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The gyro is one of the most interesting and everlasting nonlinear dynamical systems, which displays very rich

and complex dynamics, such as sub-harmonic and chaotic behaviors. We study the chaos suppression of the chaotic

gyros in a given finite time. Considering the effects of model uncertainties, external disturbances, and fully unknown

parameters, we design a robust adaptive finite-time controller to suppress the chaotic vibration of the uncertain gyro

as quickly as possible. Using the finite-time control technique, we give the exact value of the chaos suppression time. A

mathematical theorem is presented to prove the finite-time stability of the proposed scheme. The numerical simulation

shows the efficiency and usefulness of the proposed finite-time chaos suppression strategy.
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1. Introduction

Due to the presence of chaos in different areas of

science and engineering, many researchers have been

attracted to the control of chaotic behaviors. Chaos

possesses some specific features, such as extraordinary

sensitivity to initial conditions, broad Fourier trans-

form spectra, fractal properties of the motion in the

phase space, and strange attractors. Chaos has be-

come an interesting topic. Irregular and unpredictable

vibrations are undesirable in physical devices and sup-

pressing chaos can circumvent damage to physical sys-

tems or attenuate the vibratory modes induced by

chaos resonance. Since the seminal work of Ott et

al.,[1] many effective control methodologies have been

proposed to suppress chaotic vibrations.[2−8]

The gyro is one of the most interesting and ev-

erlasting dynamical systems. Gyros have found var-

ious applications in optics, navigation, aeronautics,

and space engineering. Recent research has recog-

nized different kinds of gyro systems with linear or

nonlinear damping features. Furthermore, it has been

shown that these systems display a diverse range of

dynamic behaviors including both sub-harmonic and

chaotic motions.[9−11]

The chaotic vibration of the gyro was firstly intro-

duced by Leipnik and Newton.[12] Recently, the non-

linear dynamics of symmetric heavy gyros mounted

on vibrating platforms was investigated.[9,10,13] More-

over, it has been shown that under the base harmonic

excitation and a nonlinear damping force, the gyro

exhibits the chaotic vibration.[10,11]

In the past few years, some researchers have paid

their attention to the chaos synchronization and/or

suppression of chaotic gyros. Lei et al.[14] have pro-

posed an active control technique for synchronizing

two identical gyros. Hung et al.[15] have investigated

the problem of the generalized projective synchroniza-

tion of chaotic gyros in the presence of dead-zone non-

linearity in the control input. In Refs. [16] and [17],

fuzzy sliding mode controllers were proposed to syn-

chronize the chaotic gyros. Yan et al.[18] have used a

variable structure control scheme for chaos elimination

in a gyro.

However, the above-mentioned works have been

proposed to stabilize or synchronize the chaotic gyros

asymptotically. In other words, in those works, the

chaotic vibrations of the gyros have been suppressed

with ab infinite settling time. Nevertheless, from a

practical engineering point of view, it is more valu-

able to suppress the chaotic vibrations of the gyros in

a finite time and as quickly as possible. Therefore, it is
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important to investigate the finite-time chaotic vibra-

tion suppression of the gyros. To achieve faster con-

vergence speeds in control systems, finite-time control

methods are effective techniques. Finite-time control

means optimality in settling time. Moreover, finite-

time control techniques have demonstrated better ro-

bustness and disturbance rejection properties.[19]

On the other hand, in real world applications,

a gyro’s parameters are inevitably disturbed by ex-

ternal inartificial factors, such as environmental tem-

perature, voltage oscillation, and mutual interference

among components, and cannot be precisely known

in advance. Besides, in practical situations, due to

the un-modeled dynamics, modeling errors, structural

variations of the systems, and environmental and mea-

surement noise, there are usually some uncertainties

and external disturbances in the dynamics of chaotic

gyros. Therefore, the effects of unknown parameters,

model uncertainties, and external disturbances can-

not be neglected in the controller design for the vi-

bration suppression of chaotic gyros. However, to our

best knowledge, the finite-time chaos suppression of

chaotic gyros with model uncertainties, external dis-

turbances, and unknown parameters has received less

attention, and the relevant theoretical advances have

seldom been reported in the literature. Therefore, de-

signing a robust controller to suppress the chaotic vi-

bration of uncertain gyros is an important topic to be

studied.

