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We investigate a new cluster projective synchronization (CPS) scheme in time-varying delay coupled complex

dynamical networks with nonidentical nodes. Based on the community structure of the networks, the controllers are

designed differently for the nodes in one community, which have direct connections to the nodes in the other communities

and the nodes without direct connections to the nodes in the other communities. Some sufficient criteria are derived to

ensure the nodes in the same group projectively synchronize and there is also projective synchronization between nodes

in different groups. Particularly, the weight configuration matrix is not assumed to be symmetric or irreducible. The

numerical simulations are performed to verify the effectiveness of the theoretical results.
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1. Introduction

In recent years, the dynamics of complex net-
works have been extensively investigated. As a typi-
cal kind of dynamics, the synchronization in complex
networks has received a great deal of attention.[!~6

There are different types of definitions for synchro-

7]

nization, such as complete synchronization,!”) phase

synchronization,!®! lag synchronization, 1%

11

general-

(12]

ized synchronization,'! cluster synchronization,

and projective synchronization.'3-16] Tt is well
known that many effective control methods, includ-
ing adaptive control,l!”) pinning control,['%19 im-
pulsive control,2%21 hybrid control,??! intermittent
control,?3] and so on, have been proposed to realize
the synchronized dynamics for complex networks.
Cluster synchronization is significant in biologi-
cal science?*l and communication engineering.[?®! Re-
cently, some works for the cluster synchronization in
complex networks have been published. Belykh et
al.?%! studied the effect of cluster partitioning in the
networks of coupled oscillators, and the conditions for
the existences of the unconditional and the conditional

clusters were given. Wang et al.['?! investigated the
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cluster synchronization problem for time-varying de-
lay coupling networks with nonidentical delayed dy-
namical systems by using the pinning control method.
Liu et al.?" investigated the cluster synchronization
problem for linearly coupled networks by adding some
simple intermittent pinning controls and some suffi-
cient conditions to guarantee the global cluster syn-
chronization were presented. Wu et al.*®! investigated
the cluster synchronization in adaptive complex dy-
namical networks with nonidentical nodes by using
a local control method and a novel adaptive strat-
egy for the coupling strengths of the networks. Wu
and Ful® investigated the cluster mixed synchroniza-
tion of complex networks with non-delayed coupling.
By using some linear pinning control schemes and the
adaptive coupling strength method, only the nodes
in one community which have direct connections to
the nodes in the other communities were controlled to
achieve the cluster mixed synchronization. However,
there are few theoretical results on the cluster pro-
jective synchronization (CPS) of the linearly coupled
complex networks with time-varying delay couplings

Motivated by the above discussion, we investigate
the cluster projective synchronization in time-varying
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delay coupled complex dynamical networks. The local
dynamics in each community are identical, but those
of different communities are not identical. To achieve
the synchronization, based on the community struc-
ture of the networks, the controllers are designed dif-
ferently for the nodes in one community which have
direct connections to the nodes in the other commu-
nities and the nodes without direct connections to the
nodes in the other communities. Some sufficient cri-
teria are derived to ensure that the nodes in the same
group are projectively synchronized and there is also
projective synchronization between nodes in different
groups. According to the Lyapunov stability theory,
the sufficient conditions for achieving the cluster pro-
jective synchronization are obtained analytically.

The paper is organized as follows. The network
model is introduced followed by some definitions, lem-
mas, and hypotheses in Section 2. The cluster projec-
tive synchronization of the complex coupled networks
is discussed in Section 3. Simulation results are given
in Section 4. Finally, in Section 5, various conclusions
are discussed.

2. Model and preliminaries

The network with non-delayed and time-varying
delay couplings can be described by

N

&i(t) = fo.(t@i(t) + ¢ aijTiw;(1)

j=1

N
+ CZ bijr2wj(t — Mg (t)),
j=1

i:1727"'7N7 (1)

where ;(t) = (2;1(t), 2i2(t), ..., 2 (t))T € R™ is the
state vector of node ¢; ¢ > 0 is the coupling strength,
and fy, : R" — R" describes the local dynamics of
nodes in the ¢;-th community. For any pair of nodes 4
and j, if ¢; # ¢;, i.e., nodes i and j belong to different
communities, then fy, # fg,. The 1y, () is the time-
varying delay. The It € R™"*" and I € R™*" are
the inner-coupling matrices, for simplicity, we assume
that It and I% are diagonal matrices with positive
diagonal elements, i.e., I = diag(p1, p2, ..., pn) With
pi > 0, I = diag(61,0s,...,0,) with 6, > 0. The
A = (a;j)nxn and B = (b;;) nxn are the weight con-
figuration matrices. If there is a connection from node
i to node j (j # i), then a;; > 0, b;; > 0, otherwise
aij; = aj; = 0, bj; = bj; = 0. The diagonal elements of

matrices A and B are defined as

N
Qi = — E Qji,

J=1.j#i

N
bii=— Y bu, i=12...N. (2)
J=1,j#i
Particularly, the weight configuration matrix is not
assumed to be symmetric or irreducible.

