Lyapunov-based ap-
proach and the related space decomposition technique,
a coordination problem was addressed for the MASs
with jointly connected interconnection topologies.'!
Liu et al.'? obtained the consensus conditions for the
second-order MASs systems with time-varying com-
munication delays and static interconnection topolo-
gies. In addition, the delay-dependent consensus con-
dition was also derived for the system with time-
invariant communication delay and switching topol-
ogy. Xiao et al.['¥l have studied a consensus prob-
lem for discrete-time MASs with changing communi-
cation topologies and bounded time-varying commu-
nication delays. In Ref. [14], based on the Lyapunov—
Razumikhin methods, the leader—following consensus
problem for the second-order MASs with identical
communication delays was considered. Tian et al.['?!
studied the consensus problem for the MASs with both
communication and input delays. By constructing a
Lyapunov-Krasovskii functional with the idea of delay
partitioning, Qin et al.' derived the consensus condi-
tion for the directed networks of agents with switching
topology and time delay. However, to the best of our
knowledge, the delay-dependent consensus conditions
for the MASs with time-varying delays and switching
interconnection topologies have not been investigated
yet.

Motivated by the above discussion, in this paper,
we propose new delay-dependent consensus criteria for
the MASs with time-varying delays and switching in-
terconnection topologies. By constructing a suitable
Lyapunov—Krasovskii functional and using the recip-
rocally convex approach,[!” the criteria are derived
in terms of linear matrix inequalities (LMIs), which
can be solved efficiently by the use of standard con-
vex optimization algorithms, such as the interior-point
methods.["® Inspired by the works in Refs. [19] and
[20], we use a triple integral form of the Lyapunov—
Krasovskii functional. Two numerical examples are
included to show the effectiveness of the proposed
methods.

Notation The R™ is the n-dimensional Eu-
clidean space, and R™*™ denotes the set of m x n real
matrix. For symmetric matrices X and Y, X > Y
(respectively, X > Y') means that matrix X — Y
is positive definite (nonnegative). The X' denotes

a basis for the null space of X. The I,, 0,, and
0,.xn denote n X n identity matrix, n x n and m x n
zero matrices, respectively. The || - || refers to the
Euclidean vector norm and the induced matrix norm.

And diag{-- - } denotes the block diagonal matrix.

2. Problem statement

The interaction topology of a network of agents is
represented by a directed graph (digraph) G = (V,€)
with nodes V = {1,2,...,n} and edges & = {(4,§) :
i,j € V} C ¥V x V. A adjacency matrix A = [a;5] €
R™ ™ of digraph G is the matrix with nonnegative el-
ements satisfying a; = 0 and a;; > 0. If there is
an edge between i and j, then the corresponding el-
ement in matrix A has a;; > 0 & (i,j) € €. The
digraph G is said to be undirected if (i,j) € £ <
(j,1) € €. A set of neighbors of agent i is denoted
by N; ={j € V: (i,j) € £}. The degree of node
i is denoted by deg(i) = > .cn;aij. The degree
matrix of digraph G is a diagonal matrix defined as
D = diag{deg(1),...,deg(n)}. More details can be
found in Ref. [21].

Consider the following multi-agent system with
the second-order agent dynamics:

<.
&7
—~
~
~—
|

ui(t), ieV=A{1,...,n}, (1)

where n is the number of agents, z;(t) € R, v;(t) € R,
and u;(t) € R are the position, the velocity, and the
control input of agent i, respectively.

According to Refs. [11] and [12], a consensus al-
gorithm with the leader interconnection topology can
be described as

ui(t) = —kﬂ}i(t) — Z aij(xi(t) — l‘j(t))

JEN;
= bi((t) — @o), (2)

where xg € R is the position of the leader, k; > 0 are
the control parameters, a;; and b; are the interconnec-
tion weights defined as

a;; > 0, if agent 7 is connected to agent j,
a;; =0, otherwise,

b; >0,
b; =0,

if agent i is connected to the leader,

otherwise.
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With the communication delay, a consensus algorithm

can be given as

wit) = —kivi(t) = Y ai(wi(t) — x;(t — h(1)))

JEN;
—bi(w;(t) — xo), (3)

where h(t) denotes a time-varying delay satisfying

0< h(t) <hu, h(t) < ho, (4)

with hyr > 0 and hp being known constant scalar val-
ues.