Motivated by the aforementioned issues, we aim

to investigate the robust vibration suppression of un-

certain chaotic gyros in a given finite time via an adap-

tive finite-time control approach. It is assumed that

the chaotic gyro is perturbed by unknown model un-

certainties, external disturbances, and fully unknown

parameters. To undertake the unknown parameters

of the gyro system, appropriate adaptive laws are de-

rived. On the basis of the adaptive laws and the finite-

time control technique, adaptive finite-time switching

control laws are also proposed to guarantee that the

chaotic vibrations of the gyro system converge to zero

within a given finite time even when all the param-

eters of the gyro are fully unknown and the model

uncertainties and the external disturbances exist in

the system dynamics. It is analytically proved that

the closed-loop system is stable in a finite time. An

illustrative example is presented to demonstrate the

efficiency and applicability of the proposed control

scheme.

The rest of this paper is organized as follows. The

dynamics of a chaotic gyro and the finite-time control

problem formulation are described in Section 2. In

Section 3, the design procedure of the proposed ro-

bust adaptive finite-time controller is given. Numeri-

cal simulations are present in Section 4. In Section 5,

the conclusion is given.

2. Gyro dynamics and the chaos

suppression problem

In this section, a brief description of the nonlin-

ear chaotic behavior of a chaotic gyro is given. Then,

the problem of finite-time robust chaos suppression is

formulated.

2.1.Dynamics of a chaotic gyro

The motion of a symmetric gyro with linear-plus-

cubic damping mounted on a vibrating base in terms

of the rotation angle θ, i.e., the angle between the spin

axis of the gyro and the vertical axis, is given by[9]

θ̈ + α2 (1− cos θ)2

sin3 θ
− β sin θ + c1θ̇ + c2θ̇

3

= f sin(ωt) sin θ, (1)

where f sin(ωt) is a parametric excitation that mod-

els the base excitation, c1θ̇ and c2θ̇
3 are the linear

and the nonlinear damping terms, respectively, and

α2(1− cos θ)2/ sin3 θ − β sin θ is nonlinear resilience.
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Fig. 1. Chaotic vibrations of the gyro system: (a) x1,

(b) x2.

The dynamics of this gyro system has been ex-

tensively studied for the values of f in the range

32 < f < 36. In particular, for α2 = 100, β = 1,

c1 = 0.5, c2 = 0.05, ω = 2, and f = 35.5, this gyro

exhibits chaotic behavior.[9] The irregular motion and

the chaotic vibrations of gyro system (1) with initial
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conditions θ(0) = −1 and θ̇(0) = 2 are illustrated in

Figs. 1 and 2.
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Fig. 2. Phase portrait of the chaotic gyro system.

2.2.Chaos suppression problem formu-

lation

Considering the effects of model uncertainties, ex-

ternal disturbances, unknown parameters, and control

inputs, and defining x1 = θ and x2 = θ̇, we can de-

scribe the dynamics of the chaotic gyro system (1) by

ẋ1 = x2 +∆f1(x, t) + u1(t),

ẋ2 = −α2 (1− cosx1)
2

sin3 x1
− c1x2 − c2x

3
2 + β sinx1

+ f sin(ωt) sinx1 +∆f2(x, t) + u2(t), (2)

where x = [x1(t), x2(t)]
T is the state vector of the

system, ∆fi(x, t), i = 1, 2 are unknown model uncer-

tainties and external disturbances of the system, and

u(t) = [u1(t), u2(t)]
T is the control input to be de-

signed later.

Assumption 1 We assume that the uncertain-

ties ∆fi(x, t), i = 1, 2 are bounded by

|∆fi(x, t)| ≤ ai, i = 1, 2, (3)

where ai, i = 1, 2 are given positive constants.

Let ψ = [α2, c1, c2, |β| + |f |]T = [ψ1, ψ2, ψ3, ψ4]
T

be the unknown vector parameter of the gyro system.

Then, the following assumption is made.

Assumption 2 It is assumed that all the param-

eters of the gyro system are unknown in advance and

the unknown vector parameter ψ is norm bounded,

i.e.,

∥ψ∥ ≤ Ψ, (4)

where ∥·∥ denotes the Euclidean norm, and Ψ is a

given positive constant.

The finite-time vibration suppression of the

chaotic gyro system means that the chaotic vibrations

of the gyro system converge to zero within a finite

time. The precise definition of the finite-time vibra-

tion suppression is given as follows.

Definition 1 Consider the nonlinear chaotic

gyro system described by Eq. (2). If there exists a

constant T = T (x(0)) > 0, such that

Limt→T ∥x(t)∥ = 0, (5)

and ∥x(t)∥ ≡ 0 for t ≥ T , then the vibration suppres-

sion of chaotic gyro system (2) is achieved in a finite

time, and the gyro trajectories will not be chaotic after

t ≥ T .