When the control inputs wv;(t) and wu,(t) €
R™ (i = 1,2,...,N) are introduced, the controlled
dynamical network with respect to network (1) can
be written as

N
xi(t) = fo,(t, (1)) + CZ aijl;(t)
N

+ e b Do (t—ng, (1) + us(t),

j=1

¢i (t) € jfi%: ’

N
©i(t) = fo,(t@i(t) + ¢ Y ayTia;(t)

j=1

N
+ e biDomi(t— g, (1) + s (t),

j=1

where Jy, denotes all the nodes in the ¢;-th commu-
nity, and j¢i represents the nodes in the ¢;-th com-
munity that have direct links with nodes in the other
communities.

In this paper, {C1,Co,---,Cp} denotes m (2
m < N) communities of the networks, and U”,C; =
{1,2,--- N}. If node i belongs to the j-th community,
then we denote ¢; = j. We employ fi(-) to represent

IN

the local dynamics of all nodes in the i-th commu-
nity, the local dynamics of individual nodes in differ-
ent communities are assumed to be nonidentical, i.e.,
if ¢; # ¢, then fo, # f¢j

Definition 1 Assume that s(t) € R™ is any
smooth dynamics. The controlled complex commu-
nity network (1) is said to achieve the cluster projec-
tive synchronization with respect to the scaling factor
D, (Py, are constants), if tli)rgo llzi(t) — pe; s(t)|| = 0,
1=1,2,..., N for any initial conditions.

Definition 2[*®! The error variables are e;(t) =
x;(t) — pg,s(t), where s(t) satisfies Fy, (t) = pg, $(t) —
Do Jo, (t,s(t)).

Lemma 1 For any two vectors & and y, a
matrix Q > 0 with compatible dimensions, one has

22Ty < 2"Qx +y"Q ly.
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Assumption 1 The 7y, () is a differential func-
tion with 0 < 7y, () < e < 1. Clearly, this assumption
is certainly ensured if the delay 7y, (t) is a constant.

3. Main results

In this section, a control scheme is developed
to synchronize a delayed complex network with non-
identical nodes to any smooth dynamics s(t). Let
synchronization errors be e;(t) = x;(t) — py,s(t) for
t=1,2,--- , N, according to system (1), the error dy-
namical system can be derived as

N
€i(t) = Fou(t,mi(t) — ps,8(t) + ¢ Y aiTie;(t)
j=1
N
+ey biThe;(t —ns, (1))

j=1

N

+c Z aijflpd)is(t)
j=1
N

¢ by Tapo,s(t — (1)) + i),

j=1

(z)l(t) € j¢m

N
éi(t) = fo,(t,i(1) — po,8(t) + ¢ > ai;Te;(t)

j=1

N
+e) biDae;(t —ng, (1) + vilt),

Jj=1

qﬁl(t) € Jy, — j¢i. (4)
According to the diffusive coupling condition (2)
of matrices A and B, we have
N N
¢ aijTipg,s(t) + ¢y biiTops, s(t — 14, (t) =0,
Jj=1 j=1

i€J¢i_j¢i' (5)

It is easy to see that the synchronization of the
controlled complex network (1) is achieved if the zero
solution of the error system (4) is globally asymptot-
ically stable, which is ensured by the following theo-
rem.

Let €;(t) = (e1j(t),e2i(t),...,en;(t))T, then we
have the following result.

Theorem 1 Suppose Assumption 1 hold. On the
basis of property (5), for achieving the cluster pro-
jective synchronization, we design the controllers as
follows:

N
ui(t) = —CZ aijflp(ms(t)
j=1

N
— e biTapg, s(t — 11, (1)) + vilt),

j=1
1€ j@,
vi(t) = —fo. (L, ®i(t)) + po, o, (L, 8(1))
+ F¢i (t) —d;e; (t) , 1 E J¢i - jdn' (6)

By Fy, (t) = p¢i'§(t) — P¢; f¢i (ta S(t)), we have

N

u;(t) = —c Z a;;Ipy, s(t)
j=1
N

- CZ bijIopg,s(t —ng,(t))

j=1
+vi(t), i€ Jy,,
vi(t) = —fo,(t, ®i(1)) + pg, 3(t) — die; (1),
i€ Jy — j¢w (7)

di = ke (t)e; (1), (8)

where d; are the feedback strengths, and k; are arbi-
trary positive constants. Then system (3) can realize
the cluster projective synchronization.

