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Dynamic stability of parametrically-excited linear
resonant beams under periodic axial force*
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The parametric dynamic stability of resonant beams with various parameters under periodic axial force is studied.

It is assumed that the theoretical formulations are based on Euler-Bernoulli beam theory. The governing equations of

motion are derived by using the Rayleigh—Ritz method and transformed into Mathieu equations, which are formed to

determine the stability criterion and stability regions for parametrically-excited linear resonant beams. An improved

stability criterion is obtained using periodic Lyapunov functions.

The boundary points on the stable regions are

determined by using a small parameter perturbation method. Numerical results and discussion are presented to highlight

the effects of beam length, axial force and damped coefficient on the stability criterion and stability regions. While some

stability rules are easy to anticipate, we draw some conclusions: with the increase of damped coefficient, stable regions

arise; with the decrease of beam length, the conditions of the damped coefficient arise instead. These conclusions can

provide a reference for the robust design of parametrically-excited linear resonant sensors.
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1. Introduction

Resonance is a property of a system that describes
an enhanced response at a certain characteristic natu-
ral frequency which is wholly determined by parame-
ters of the system.[] At this special frequency, the sys-
tem retains the input energy with minimum loss. At a
microscopic scale, operating systems at resonance en-
hance the effects of small forces and a device’s signal-
to-noise ratio. Operation at resonance is not only ad-
vantageous for micromechanical actuators but also for
sensing. Resonant sensing often involves the detection
of an input measurand by means of resonant frequency
shift in the sensing device. In applications such as
resonant sensors, large amplitude motion is necessary,
and operation at resonance is highly desirable. The
resonator sensor element is often built into a larger
device that transmits the effect of the parameter to
be measured as a variation in the spring constant of

the resonant sensor element. Actually, most of the
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resonant sensor elements are resonant beams, which
are the most important part of the resonant sensor.
Resonant sensors have attracted increasing research
efforts and are regarded as one of the most promising
candidates for future advanced composites in many
engineering sectors such as the aerospace, aircraft, au-
tomobile, and defense industries.

Numerous studies on the dynamic behavior of res-
onant beam structures have been reported. Based on
the Euler—Bernoulli beam theory, the effects of the
resonant frequencies and mode shapes of the resonant
beams have been studied.2=6 The effect of periodic
axial force on the vibration frequency and stability of
resonant beams has been investigated by many scien-

[7=1] Tt is known that paramet-

tists and engineers.
ric excitation occurs when system parameter stiffness
varies with time. Periodic axial force changes struc-
tural stiffness, and hence produces parametric exci-

tation. The parametrically-excited structure is gov-
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erned by the Mathieu equation, if the axial excitation
is harmonic. The archetypal equation for this Mathieu

equation is
q"(2) + (6 + ecos2z)q(z) = 0. (1)

When applying in the analysis of the beam, ¢(z)
responses for vibratory tracking with time, the pa-
rameter § represents the natural resonant frequency
of a resonant beam. The significant perturbation
term e cos2z represents the modulation of the stiff-
ness of the resonant beam at the periodic axial force
frequency. This equation, though linear, is quite com-
plicated due to its explicit time dependence and hence
Instead, the

common method of attack is to consider the stability

the absence of closed-form solutions.

of the origin, which exactly represents the stability of
the resonant beams. Hence, it is helpful to study the
stability of resonant beams using the Mathieu equa-
tion.

The Mathieu equation is an excellent paradigm to
study parametric (subharmonic) resonance. Recently,
the stability of the Mathieu equation has been studied
using the Floquet theory.'?=16] The parameter space
(0,€) was divided into regions of stability and insta-
bility in Refs. [17]-[19]. Arrowsmith et al[?°! dealt
with how the size of the parametric regions of stabil-
ity for the Mathieu equation can be enlarged. There
are many extensions to this equation. Younesian et

al.121]

considered a cubic order with two small param-
eters and terms in sin and cos, but the extension to
the Mathieu equation is nonlinear. The stability of
a quasi-periodic nonlinear Mathieu equation has also
been analyzed, 2226 but the extensions to the Math-
ieu equation contain two periodic terms in different
frequencies.

With the addition of a damping term pg'(2),

Eq. (1) becomes
q¢"(2) + pq'(2) + (0 + ecos22) g(2) =0,  (2)

where p is the damped coefficient. This equation holds
true under the condition that the resonant beams do
not vibrate at resonant frequency, but the condition
of the driving force is not equal to the damped force.
This situation occurs in a wide variety of practical
problems. In Ref. [27], it is shown that the elastic
motion of a large space structure, which is modeled as
a non-spinning, axisymmetric beam undergoing flex-
ural vibrations, is governed by the damped Mathieu

equation.