3. Finite-time controller design

for chaos suppression

In this section, an adaptive robust finite-time con-

troller is designed to stabilize the chaotic gyro in a

finite time (i.e., to suppress the chaotic vibration of

the chaotic gyro) with model uncertainties, external

disturbances, and completely unknown parameters.

Lemma 1[19] Assume that a continuous positive-

definite function V (t) satisfies the following differen-

tial inequality:

V̇ (t) ≤ −cV ξ(t) , ∀ t ≥ t0, V (t0) ≥ 0, (6)

where c > 0, 0 < ξ < 1 are two constants. Then, for

any given t0, V (t) satisfies the following inequality:

V 1−ξ(t) ≤ V 1−ξ(t0) − c( 1− ξ)(t− t0),

t0 ≤ t ≤ t1, (7)

and V (t) ≡ 0, ∀ t ≥ t1 with t1 given by

t1 = t0 +
V 1−ξ(t0)

c(1− ξ)
. (8)

In order to guarantee the finite-time stabilization

of uncertain chaotic gyro system (2), suitable control

laws are derived. The control laws should have the

following features.

i) The control inputs should be robust against the

system uncertainties. On the other hand, since the

system uncertainties are unknown in practical appli-

cations, we use only the norm bounds of the uncer-

tainties to construct a robust and reliable controller.

Therefore, motivated by Assumption 1, we assume

that the control inputs contain the bounds of the sys-

tem uncertainties.

ii) Another feature of the control laws is that they

should be able to undertake the system’s unknown pa-

rameters. This problem can be solved using the adap-

tive control theory. Consequently, proper adaptive pa-

rameters are introduced in the control laws to adap-

tively estimate the system’s unknown parameters.
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iii) Finally, the control laws should be designed in

a form ensuring the finite-time stability of the closed-

loop system. According to the finite time control

theory (Lemma 1), the control inputs should include

some terms to satisfy the results of Lemma 1. As

a result, we find that a constant gain with a state-

normalized term multiplied by the sum of the bounds

of the unknown parameters and the adaptive param-

eters should be employed.

According to the above comments, the following

control laws are introduced:

u1(t) = −x2 − µ
(
Ψ +

∥∥∥ψ̂∥∥∥)( x1

∥x∥2

)
− (a1 + k1) sgn(x1),

u2(t) = ψ̂1
(1− cosx1)

2

sin3 x1
+ ψ̂2x2 + ψ̂3x

3
2

− ψ̂4 |sinx1| sgn(x2)

− µ
(
Ψ +

∥∥∥ψ̂∥∥∥)( x2

∥x∥2

)
− (a2 + k2) sgn(x2), (9)

where ψ̂1, ψ̂2, ψ̂3, and ψ̂4 are estimations for un-

known parameters ψ1, ψ2, ψ3, and ψ4, respectively;

µ = min {k1, k2} > 0; k1 and k2 are positive constant

gains; if x = 0, then xi/∥x∥2 = 0, i = 1, 2; and sgn(·)
is the sign function.

Subsequently, the following adaptive laws are pro-

posed to estimate the unknown parameters:

˙̂
ψ1(t) =

−x2(1− cosx1)
2

sin3 x1
, ψ̂1(0) = ψ̂10,

˙̂
ψ2(t) = −x22, ψ̂2(0) = ψ̂20,

˙̂
ψ3(t) = −x42, ψ̂3(0) = ψ̂30,

˙̂
ψ4(t) = |x2| |sinx1| , ψ̂4(0) = ψ̂40, (10)

where ψ̂10, ψ̂20, ψ̂30, and ψ̂40 are the initial values of

the adaptive parameters ψ̂1(t), ψ̂2(t), ψ̂3(t), and ψ̂4(t),

respectively.

Theorem 1 The chaotic vibrations of gyro sys-

tem (2) with unknown model uncertainties, external

disturbances, and fully unknown parameters are sup-

pressed in a given finite time, if this system is con-

trolled by the control signals in Eq. (9) with the adap-

tive laws in Eq. (10).