Proof Construct the following Lyapunov func-

tional:
1 N
Vi(t) = 526?(75)61(75)
i=1
t N
c T
tors | L e @
1 X (d; — d*)?
* 52 P

where d* is a sufficiently large positive constant to
be determined, Calculating the derivative of V' (), we
have

) N N
V()= el (t) |¢> aiyTie;(t)
j=1

=1

N
+ ey biTae;(t s, (t) - diei(t)

Jj=1
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By Assumption 1, we have

<CZZ(1U t)Ihe;(t)
= 1J 1
+cZwae (t)Tae; (t — 115, (t))
=1 j=1

N
2(1—¢) Z
- gzem . (D)elt
1\;71
+ Zd*eiT (t)e

e"(A® I)e +ce” (B ® Iy)e(t - 1y, (1))
e" (t)e(t)

— TN, (t))

IN
o

2(1—¢)
—d*eT(t)e(t).

Let e(t) = (ef (t), €5 (t),..,en ()" € R™Y, Q =
(A®1Iy), P = (B®1I}), where ® represents the Kro-
necker product. Then

V(t) < ce™(t)Qe(t) + ce™ () Pe(t —14,(1))

tog g Wel)

_ geT(t — g, (1)) e(t — 1, (1))

—d*eT(t)e(t).

By Lemma 1, we have
V(t) < ce’ et (t)PPTe(t)

—d et (t)e(t)

(1)Qe(t) +

T C o
Amax (PP )+2(1_€) d)

Choose d* >  cApax(Q) + Amax(PPT)/2 +
¢/[2(1 — €)]+1. Thus, we obtain V(t) < —eT(t)e(t) <
0. It is obvious that the largest invariant set contained
inset E={V(t) =0} ={e;(t)=0,i=1,2,...,N}is
Q ={ei(t) =0,d;(t) =d*,i=1,2,...,N}. Based on
the LaSalle invariance principle,l3% starting with any
initial values of system (4), the trajectory asymptoti-
cally converges to the largest invariant @, which im-
plies that tlggo lle;(t)| =0 for i =1,2,...,N. There-
fore, the cluster projective synchronization in network
(3) is achieved. This completes the proof.

Corollary 1 When A = 0, network (1) is trans-
lated into

N
i(t) = fo, (t,i(t)) + ¢ Y big Doy (t — ng, (1)),
j=1
i=1,2,...,N. (9)
We design the controllers as follows:
N
wi(t) = —¢ Y biyTopg,s(t — 1, (t)) + vi(t),
j=1
i€ j@,
vi(t) = —fo,(t, ®i(1) + pgy, 5(t) — diei (1),
(&S J¢i - j¢i7 (10)

then the complex networks can also achieve the syn-
chronization.

Corollary 2 When B = 0, network (1) is trans-
lated into

N
+ CZ aijl"lmj(t),
j=1
,N. (11)

i=1,2,...

We design the controllers as follows:

N
u;(t) = —c Z aijpg,s(t) + vi(t),

j=1
1€ j¢i,
vi(t) = —fo,(t,xi(t) + po, $(t) — die; (1),
(S Jqﬁz‘ - j¢i7 (12)

then the complex networks can also achieve the syn-

chronization.

4. Illustrative example

In this section, a numerical example will be given
to demonstrate the validity of the synchronization cri-
teria obtained in the previous sections. The node dy-
namics are studied in the following well-known mod-
ified Chua’s circuit®!l with different system parame-
ters. Consider the following network:

N

+ cZaijfle(t)

j=1

zi(t) =

Fo:(ti(1))

N

+ CZ bijFQQ}j(t

j=1
bi (t) € j¢i7

— N, (t)) + u’i(t)v

110506-4



Chin. Phys. B Vol.

21, No. 11 (2012) 110506

N
+ cZaijl“lmj(t)

Jj=1

z;(t) =

Jo.(t,2i(t))

N

+ c Z bijrgibj (t

j=1
¢l(t) € J¢i
SN, xi(t) = (214(2), 22 (8), I?n(t))

= 7o, (1)) +vi(t),

- j¢i7

where i = 1, 2,

Fit,zi(t)) = Dizi(t) + hi(zi(t)), falt, zi(t))

Doz;(t) + 2( i), fs(t,zi(t)) = Dzzi(t) +
hs(zi(t)), hi(zi)) = ho(zi) = hs(x) =
(—20x3,/7,0,0)T, I = Iy = Diag{l,1,1}, ¢ =
|