Using frequency domain stability criteria, Taylor
and Narendral?®! derived three sufficient conditions for
the stability of Eq. (2). However, all of the three re-
sults were derived under the restrictive assumption.
Based on the notion of kinematic similarity and an
estimate of the growth rate of solutions, Gunderson
et al.?% relaxed this assumption and derived two suf-
ficient conditions for the stability of Eq. (2). Based
on an earlier contribution of Pipes,3% Richards/31—33]
suggested the replacement of the time-varying term of
Eq. (2) by a trapezoidal function, thereby converting
it into Hill’s equation, which admits a closed form so-
lution. It provided an excellent approximation to the
lossless Mathieu equation.

All of the above-mentioned studies about the
Mathieu equation are just mathematical analysis, and
do not have any physical instruments. However, the
methods used are not applicable in analyzing the dy-
namic stability of resonant beams.

The objective of this paper is to investigate the
dynamic parametric stability of resonant beams un-
der periodic axial force by using the Mathieu equa-
tion. First of all, the parametric resonant characteris-
tics based on resonant beams are introduced, and the
physical relativity between the Mathieu equation and
parametrical resonant beams are studied. Then, a dy-
namic stability index is devised and utilized to study
the influence of various parameters on the dynamic
stability. The effects of beam length, axial force, and
damped coefficient on the stability criterion and sta-

bility regions are investigated and discussed.

2. Mathematical modeling
2.1. Free vibration

The vibration equations of motion for a resonant
beam subjected to periodic axial force are established
by applying the Lagrange method. The derivation of
these equations is based on the assumptions that the
resonant beams are Euler—Bernoulli beams. Figure 1
shows a typical resonant beam of length L, width b,
and thickness h. The beam is in the clamped—clamped
end condition and exposed under periodic axial force
F = Fycoswgt. The axial forces are positive for com-
pressive and negative for tensile.

We denote the Young’s modulus by E, beam mass
density by p, the moment of inertia by I, damped co-
efficient by &, and the longitudinal displacement by

y(x,t).
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beam

Fig. 1. (a) Beam configuration and (b) coordinate system.

The equation of motion (w(z,t) = y(z,t) =
¢(x)q(t)) governs the transverse vibration as a func-
tion of the position = along the length of the beam
and timet. The ¢(z) is mode-shape function, and ¢(¢)
responses for vibratory tracking with time. The free

vibratory equation is expressed as follows:

L L
| pacaai+ / €67 dug
0
9%
+ (/0 EI (6‘ 2) dz
L 6@5 2
+/0 F (3:5) das)q:(). (3)

According to the Lagrange-energy method, the re-

sult equation is obtained as follows:
MegG + Besrq + Kerq = 0, (4)

where Mg, Keg, and Beg is the mass, stiffness,
and damping matrix, respectively. According to the

Rayleigh—Ritz method, boundary conditions are given

dw

dw)  _ dw
dx o

=0.
=0 dz =L

The resonant beams are working in the first mode.
Using this convention, the natural frequency w,, and
the no-load natural frequency wq of the resonant beam
are obtained as follows:

 [Ka LEI (926)°
i1 B G

[EGY ]/ [ .

[

2.2. Forced vibration

In order to keep the resonant beam vibrating at
its frequency, the driving force is necessary. The reso-
nant beam is excited by an oscillator, and vibrates at
its resonant frequency. For each vibration mode, the
input of the drive oscillator is connected to the detec-
tion devices, and its output is connected to the driving
devices. The periodic axial force will cause axial push
and pull loading on the resonant beam to shift its res-
onant frequency. As a result, the frequency shift of
the resonant beam is a function of the applied peri-
odic axial force, which could be utilized to sense the
pressure, acceleration, or angular velocity. Figure 2
shows the operating principle of the resonant beam.