Consider a model of MASs with the consensus al-
gorithm (3)

& (t) = vi(t),
ilt) = —kvi(t) = Y aij(@i(t) — x;(t = h(t)))
JEN;

Then, system (5) can be rewritten in the matrix form

o(t) = —Kv(t) — (D + B)(z(t) — xo1,)
+ A(z(t — h(t)) — zo1,) + (A — D)xol,, (6)

where @(t) = [z1(t),...,zn(t)]" € R™ is the position
vector of agents, v(t) = [v1(£),...,va(t)]" € R™ is the
Lknt, Als
the adjacency matrix of G, B = diag{b1,...,b,}, D is
the degree matrix of G, and 1,, = [1,1,...,1]T € R™.
Since the following equality with zq1,, holds

velocity vector of agents, K = diag{ki, ..

A.’L'()].n
( 0 a2 -+ ain x0
| @21 az2 - ; Zo
B Un—1n
_anl ap2 -« 0 Lo
[ Zje/\f,; a1;To

2 jen; a2;%0

L 2" en; anjTo

Zje/\/} (Llj 0 0 i)
B 0 Xjewni 02 0 o
L 0 0 ZjGNi Qnpj Zo

= DxOlna

system (6) can be rewritten as

&(t) = v(t),
0(t) = —Kv(t) — (D + B)(x(t) — 291,)
+ A(z(t — h(t) — zoln). (7)

In this paper, we consider the consensus for MASs
with time-varying delays and switching interconnec-
tion topologies. It should be noted that G denotes the
topology composed of the agents and the leader, and
r= {Qm, m =1,..., N} is defined as the union of the
topologies. Here, N is the number of topologies.

Let us define
&(t) = x(t) —woln, m(t)=[@"(t), 0" (1)]".

Then, system (7) with switching interconnection
topology m can be rewritten as

n(t) = Emn(t) + an(t - h(t))v

m=s(t), Gme€l, (8)
where I = {1,..., N} is the index set associated with
the elements of I', s(t) : RT — I is a switching sig-
nal, and

OTL In
E, =
—(Dy, + B,,) — K
0, 0,
F, =
A, 0,

Remark 1 The model (8) can be extend to the
case without leader as follows:

n(t) = Enn(t) + Fai(t — h(t)),

m=s(t), Gmel, 9)
where

_ x(t) _ 0, I,

’r](t) = y Em= ,
'U(t) _D’H'L -K
0, 0,

F, =
A, 0,

In model (8) with a leader, take the group of environ-
ment monitoring robot fishes in Fig. 1 as an example,
the interconnection between the leader and one par-
ticular agent can provide the information of both the
route of agent group and the consensus of each agent.
However, model (9) without leader provides only the
information of the consensus of each agent. That is,
to perform the task of agent group, we should con-
sider the interconnection between the leader and one
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particular agent, as shown Fig. 1. For the above men-
tioned reason, model (9) without leader has less prac-
tical meaning than model (8) with a leader.

> W

,'/ g —
group of leader
robot fish _an robot fish
N ]
#
‘ 1
Fig. 1. (colour online) Environment monitoring robot

fishes.

The aim of this paper is to investigate the delay-
dependent consensus (in other word, stability analy-
sis) of system (8) with time-varying delays. To do this,
we introduce the following lemmas.

Lemma 1 For any constant matrix M € R™*",
M = M7 > 0, and scalars 3, « satisfying 3 < a, vec-
tor function x : [, a] — R™ such that the integrations
concerned are well defined, then

(a—P) /; x'(s)Mx(s)ds

> (/ax(s)ds)TM</;w(s)ds>, (10)
(o= '8 / / (u)duds
(f )
x M (/ / duds) (11)
Proof According to Jensen’s inequality in
Ref. [22], we can obtain inequality (10). Moreover,

$3

= [Ema Fm702na _I2n7 0277,70277,3 02n] 9

= [e1, e3,ec7|Ples, e5,e1-3]"

W
|

+ [es, e5,e1_3]Pler, e3, e647) ",
=e1Qief —ex((1—hp)Q1)e;
+ [e1, ed] Q2[€1,64]T -

u
\

les, e5]Qales, e5]",

]

