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Phase diagrams of the spin-2 Ising model in the presence
of a quenched diluted crystal field distribution

Ali Yigit®¥! and Erhan Albayrak®

a) Cankiri Karatekin University, Department of Physics, Cankiri 18100, Turkey

b) Erciyes University, Department of Physics, Kayseri 38039, Turkey

(Received 25 April 2012)

We have investigated the random crystal field effects on the phase diagrams of the spin-2 Blume-Capel model for

a honeycomb lattice using the effective-field theory with correlations. To do so, the thermal variations of magnetization

are studied via calculating the phase diagrams of the model. We have found that the model displays both second-order

and first-order phase transitions in addition to the tricritical and isolated points. Reentrant behavior is also observed

for some appropriate values of certain system parameters. Besides the usual ground-state phases of the spin-2 model

including £2, +1, and 0, we have also observed the phases +3/2 and +1/2, which are unusual for the spin-2 case.
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1. Introduction

It is well known that analysis of spin models be-
comes very difficult as the spin values increase. There-
fore, it is less attractive for high-spin models than
lower-spin models. We have also observed the same
problem in the relevant literatures regarding the ran-
dom crystal field (RCF) in the spin-2 case.

The crystal field (CF) considerably affects the
critical behavior of the system. If it is strong enough,
the energy difference between the split levels is large.
In this case, it is more favorable to put as many elec-
trons as possible into lower energy levels before one
starts to fill higher energy levels. Filling all the or-
bitals in lower levels means that electrons are arranged
in pairs, with opposite spins within each orbital. Elec-
tron pairs with opposite spins make no contribution
to the total spin, resulting in a lower-spin state. Thus,
its competition with the bilinear interaction parame-
ter leads to first-order phase transitions. Usually, a
CF is considered to be constant throughout the lat-
tice. Nowadays, RCFs with a probability distribution
instead of a constant one has become popular for in-
vestigations. The randomness and distribution type
of the CF may greatly affect the critical behavior of
the system. Therefore, we are dedicated to studying
the spin-2 Blume-Capel (BC) model with an RCF.

Because of the difficulties in studying high-spin
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effective-field theory, isolated critical points and
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models, the spin-2 model with a constant CF has re-
ceived less attention than it deserves. Therefore, a
small number of techniques have been employed to
deal with such models. A new effective-field theory
(EFT) was developed for high-spin models with a
CF,"l and the general expression for evaluating the
transition line T, and tricritical point was formulated
for the spin-2 BC model. The general BC models
with integer and semi-integer spins were studied using
the mean field theory (MFT).[2l The physical prop-
erties of the spin-2 model with a biaxial CF on the
simple body-centered and face-centered cubic lattices
were studied using the EFT with self-spin correlations
and the differential operator technique.[®! The ferro-
magnetic spin-2 random-field Ising model in the pres-
ence of a CF on honeycomb, square, and simple cu-
bic lattices was examined within the framework of the
EFT with correlations.!*) The transverse spin-2 Ising
model with a CF was investigated within the EFT
with correlations.[) The phase diagrams and magne-
tization curves!®! as well as the ground-state phase di-
agrams of the transverse spin-2 Ising model with a lon-
gitudinal CF were obtained using the MFT based on
the Bogoliubov inequality for the Gibbs free energy.”!
The kinetic spin-2 BC model under a time-dependent
oscillating magnetic field was studied using the EFT
with correlations!®! and the MFT.1%!

However, we note that there is only one piece of
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work[% which includes the effects of an RCF on the
spin-2 BC model and uses the double-peaked delta
distribution

1

P(Ai)=§

{0(Ai = Al +a)) +0(A; = Al —a))},

where A; is an RCF and « (« > 0) is a parameter that
provides the fluctuation of the crystal field. The phase
diagrams and the thermal variations of magnetization
of the model were investigated using the MFT. As a
result, the model yields triciritical points and double
critical end points. However, they did not discover the
unusual phase +1/2; which are the main findings in
our work.

The remaining part of this work is organized as
follows. Section 2 is devoted to the explanation and
formulation of the model. Section 3 presents our find-
ings, followed by a brief summary given in Section 4.