When applying driving force Fy, the resonant

beam works at its resonant frequency, and the dy-

dT// pALG?dT = (4730) \/p: (6)

namic equation could be described as
L L
| ractasi+ [ estasi
0
0%
+ </0 EI (8 2) dx
L 2
¢
Fl=—] d = Fy.
s [ r(5) a)a=r @

The function of driving forceFy keeps the resonant

beam working at resonant frequency. Therefore, we

have

L
/ £6>daj = Fy, (8)
0

0.293 L3 F, cos wqt
o a(t) =0 (9)

If the transformations are chosen properly, Eq. (9) can

G(t) + wg <1+

be transformed to a standard form. Let ¢’ = w? and
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g/ = 0.293L3 Fyw?d /EI, it may be written as
G(t) + (8" + €' coswat) q(t) = 0. (10)

In order to perform the method of small param-
eter perturbation, the differential equation (9) must
be transformed to a standard form in parametric res-

onance. Assuming

_0.293L3
T 2FEI

2)

Equation (10) becomes Eq. (1)

S §=1¢

(2

wq wq

wo\” 0.293L°Fy
2E1

resonant
output
)
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output

o
I
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Fig. 2. Schematic diagram of the operating principle of
the resonant beam. (a) No loading. (b) Compressed load-
ing.

Equation (1) is known as the standard Mathieu
equation. From Eq. (1), the resonant beam vibration
stiffness k = 0 + € cos 2z changes with the periodic ax-
ial force applied on the resonant beam, which makes
the resonant frequency of the resonant beam change.
The parameter § represents the natural resonant fre-
quency of the resonant beam The significant pertur-
bation term e cos 2z represents the modulation of the
stiffness of the resonant beam at the periodic axial

force frequency wq.-

3. Parametric stability analysis

The results in Section 2 are derived without any
additional damping in the mechanical model. Conse-
quently, the algebraic expressions are not completed
and optimal to analyze the stability in resonant beam.
Actually, the resonant beam does not always work at
the resonant state, and the driving force does not ex-
actly counteract weak damping, so the dynamic equa-
tion is perhaps Eq. (2) known as the weakly damped
Mathieu equation. Equation (2) exactly describes the
parametric excitement dynamic characteristic of the
resonant beams. This equation has been widely stud-
ied in the context of parametric resonance, and the
approximate solution of the Mathieu equation may be
either bounded or unbounded, which is dependent on
the parameters in the equation. Hence, it is of inter-
est to characterize the dynamic stability of resonant
beams by analyzing the stability of a weakly damped

Mathieu equation.

3.1. Stability criterion

We aiming at determining a stability condition
for Eq. (2). Michael®¥ has shown that for large § and
small u, the stability criterion is assured if |e| < 2u. In
this paper, an improved stability criterion is obtained

using periodic Lyapunov functions. !

Let ¢ = ¢1 and ¢ = g2, Eq. (2) can be rewritten
as

@ = a2, (11)
¢h = —pga — (6 +£cos2z) q1. (12)

Consider the Lyapunov function
Vi = (6 + kp + kesin22) 2 + 2kqiq2 + ¢2,  (13)

where k is a parameter to be chosen. Differentiating
Eq. (13) with respect to time and using Eqgs. (11) and
(12), then we obtain

Vl’ = —2]<;6q% — 2¢ (cos 2z — ksin 2z) q192
—2(k—p)g3. (14)

If V/ is negative definite and 0 < & < §, we require

0<k<pu, (15)
and
4kS(p — k)
2 SV v
) (16)
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Now we choose the value of k as

/12 _
k:Lll, (17)

1

which maximizes the right-hand side of Eq. (16) and
also satisfies Eq. (15). It can be easily proved that, for
the above value of k, the function V; is positive def-
inite. Substituting Eq. (17) into Eq. (16) yields the

stability criterion as

el < V20\/ V2 +1—1= 3. (18)

Now consider another Lyapunov function given by
Vo = (6 +cos22) ¢ + (g1 + q2)° - (19)

Differentiating Eq. (19) and using Eqs. (11) and (12),

we have
Vo = — [2u6 + 2ue cos 2z 4 2esin22] 2. (20)

We see that V3 can only be negative semidefinite since
Vg = 0 when ¢; = 0. It can be easily seen that when
g1 = 0, ¢o is also identically zero. Hence, if V; is

negative semi-definite, it is required that

le| < M (21)

ViE+1
Combining Eq. (18) and Eq. (21), the stability crite-
rion can be written as

le| < min l\/% V2 +1-1, 1 = 4.(22)

Vir+1

3.2. Stability regions

For the resonant beams, with limitation of param-
eters § and ¢, its stable regions could be achieved by
using the small parameter perturbation method."?! In
Eq. (2), the period T = 7 and € can be naturally as-
sumed to be small. The solution ¢(z,¢) and ¢ (&) can

be expanded into a series of powers of ¢ as follows:

q= CIO(Z) + qu(z) —|—52q2(z) 4+

(23)
5:50+€51+6252+"'

Substituting Eq. (23) into Eq. (2) and gathering
terms of the same order with respect to € can obtain

the following differential equations:

q0 + kqp + dogo = 0,
¢ + pgh + dogq1 + 91go = —qo cos 2z, (24)
g5 + g5 + dog2 + 611 + dago = —q1 cos 2z.