3 = [e1, eq] (M3 R1)[e1, es] " —

[x

— [e7, e2-3]R1[er, e2_3]"

the following inequality holds:

(a—9) /a T (u)Max(u)du

(/Sa m(u)du)T M (/a m(u)du) (2

v

According to the Schur Complements,!]

equa-
tion (12) is equivalent to
N wlfiw >0. (13)
fs ( )du (a— )

Integrating inequality (13) from 8 to « yields
f;fa:nT Mx(u)duds fﬁ [& a2 (u)duds S0

fB [J @(u)duds fﬁ a—s) ~lds
(14)
Therefore, inequality (14) is equivalent to inequal-
ity (11) according to the Schur Complements. This

complete the proof.

Lemma 2 (Finsler’s lemma(®®l) Let ¢ € R", & =
@T € R"™" and B € R™*" such that rank(B) < n.
The following statements are equivalent:

(i) CTBC < 0, VBC = 0, ¢ #0,

(ii) B #B* < 0,

(iii) 3IX e R™*™: d+ XB + BTXT <o0.

3. Main results
In this section, we propose new stability crite-

For the simplicity of matrix
c R14n><2n

ria for network (8).
representation, e; € Rlidnx2n
(i,j = 1,...,7) are defined as block entry matrices;
e.g., e = [02,, I3, 00, . .., 09, ] T
Several matrices are defined as

and e;4;

and e14o = e; tes.

[es, e1_2]Ri[es, e1o]"

— es, e1-2]Sler, ea—3]"

—ler,ea-31S8T[es, e1-2]",

%
= ey (M> Rge} - [el - 96+7]R2[el - 66+7]T’

2
4
-3 s

i=1

!31
|

[1]

(15)

Then, we have the following theorem.
Theorem 1 For given scalars 0 < hy and hp,
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the agents in system (8) converge to the state of the
leader for switching signal s(¢) asymptotically, if there
exist positive definite matrices P € Rx6n @, ¢
]R2n><2n, QQ c R4n><4n, Rl =c R4n><4n7 1%2 c RQnX?n,
and any matrix S € RA"*4" gatisfying the following
LMIs:

(1) 8(T;) <0, (16)
R, S
S; = | 20 (17)
1

where @ and 1, are defined in Eq. (15).
Proof Let us consider the following Lyapunov—
Krasovskii functional candidate:

V=Vi+Vo4+V5+Vy, (18)
where
e | n(t)
i = n(t — hm) P | n(t—hu) )
ftt oy M(8)ds f:ihM n(s)ds
V2= /t h(t) (s)ds
n(s) n(s)
+ (o)) S,
/thM [7’7(3) (s)]
VSZhM/h/[ n(w) [ u]duds,
Vy = / . / / v)Rom(v)dvduds.

The time derivative of V7 is calculated as

nw | A(t)
n(t — hm) P n(t — hm)
| J . n(s)ds n(t) — n(t — hy)

T
n(t)
=2 n(t — ha)

t t—h(t)
_ft—h(t) 77 dS + f hn

V=2

n(s)ds

x P ’f](t— hM)

= ¢ (1) EL(). (19)

By calculation of the time-derivative of Vs, we have

Vo < 0" ()Qin(t) — (1 — hp)n™ (t — h(t))

X Qun(t — h(t))

T -
+ [77 ! Qo it
n(t n(t
T ~
n(t — hw) n(t — hm)
- | (o)
[n(t b |t m)]
= ¢ (H)EL (D). (20)

By utilizing Eq. (10) of Lemma 1, an upper bound for
the time derivative of V3 can be estimated as

70| ey [ 70
10 (1)

h(t)hyf!

By using the reciprocally convex approach,*7l we

where a(t) =

find that the following inequality for any matrix S and
0 < a(t) < 1 holds:

1—a(t) ) 0,
a(t) R, 8
0 D) s R,
4n 1— O[(t) 4n
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Oé(t) I4n O4n
X >0, (22
a(t)
O4n - 1_ Oé(t) I4n
which implies
1 r 0
alt) ! an R, S (23
1 ST Ry
O4n 1_ Ot(t) 7?'1
Thus, an upper bound of Vs is
T ~
. t t
i< | wgmy | Y
() (1)
_ 1 oT
t n(s)
f;‘/fh(t) . ds
n(s) | R, S
B T
t—h(t) n(s) S" R
t—hnm . dS
i 7(s) ]
[ t n(s) ]
ds
ieneo [7'7(8)]
X
tt::l\(;) 77(5) ds
i 7(s) |
= (T (1) EC(1). (24)