Proof Consider the following positive definite

function to be a Lyapunov function candidate of the

system:

V (t) =
1

2

(
∥x∥2 +

∥∥∥ψ̂ −ψ
∥∥∥2) . (11)

Taking the time derivative of V (t), we have

V̇ (t) = x1ẋ1 + x2ẋ2 +
(
ψ̂1 − ψ1

)
˙̂
ψ1 +

(
ψ̂2 − ψ2

)
˙̂
ψ2

+
(
ψ̂3 − ψ3

)
˙̂
ψ3 +

(
ψ̂4 − ψ4

)
˙̂
ψ4. (12)

Inserting ẋ1 and ẋ2 from Eq. (2) into the above equa-

tion gives

V̇ (t) = x1 (x2 +∆f1(x, t) + u1(t))

+ x2

(
−α2(1− cosx1)

2

sin3 x1
− c1x2 − c2x

3
2

+ β sinx1 + f sin(ωt) sinx1 +∆f2(x, t)

+ u2(t)

)
+
(
ψ̂1 − ψ1

)
˙̂
ψ1 +

(
ψ̂2 − ψ2

)
˙̂
ψ2

+
(
ψ̂3 − ψ3

)
˙̂
ψ3 +

(
ψ̂4 − ψ4

)
˙̂
ψ4. (13)

It is obvious that

V̇ (t) ≤ x1 (x2 + u1(t)) + |x1| |∆f1(x, t)|

+ x2

(
− α2 (1− cosx1)

2

sin3 x1
− c1x2

− c2x
3
2 + u2(t)

)
+ |x2| (|β|+ |f |) |sinx1|

+ |x2| |∆f2(x, t)|+
(
ψ̂1 − ψ1

)
˙̂
ψ1

+
(
ψ̂2 − ψ2

)
˙̂
ψ2 +

(
ψ̂3 − ψ3

)
˙̂
ψ3

+
(
ψ̂4 − ψ4

)
˙̂
ψ4. (14)

Since

ψ1
˙̂
ψ1 = −α2x2(1− cosx1)

2/sin3 x1,

ψ2
˙̂
ψ2 = −c1x22, ψ3

˙̂
ψ3 = −c3x42,

and ψ4
˙̂
ψ4 = (|β|+ |f |) |x2| |sinx1|, and by Assump-

tion 1, we have

V̇ (t) ≤ x1 (x2 + u1(t)) + a1 |x1|+ x2u2(t) + a2 |x2|

+ ψ̂1
˙̂
ψ1 + ψ̂2

˙̂
ψ2 + ψ̂3

˙̂
ψ3 + ψ̂4

˙̂
ψ4. (15)

Introducing u1(t) and u2(t) from Eq. (9) into the right-

hand side of the above inequality, we have

V̇ (t) ≤ x1

(
x2 +

[
− x2 − µ

(
Ψ +

∥∥∥ψ̂∥∥∥)( x1

∥x∥2

)

− (a1 + k1) sgn(x1)

])
+ a1 |x1|

+ x2

[
ψ̂1

(1− cosx1)
2

sin3 x1
+ ψ̂2x2 + ψ̂3x

3
2

− ψ̂4 |sinx1| sgn(x2)− µ
(
Ψ +

∥∥∥ψ̂∥∥∥)
×

(
x2

∥x∥2

)
− (a2 + k2) sgn(x2)

]
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+ a2 |x2|+ ψ̂1
˙̂
ψ1 + ψ̂2

˙̂
ψ2

+ ψ̂3
˙̂
ψ3 + ψ̂4

˙̂
ψ4. (16)

Knowing ψ̂1
˙̂
ψ1 = −ψ̂1x2(1− cosx1)

2/sin3 x1, ψ̂2
˙̂
ψ2 =

−ψ̂2x
2
2, ψ̂3

˙̂
ψ3 = −ψ̂3x

4
2, ψ̂4

˙̂
ψ4 = −ψ̂4 |sinx1| |x2|, and

x1/∥x∥2+x2/∥x∥2 = 1 and using xisgn(xi) = |xi|, we
have

V̇ (t) ≤ −k1 |x1| − k2 |x2| − µ
(
Ψ +

∥∥∥ψ̂∥∥∥) . (17)

From a fundamental mathematical fact, we have

V̇ (t) ≤ −µ ∥x∥ − µ
(
Ψ +

∥∥∥ψ̂∥∥∥) . (18)

Using Assumption 2 and since
∥∥∥ψ̂ −ψ

∥∥∥ ≤
∥∥∥ψ̂∥∥∥ +

∥ψ∥ ≤
∥∥∥ψ̂∥∥∥+ Ψ is always satisfied, we have

V̇ (t) ≤ −µ
(
∥x∥+

∥∥∥ψ̂ −ψ
∥∥∥)

≤ −
√
2µ

(
1

2

(
∥x∥2 +

∥∥∥ψ̂ −ψ
∥∥∥2))1/2

= −
√
2µV 1/2(t). (19)

Hence, from Lemma 1, it can be concluded

that gyro system trajectories x1 and x2 will

converge to zero in the finite time T =

(
√
2/µ)((∥x(0)∥2 + ∥ψ̂(0)− ψ∥2)/2)1/2. Therefore,

the chaotic vibrations of the uncertain gyro system

will be suppressed in finite time.