(7 0 1 1 0 1 0 O

0 -5 0 1 0 0 0

0O 0 -6 0 1 0 1 0

0 1 1 -8 0 0 1 0

o 0 1 0 -5 0 0 1

1 0 0 1 0 -6 0 0

1 0 0 1 0 0 —4 0

A_p_ |0 1 0 1 1 1 0 -9

o 0 1 0 1 0 0 1

o0 1 0 0 1 0 0 1

1 0 0 1 1 0 0 1

1 1 0 0 1 0 1 0

o 0 1 0 0 0 1 0

0o 0 0 1 0 1 0 0

1 0 1 0 0 0 1 0

1 1 1 1 0 0 0 1

The following quantities are utilized to measure
the process of cluster projective synchronization:

E(t) = [|zu(t) — p1s(®)|| + [|zu(t) — p2s(t)|l
+ |zw (t) — p3s(t)||,u € Cr,v € Ca,w € Cs,

Eio(t) = ||@(t) — ;Zla:v(t)‘ ,u € Cr,v e Csy,
2

Ens(t) = ||zu(t) - f}—l w()|[ u e Crw e Gy,
3

Eas(t) = ||@,(t) — %ww(t) vECyweCy, (13)
3

where {C4,C5,C3} denote three communities of the
networks, U?_,C; = {1,2,... N} = 16, E(t) denotes
the total error of the projective synchronization of the
nodes in the three communities, E12(t), E13(t), and
Es3(t) denote that there are the projective synchro-
The

nization between nodes in different communities.

0.02, ni(t) = et/(1+eb), m(t) = 2et/(1+ eb),
~10/7 10 0
n2(t) = 1.le®/(1+e*), Dy = 1 -11],
0 -120
-10/7 10 0O -10/7 10 0O
D, = 1 —-11|,D3= 1 —=11],and
0 -130 0 -140

d = 15. For simplicity, we analyze the networks with
16 nodes, namely N = 16. We choose the coupling

matrices as

1 0 1 0 1 0 1 0
o 1 0 0 0 1 1 0
1 0 o0 1 0 1 0 1
1 1 0 0 1 0 1 1
o 1 0 0 1 1 0 0
1 0 1 0 1 0 0 1
0O 1 0 0 0 0 0 1
o 1 1 0 1 1 1 0

5 0 0 1 0 0 0 1
0o 6 0 1 1 0 1 0
1 0 -7 0 0 1 1 0
o 1 0 -8 0 1 1 1
1 0 1 0 -5 1 0 0
0 0 1 0 0 —4 0 1
0 0 1 1 0 60
o 1 1 1 0 1 0 -9]

16x16

cluster projective synchronization is achieved if the
synchronization errors E(t), E1a(t), E15(t), and Ea3(t)
converge to zero as t — oco. Let p1 = —2, po = 3,
ps = 4. The simulation results are given in Figs. 1-4.
Figure 1 shows the evolution of synchronization total
errors of the nodes in the three communities. Fig-
ures 2—4 show the evolution of synchronization errors
between the nodes in different communities.
Remark 1 We investigate a new cluster projec-
tive synchronization scheme in the time-varying delay
coupled complex dynamical networks with nonidenti-
cal nodes. Based on the community structure of the
networks, the controllers are designed to ensure that
the nodes in the same group projective synchronize
with each other and there is also projective synchro-

nization between nodes in different groups.
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Fig. 1. Time evolution of synchronization error E(t).
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t

Fig. 2. (colour online) Time evolution of synchronization
error F1a(t).

20

16 1

12 1

Euy(t)

0 0.1 0.2 0.3 0.4 0.5
t

Fig. 3. (colour online) Time evolution of synchronization
error Eg3(t).

35

30 7

25 h

20 7
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Eyy(t)

0 0.1 0.2 0.3 0.4 0.5
t

Fig. 4. (colour online) Time evolution of synchronization
error F13(t).

Remark 2 In this paper, the weight configura-
tion matrix is not assumed to be symmetric or irre-
ducible, and the synchronization criteria are indepen-
dent of the time delay.

5. Conclusion

The cluster projective synchronization in commu-
nity networks has been studied in this paper. Based on
the community structure of the networks, some simple
and useful criteria are derived to ensure that the nodes
in the same group projective synchronize and there is
also projective synchronization between nodes in dif-
ferent groups. Particularly, the weight configuration
matrix is not assumed to be symmetric or irreducible,
and the synchronization criteria are independent of
the time delay. Finally, the developed techniques are
applied to three complex community networks. The
numerical simulations are performed to verify the ef-
fectiveness of the theoretical results.
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