Finally, by utilizing Eq. (11) of Lemma 1, the
time-derivative of V4 can be bounded as

o () roma

_ (/tthM /:r';(u)duds)T
« Ry (/;LM /:f,(u)duds)

— (}?>zﬁT(t)R2ﬁ(t) —~ (n(t) _/tim)”(
_ /tth:t)n(s)ds>TR2

t t—h(t)
x (n(t)— s [ n(S)dS>

= ¢ (t)Eal(t). (25)

s)ds

Inequalities (18)—(25) lead to a new upper bound

for the time derivative of V'

vV < ¢T(H)BL(1). (26)

System (8) with the augmented vector {(¢) can be

rewritten as
Y..¢(t) = 0. (27)
Therefore, a stability condition for system (8) is
¢T(H)®¢(t) < 0, subject to T,,,¢(t) =0.  (28)

According to Lemma 2, condition (28) is equivalent to

the following inequality:
][] <o. (29)

From inequalities (29), by the use of Lemma 2, if
LMI (16) satisfies, then stability condition (28) holds.
This complete our proof.

When the information about h(t) is unknown,
then, by setting Q1 = 02, in the Lyapunov—Krasovskii
functional (18), we can obtain the following corollary.

Corollary 1 For a given scalar 0 < hy, the
agents in system (8) converge to the state of the
leader asymptotically, if there exist positive definite
matrices P € Ro»x6n Q, ¢ Rinx4n R, ¢ Rinx4n
Ry € R?X27 and any matrix S € R4"*4" gsatisfying
the following LMIs:

(TL) (@ - Z)(T8) <0, (30)
Ri1 S
o | 20 (31)

where @, =5, and T, are defined in Eq. (15).

Proof The proof of Corollary 1 is very similar
to that of Theorem 1, so it is omitted here.

Remark 2 In Refs. [12] and [16], the consensus
criteria for the MASs with switching interconnection
topologies were considered with the time-invariant de-
lays. However, the time-varying delay handled in this
paper is more practical. Furthermore, the presented
criteria in this paper are less conservative than the
results in Ref. [12]. By numerical examples, the less

conservatism will be shown in the next section.

4. Numerical examples

In this section, two numerical examples are given
to illustrate the effectiveness of the proposed stability
criteria.

Example 1 Consider the MAS (8) with the

switching interconnection topology described in Fig. 2.
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Clearly, the leader is globally reachable. We choose
the control gain K = diag{5,5,5,5}. From Fig. 2,

A, B,,, and D,, at switching interconnection topol-

ogy m are
[0 050 0 00 00
0 0 00.1 01500
A1: B1: 5
0 070 0 0000
103 0 0 0 0000
(05 0 0 0
0 01 0 0
D, =
0 0 07 0
0 0 0 03
for topology 1, and
[0 0 040 00 0 0
06 0 0 0 00 0 0
AQZ ;B2:
0 01 0 0 00170
(05 0 0 0 00 0 0
(04 0 0 0
0 06 0 0
D2: 5
0 0 01 0
0 0 0 05

for topology 2. In Ref. [12], for the above networks,
the obtained upper bound on time-invariant delay was
2.491. However, when hp = 0, our obtained result by
Theorem 1 is 14.43, which is much larger than that
of Ref. [12]. By using Theorem 1 and Corollary 1, we
obtain the results of upper bound of time delay with
different hp, as listed in Table 1. In order to confirm
these results, we simulate positions and velocities of
the agents of the network with time-varying delay and
switching interconnection topology (N = 1,2) with
conditions of time-delay given in Table 2. The switch-
ing period of the interconnection topology is 2 s. The
simulation results are given in Figs. 3-5. The figures
show that each agent converges to the position of the

leader for given chosen initial states of the agents.

Table 1. Upper bounds of time-delay for different Ap in

example 1.
hp 0 0.2 0.5 0.8 unknown
hnm 14.43 9.79 8.56 8.37 8.37

110508-7

Table 2. Conditions of simulation in example 1.