In addition, each function ¢(z) should have the
period T' = 7. Therefore, the first identity of Eq. (24)

leads to the following values for dg:

™

502(?>2=n2, (n=0,1,...), (25)

and the following functions for qq:

o = acosy/dpz + bsin/dpz = acosnz + bsinnz,
(n=0,1,...), (26)

where ¢ (0) = a and ¢’ (0) = b.

We proceed to the higher order for the different
values of n (n = 0,1,...), using the result from the
Floquet theory. Then substituting the power series
(26) into Eq. (24), we have
1

5= —ga-:Q + o(e3),

1 1 .
§=144/-e2—p2— —c?+o(e%),
4 . 32 (27)
) €
d=4+ —e? 4+ — — 42 3
+48€ ”256 u? +o(e’),

These equations with § and e furnish approxi-

mations to the transition values of ¢ and §. In this
way the stable regions of the weakly damped Math-
ieu equation have been completely determined The re-
sult of the perturbation expansion to the second order
leads to an approximation of the boundary curves for
a non-damped Mathieu equation (x = 0), which are
shown in Fig. 3. Unstable regions are shaded. Bound-

aries are stable.

3

\ &8 4
P\ -,/

1 \\

0

Fig. 3. Stability diagram of the Mathieu equation for
small € with p = 0.

The dynamic stability of the resonant beams
based on the Mathieu equation is just theoretical anal-
ysis, which will be evaluated by simulation and discus-

sion in the next section.
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4. Numerical results and discus-
sion

To validate the stability of the beam model, var-
ious numerical results are evaluated and compared
with available beam parameters. As can be seen from
Table 1, the Euler-Bernoulli clamped-clamped beam
with properties is considered for the dynamic stability
analysis.

Table 1. The parameters of the Euler—-Bernoulli clamped—
clamped beam. p: density, F: Young’s modulus; L: beam
length; I: area moment of inertia of the beam; Fp: ax-
ial force; wp: natural resonant frequency of the beam; wq:
excitation frequency of the periodic axial force.

Parameter Value

p/(kg/m?) 7.8 x 103
E/Pa 2 x 1011
L/m 0.03
I/m* 6.7500 x 10715
Fo/N 1
wo/Hz 1.7350 x 103
wq/Hz 30

First, the value of the damped coefficient is de-
fined as g = 0.1. Only 6 and p appear in the stability
criterion, and the value of § is dependent on mate-
rial properties and geometric dimensioning. As can
be seen from Fig. 4, in despite of the value of §, B3 is
always greater than ;. Secondly, it is assumed in the
computation that the beam length L = 30 mm, so the
parameter § = 1.3379 x 10* is determined. As can be
seen from Fig. 5, despite of the value of u, B3 is al-
ways greater than ;. From the comparison between
Fig. 4 and Fig. 5, it is found that no matter how the
parameters § and p change, f5 is always greater than
1. Therefore, e < B is enough to satisfy the stability
criterion, which is shown in Eq. (22).

10

81t

B, B2

B

o 20 40 60 80 100
0
Fig. 4. Comparison between 1 and Sz with = 0.1.
Figure 6 shows the comparison between € and /31,
when resonant beams have different lengths (L = 30,

40, 50, 60, and 70 mm), the damped coefficient p =
0.1, and the axial force Fy = 1 N. Please note that
€ is the ratio between the natural resonant frequency
of the beam and the excitation frequency of the peri-
odic axial force. Hence, ¢ is independent of the beam
length. As shown in Fig. 6, as special cases, beam
length L = 50, 60, and 70 mm implies that the beam
is not in the status of stability under all the condi-
tions according to the stability criterion, since ¢ is
not smaller than S3;. As another special case, beam
length L = 30 and 40 mm implies that the beam is in
the status of stability under all the conditions, since
is always smaller than ;. Therefore, the beam length

L = 30 mm is reasonable.

12000} B2

80001

B1, P

4000¢

§2

Fig. 5. Comparison between 81 and B2 with § = 1.3379 x 10%.

70 mm

B1, Ba

40 mm

30 mm

20 40 60 80 100

Fig. 6. Comparison between 31 and e with different beam
lengths.