Remark 1 Since the control inputs in Eq. (9)

include the terms sgn(xi) = xi/ |xi| and x2i / ∥x∥
2
,

the undesirable chattering phenomenon may take

place. In order to remove the chattering, these

terms are modified as sgn(xi) = xi/ (|xi|+ ε) and

x2i /(∥x∥
2
+ ε), respectively; where ε > 0 is a suffi-

ciently small constant.[20]

Remark 2 If we assume that the parameters of

gyro system (1) are known and there are no model

uncertainties and external disturbances in the system

dynamics, then control laws (9) and (10) are simplified

into the following equations:

u1(t) = −x2 − k1sgn(x1),

u2(t) = α2 (1− cosx1)
2

sin3 x1
+ c1x2 + c2x

3
2 − β sinx1

− (|f | |sinx1|+ k2) sgn(x2). (20)

Choosing a Lyapunov function candidate in the form

of V (t) = ∥x∥2 /2, we can easily prove the finite time

stability of the above system.

4. Numerical simulations

In this section, numerical simulations are given to

validate the applicability and effectiveness of the pro-

posed finite-time controller in the vibration suppres-

sion of the chaotic gyros in spite of model uncertain-

ties, external disturbances, and fully unknown param-

eters. The simulations are carried out using MATLAB

software. The parameters α2 = 100, β = 1, c1 = 0.5,

c2 = 0.05, ω = 2, and f = 35.5 are used in the sim-

ulations to guarantee the existence of chaos for the

chaotic gyro.[9] Subsequently, the following uncertain-

ties and the external disturbances are considered in

the simulation:

∆f1(x, t) = 0.15 cos(4x1) + 0.2 sin(2t),

∆f2(x, t) = −0.25 cos(6x2)− 0.15 cos(3t). (21)

As a result, we can obtain that a1 = 0.35 and a1 = 0.4

satisfy Assumption 1. The Ψ is chosen to be 120. The

initial values of the gyro are chosen as x1(0) = −0.5

and x2(0) = 2.5. In addition, the initial values of the

adaptive parameters ψ̂1, ψ̂2, ψ̂3, and ψ̂4 are all set to

1. Both constant gains k1 and k2 are chosen to be 1.

And ε is chosen to be 0.001.
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Fig. 3. Vibrations of the gyro system controlled by the

finite-time controller: (a) x1, (b) x2.

Figure 3 depicts the state trajectories of the un-

certain chaotic gyro (2), where the control inputs are

turned on at t = 5 s. It is observed that when the con-

troller is activated, the chaotic vibrations of the sys-

tem trajectories converge to zero quickly. This means

that with the proposed robust adaptive finite-time

controller, the chaotic gyro system with model un-

certainties, external disturbances, and fully unknown

parameters has been stabilized within a finite time,
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and the closed-loop system no longer has chaotic vi-

bration. The time histories of the adaptive parame-

ters ψ̂1, ψ̂2, ψ̂3, and ψ̂4 are illustrated in Fig. 4. We

can see that all the adaptive parameters converge to

some constants. The used control inputs are shown

in Fig. 5. It is seen that the control inputs have no

chattering and are feasible to implement in practice.
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Fig. 4. Time responses of the adaptive vector parame-

ter ψ̂.
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Fig. 5. The control inputs used to suppress the chaotic

vibrations of the uncertain gyro: (a) u1, (b) u2.

5. Conclusion

In this paper, the finite-time chaos suppression of

uncertain gyros is investigated. It is supposed that

the parameters of the gyro system are fully unknown

in advance and the system is perturbed by unknown

model uncertainties and external disturbances. By

means of the finite-time control theory and some adap-

tive laws, a finite-time robust adaptive controller is de-

signed. Numerical simulations indicate that the pro-

posed controller can suppress the chaos of the gyro in

a finite time, even when the system parameters are

fully unknown and the model uncertainties and the

external disturbances are present in the system dy-

namics.
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