No. ha hp h(t)
C1-1 14.43 0 14.43
C1-2 8.56 0.5 8.56 Sin2(0.05t)

C1-3 8.37 unknown 8.37|sin(t)]

(b)

Fig. 2. Topologies (a) 1 and (b) 2 used in example 1.

3
(a) |
2 . —
1+t
=
8
OH
——agent 1 |
1 agent 2 |
——agent 3
agent 4 |
- — - leader
) . . .
0 50 100 150 200
t/s
(b)
——agent 1 ]
= ——agent 2
= ——agent 3
——agent 4
—0.21]
0 50 100 150 200

Fig. 3. (colour online) (a) Positions and (b) velocities of
the agents with condition C1-1.
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(a)

——agent 1 |
——agent 2
——agent 3
——agent 4
- — - leader

z(t)

0 100 200 300 400 500
t/s

0 100 200 300 400 500
t/s

Fig. 4. (colour online) (a) Positions and (b) velocities of the agents with condition C1-2.

(a)

0 100 200 300 200 500
t/s

0.8

Fig. 5. (colour online) (a) Positions and (b) velocities of the agents with condition C1-3.

Example 2 Consider the MAS (8) with the
switching interconnection topology described in Fig. 6.
We choose the control gain K = diag{ki,...,ks},
where k; =5 (i = 1,...,8). From Fig. 6, A,,, By,
and D, at switching interconnection topology m are

o 0 0 0 0 0 0 02
0o 0 07 0 O O 0 O
o 0 0 0 0 01 0 O
A, — 0o 0 03 0 0 0 0 O 7
0 09 0 0 0 06 0 O
o 0 0 0 0 0 0 01
0 0 05 0 0 0 0 O
0o 0 0 040 0 0 0 |

B; = diag{0,0,0,1.2,0,0,0,0},
D, = diag{0.2,0.7,0.1,0.3,1.5,0.1,0.5,0.4},

for topology 1, and

B, = diag{0,0,1.9,0,0,0,0,0},
D, = diag{0.7,0.2,1.1,0.7,1.1,0.1,0.8,0.3},

() |
0.4 ——agent 1 1
——agent 2
——agent 3 |
. ——agent 4
z 0
>
—-0.4
—0.8 ) ) ) ) 1
0 100 200 300 400 500
t/s
(0 02 0 0 0 0 05 0 |
0 0 0 0 02 O 0
0 0 0 04 0 0 07 O
07 0 0 0 0 0 0 0
A2 = )
0 0 0 02 0 09 O 0
0 0 0 0 0 O 0 0.1
0 0 0 0 0 08 O 0
0 0 03 0 0 0 0 |

for topology 2. The results of the upper bound on
time-delay with different hp are listed in Table 3. It
is assumed that the time delays satisfy the conditions
listed in Table 4, and the switching period of the in-
terconnection topology is 5 s. Then, the simulation
results for positions and velocities of the agents of net-
work are shown in Figs. 7 and 8, which show that all
the agents follow the position of the leader.

Table 3. Upper bounds of time-delay for different hp in

example 2.
hp 0 0.2 0.5 0.8 unknown
hm 15.24 10.71 8.76 8.57 8.57
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(a)

——agent 1 ]
——agent 2
——agent 3
——agent 4 -
——agent 5

agent 6
——agent 7 |
——agent 8
- — -leader

x(t)

400 800 1200

1.5

1.0

0.5

(1)

—-0.5

—-1.5

800 1200

400

t/s

(a)

——agent 1
——agent 2
——agent 3
——agent 4
——agent 5

agent 6
——agent 7
——agent 8
- — -leader

0
-1
-2 L L L L
0 200 400 600 800 1000
t/s
(b)
0.8 ——agent 1 A
—_— agent 2
——agent 3 A
——agent 4
0.4 ——agent 5 A
agent 6
——agent 7
——agent 8

—0.4

—-0.8

1000

600 800
t/s

200

400

Fig. 8. (colour online) (a) Positions and (b) velocities of

the agents with condition C2-2.

5. Conclusion

In this paper, the delay-dependent consensus cri-

teria for the MASs with time-varying delays and

switching interconnection topologies are proposed. To

do this, a suitable Lyapunov—Krasovskii functional is

used to investigate the feasible region of consensus cri-

teria.

Two numerical examples have been given to

show the effectiveness and usefulness of the presented

criteria.
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