Figure 7 shows the comparison between ¢ and £,
when resonant beams are subjected to axial compres-
sive force Fy = 1, 2, 3, 4, 5 N, and the damped coef-
ficient value = 0.1. A larger axial compressive force
weakens the bending stiffness of the beam and con-
sequently results in smaller frequencies. As shown in
Fig. 7, it can be observed that beams have stronger
stability when Fy = 1, 2, and 3 N than Fy =4, 5 N
beams due to their much stronger stiffness. As one
special case, axial compressive force Fy = 4, 5 N im-

plies that the beam is not in the status of stability
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under all the conditions according to the stability cri-
terion, since ¢ is not smaller than 5;. As another spe-
cial case, axial compressive force Fy = 1, 2, and 3 N
implies that the beam is stable under all the condi-
tions, because ¢ is always smaller than 8;. Therefore,

axial compressive force Fy =1 N is reasonable.

0 20 40 60 80 100
5

Fig. 7. Comparison between (31 and ¢ with different axial

forces.
80
e 1,2,3,4,5
6ot o Bi: 6, 7,8,9, 10
—0: (0.5, 31.61)
.8 (0.6, 24.01)
& 40} 2.1
4 |
3
20 [ 21
7: (0.7, 19.21) 1
j————6: (0.9, 17.66)
00 2 4 6 8 10
w

Fig. 8. Comparison between 1 and € with different beam
lengths.

Figure 8 shows the effect of the damped coeffi-
cient on the stability of resonant beams by comparing
the stability curves of resonant beams with different
beam lengths. Table 2 gives the computation param-
eters used in this example. In order to examine the
influences of the damped coeflicient, the beam is sub-
jected to the axial compressive force Fy = 1 N. Among
the five beam lengths considered, the condition of the
damped coeflicient is the highest for L = 30 mm and
lowest for L = 70 mm. The stability conditions about

the damped coefficient and beam length are shown in
Table 2. The damped coefficient should reach its low-
est value ¢t = 0.9 when the beam length L is 30 mm.

Table 2. The parameters ¢ and S for different resonant
beam lengths, and the stable condition of the damped co-

efficient.
Beam length € 51 Stability condition
L =30 mm 1 6 ©n>09
L =40 mm 2 7 wn>0.7
L =50 mm 3 8 wn>0.6
L =60 mm 4 9 ©n>05
L =70 mm 5 10 w>0.3

Figure 9 presents the stability regions of reso-
nant beams with different damped coefficients. The
instability regions move further to the underside and
become much narrower as the damped coefficient in-
creases. Hence the damped coefficient acting on the
beam, which plays an important role on the beam sta-
bility, is shown in Fig. 9. Table 3 presents the contrast
to beam parameters (§ and €) between theoretical and
stability regions corresponding to the first parameters
of different beam lengths (Fop =1 N, wg = 30 Hz). It
can be seen that the theoretical points are much lower
than the stability boundary points, according to the
stability regions of Figs. 3, 8, and 9. The parameters
of the beam are reasonable to keep the beam in its

stable states.

10

TEETET
(I
mEmoo
N — OO 0o

-5 0 5 10

Fig. 9. Stability diagram of the Mathieu equation with
different damped coefficients.

Table 3. Comparison of the theoretical and simulated values of the resonant beam stable point.

Beam length Symbol Theory point Stability boundary point
L =30 mm (6, €) (1.3379 x 10%, 39.1996) (1.3379 x 10%, 8.9499 x 103)
L =40 mm (6, €) (4.2331 x 103, 29.3997) (4.2331 x 103, 2.2475 x 103)
L =50 mm 5, ¢) (1.7339 x 103, 23.5198) (1.7339 x 103, 892.0737)
L = 60 mm (5, €) (836.1688, 19.5998) (836.1688, 373.9461)

L =70 mm (5, ¢) (451.3431, 16.7998) (451.3431, 167.6246)
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5. Conclusion

The dynamic behavior of a resonant beam sub-
jected to periodic axial force has been examined and
discussed. Based on our results in this work, we arrive
at several conclusions.

i) The dynamic characteristic of the resonant
beams with periodic axial force is equivalent to a para-
metric resonant system which could be described by
the Mathieu equation.

ii) An improved stability criterion is obtained us-
ing periodic Lyapunov functions. An approximate
analysis based on the small parameter perturbation
method has been employed to investigate the stability
regions of the Mathieu equation.

iii) No matter how the parameters § and u change,
B2 is always greater than 8; Hence, € < (31 is enough
to satisfy the stability criterion.

iv) In order to keep the beam stable, when the
beam length decreases, the conditions of the damped
coeflicient rise instead.

v) The unstable regions move to the underside
and become much narrower as the damped coefficient
increases.

vi) Numerical results show that the beam param-
eters we choose comply with the stability criterion and

condition.
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