2. Formulation

The Hamiltonian of the spin-2 BC model is given
by

H=—J> SiS;+> DS}, (1)
(i.9) i

where S; is the spin at site 7, which takes the discrete
values +2, +1, and 0. The first sum runs over all pairs
of nearest-neighbor (NN) sites. The J is the bilinear
interaction parameter between the NN spins, and D;
is the site-dependent CF. The probability distribution
used in this paper is called a quenched diluted crys-
tal field distribution, which has been used in dealing
with spin-1 Ising models examined using the EFT with
correlations.'*12 The quenched diluted crystal field
distribution is given by

P(D;) = pd(D; — D) + (1 — p)d(D;), (2)

where D; = D/J. With this random CF distribution,
the CF is either turned on or turned off with given
probabilities p and 1 — p, respectively, on the lattice
sites.

The magnetization of the spin-2 Ising model is
obtained here by means of the widely-used EFT
with correlations, first introduced by Honmura and
Kaneyoshi,'3 and Kaneyoshi et al.' In the EFT,
the thermal and configurational average of the lattice
magnetization is given by

+Cla)(S)° + D)) )
X F()lmo ®)

where oo = JV, V = 9/0z is the differential operator,
and z denotes the nearest-neighbor site of the central
site ¢ and z = 3 on the honeycomb lattice. The coeffi-
cients A(«), B(a), C(«), and D(«) can be calculated
using the van der Waerden identities.[') They are ex-
pressed as

Aa) = é[g sinh(a) — sinh(2a)],

B(a) = 1—12[16cosh(a) ~ cosh(2a) — 18],

C(a) = ¢[sinh(20) ~ 2sinh(a)],

D(a) = 1—12[cosh(2a) “dcosh(a) +3.  (4)

The function F(x) in Eq. (3) is defined as

F() = [ P(D)f(a, Di)aD %)
where f(z, D;) for the spin-2 model is given by

B 4sinh(26z) + 2sinh(Sz) exp(36D;)
~ 2cosh(283z) + 2 cosh(Bz) exp(38D;) + exp(43D;)’
(6)

where f = 1/(kT) with k being the Boltzman con-
stant, and T being the absolute temperature.

When the right-hand side of Eq. (3) is expanded,
the multi-spin correlation functions appear, making

the problem much more difficult. In order to ignore
these correlations, one can use the decoupling approx-
imation

((SiSir -+ - Sim))r = {(Si))r ({Ssr))r - ((Sin))r (7)

for i # i’ # --- # i".% This approximation cor-
responds to Zernike approximation in a crystalline
Ising ferromagnet.['8] Within the decoupling approxi-
mation, Eq. (3) for 2=3 is given by
M = ((S),
= [+ A(@){(Si)r + B(a){{S}))+
+ C(a)((S7))r + D(@)((S))r]?
X F(x)|z=0- (8)
Expanding the right-hand side of Eq. (8) and accord-

ing to an approximation that ({(S)™)), = M™ used in
Refs. [8] and [17], one can obtain

M = a0+a1M—|—a2M2 +a3M3
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+ CL4M4 + 0,5M5 +a6M6
+ a7M7 + agMS +a9M9
+ aloMlo + CL11M11 + a12M12, (9)

where the coefficients ag, a1, .. ., ag are easily obtained
using the mathematical relation exp(yV)F(zx) =
F(z+7). It is also feasible to introduce the quadrupo-
lar order parameter, but for the purpose of our study
the magnetization is good enough.

Based on the formula obtained above for the EFT
with correlations, we are now ready to carry out calcu-
lations for the case of the RCF given by Eq. (2). The
calculations are carried out within an iteration scheme
because of the nature of the equations for magnetiza-
tion when z = 3. In the next section, the topolog-
ical phase diagrams and our findings are presented,
which are obtained by studying the thermal variations
of magnetization for given constant values of our sys-
tem parameters.

3. Thermal variations of magne-

tization, and phase diagrams

In order to obtain evidence for the existence of
the ground-state phases £3/2 and £1/2, which are
unusual for a spin-2 system, we have studied the ther-
mal variations of magnetization. As shown in Fig. 1,
the magnetization starts from the ground-state values,
i.e., the values of magnetization at zero temperature:
M =20 for D/J = 1.0 and p = 0.5, M ~ 1.5 for
D/J =20 and p = 06, M = 1.0 for D/J = 8.0
and p = 0.5, and M ~ 0.5 for D/J = 10.0 and
p = 0.8. All the magnetization curves only exhibit
second-order phase transitions, and the temperature
T, is higher for magnetization with higher ground-
state values. We also note that these curves separate
the ordered phases from the disordered phases and the
paramagnetic phase.
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Fig. 1.
z=3.

Temperature variations of magnetization for

Figure 2 illustrates the existence of the reentrant
behavior. It can be seen that M is about 1.5 at zero
temperature. As the temperature rises, the M de-
creases and then jumps to zero at the first-order phase
transition temperature 7i. Later, the magnetization
remains zero until the first second-order phase transi-
tion temperature T.1, where a peak occurs. Then, it
goes to zero again at the second second-order phase
transition temperature T.5. The existence of two
second-order phase transition temperatures leads to

the reentrant behavior in the phase diagram.
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Fig. 2. Thermal variation of magnetization for z = 3,
D/J =2.057, and p = 0.9.

Figure 3 also displays the thermal variations of
magnetization, showing the existence of the first-order
phase transitions and also the type of the phases in-
volved in these transitions. Figure 3(a) shows that
the magnetization starts from ~ 1.0 at zero temper-
ature for D/J = 1.33 and p = 0.9.
tization increases with increasing temperature first,

The magne-

and jumps to ~ 2.0 at the first-order phase tran-
sition temperature T;. Then it decreases with in-
creasing temperature, and goes to zero at the second-
All these phe-

nomena can be expressed as {(Fy,F2)r,, (F2,P)r },

order phase transition temperature.

where F and P refer to the ferromagnetic phase and
the paramagnetic phase, respectively. Subscripts 1
and 2 represent the ground-state spin values and
the subscripts T, or T; denote the types of phase
Figure 3(b) shows that the model dis-
plays two T} and a 7.. Now the story is simply
given by {(Fl,Fo)Tﬂ, (Fo, F1/2)Tt23 (Fl/g, P)TC}. Sim-
ilarly, Figs. 3(c), 3(d), and 3(e) tell us the stories
{(F3/2, P) }{(F1y2, F3/2)1, 5 (Fs)2, F1)7ss (F1, P
and {(F1,F3/9)1,, (F3/2, P)7.}, respectively. It is also

transition.

obvious that we not only obtain the usual ground-
state phases but also the unusual ones.
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Fig. 3. Temperature variations of magnetization for z = 3 with (a) D/J = 1.33, p = 0.9, (b) D/J = 1.97, p = 0.9, (¢)
D/J=295p=09,(d) D/J=24,p=0.8,and (¢) D/J =39, p=0.5.

After studying the thermal variations of magne-
tization, we are now ready to obtain the phase di-
agrams, which are simply a collection of the phase-
transition temperatures for given system parameters.
They are obtained on the D/J-kT/J plane for given
values of p when z = 3. They are calculated in
the range between p=0 and p = 1.0 with a step of
Ap = 0.1. In the phase diagrams (see Figs. 4 and 5),
the solid and dotted lines represent the second-order
and first-order phase transition lines, while the filled
triangle and empty circle represent the tricritical and
isolated points, respectively. It should be mentioned
that p = 0.0 means that the CF is turned off through-
out the lattice, in which case the model is left with
the bilinear interaction parameter J and temperature.
Since all the parameters are divided by J to reduce the
system parameters by one and usually this is equal to
setting J = 1. Therefore, when p = 0, only one T line
is expected to be seen at constant temperature, which
is actually the case shown in Fig. 4(a). This line sepa-
rates the Fo phase from the P phase as expected. The
other extreme case corresponds to p = 1.0 at which all
of the lattice sites are under the effect of the same CF'.
In other words, the model reduces to the well-known
BC model. Figure 4(b) shows for p = 1.0 that the T
line combines with the T} line at the tricritical point.

In addition, the second T; line slants to the right and
terminates at the isolated point. This figure is similar
to Fig. 2 in Ref. [2] and Fig. 3 in Ref. [6], but their
T; lines start from the same D/J values at zero tem-
perature, which is distinct from our resuls. For the
remaining p values, the CF randomly acts on the lat-
tice sites. In other words, it is randomly turned on or
off for each site. Therefore, it is now called the RCF.
We know that there is strong competition between J,
which is simply set to 1, and the CF values. When
the CF is much larger than J = 1, it is possible for
the spins to pair up to lower the magnetization, but J
tends to align the spins to increase the magnetization
(see Eq. (1)).
cal lines decrease. However, when the CF is negative,

Thus, the temperatures of the criti-

there is no competition with J. They support each
other, leading to the increase in the critical tempera-
ture. The above points are illustrated in Figs. 4(c)—
4(f) when p = 0.1,0.2,0.3, and 0.4, respectively. It is
clear that the temperatures of the T, lines are reduced
for higher positive CF values, and then increase when
the negative CF deceases to a certain value. In addi-
tion, the T, lines are seen at lower temperatures for
high positive values of p and D/J, but the lines are
seen at higher temperatures for high values of p when
D/J is negative. Note that the T, lines separate Fa
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phase from the P phase for all p values except p = 0.4.
In the latter case, the T, lines separate the Fo phase
from the P phase at lower D/.J, and separate the Fg /o
phase from the P phase for higher D/J values.

In Figs. 5(a)-5(e), the T, lines appear at higher
temperatures for p = 0.5,0.6,0.7, and 0.8, whose be-
haviors are similar to those in Figs. 4(a)-4(f), where

all the T} lines terminate at isolated points. Fig-
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ure 5(a) shows the ground states Fy,F3/5, and Fy,
and the T line separating the phases Fg/, and F
In Figs. 5(b) and
5(c), we see an extra T line separating phases F; and

terminates at an isolated point.

F3/2, compared with Fig. 5(a). Figure 5(d) exhibits
three T lines, which corresponds to {(F2,F1)T,},
{(F1,F3/2)r,}, and {(F3/2,F1/2)7, } in increasing or-
der of temperature.
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Fig. 4. Phase diagrams of the spin-2 RCF model on the (D/J,kT/J) planes for z = 3. (a) p = 0.0, (b) p = 1.0, (¢) p = 0.1,

(d) p=0.2, () p=10.3, and (f) p=0.4.
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Fig. 5. Phase diagrams of the spin-2 RCF model on the (D/J,kT/J) planes for z = 3. (a) p= 0.5, (b) p=10.6, (¢) p = 0.7,

(d) p=0.8, and (e) p=0.9.

The last phase diagram of this work is obtained
for p = 0.9 (see Fig. 5(e)). It is similar to Fig. 4(b)
except that the T line terminating at the tricritical
point shows somewhat wiggly behavior in Fig. 4(b).
In addition, we see all four ground-state configura-
tions: Fa, F1, F3/5, and Fy /5. In Fig. 4(b), only the
phases Fy and F; are seen.

4. Conclusion

In conclusion, we have investigated the RCF ef-
fects on the phase diagrams of the spin-2 BC model

for the honeycomb lattice using the EFT with corre-
lations. The thermal changes of magnetization were
studied, and thus the phase diagrams of the model
were obtained. It was found that the model exhibits
both second-order and first-order phase transitions in
The
reentrant behavior was also observed. We briefly state

addition to the tricritical and isolated points.

what we have found in the presence of an RCF below.
i) As the probability p decreases, the tricritical

and isolated points disappear in the phase diagrams.
i) With decreasing values of p (p < 0.4), the lines

of first-order phase transition vanish, only the lines of
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second-order phase transition in the phase diagrams
are left. Thus, the complexity of the phase diagrams
diminishes with decreasing p.

iii) The reentrant behavior occurs for a small
range of CF values at about p = 0.9.

iv) In addition to the usual ground-state phases of
a spin-2 system, specifically +2, +1, and 0, the phases
+3/2 and £1/2 were also observed, which are unusual
for the spin-2 case.

Finally, we should mention that there is only one
work!'% in which a doubly-peaked distribution of the
crystal field is used instead of our quenched diluted
distribution. Our latest result shows that the spin-2
model has a ground state with spin 1/2, yet this is
not observed in Ref. [10]. The ground state with spin
3/2 is found in both pieces of work. We hope that
this work may inspire other researchers to study this
model using different techniques.
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