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This paper is concerned with the problem of robust Heo control for a novel class of uncertain linear continuous-time

systems with heterogeneous time-varying state/input delays and norm-bounded parameter uncertainties. The objective

is to design a static output feedback controller such that the closed-loop system is asymptotically stable while satisfying a

prescribed Hoo performance level for all admissible uncertainties. By constructing an appropriate Lyapunov-Krasovskii

functional, a delay-dependent stability criterion of the closed-loop system is presented with the help of the Jensen

integral inequality. From the derived criterion, the solutions to the problem are formulated in terms of linear matrix

inequalities and hence are tractable numerically. A simulation example is given to illustrate the effectiveness of the

proposed design method.
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1. Introduction

In practical systems, unavoidable uncertainties
and exogenous disturbances due to inaccurate mod-
eling, exterior conditions, and measurement errors ex-
ist widely and can badly affect system responses. For
preciseness, controller design and performance anal-
ysis must be conducted to accommodate these un-
certainties and disturbances. Therefore, in the past
few decades, the robust control problem has grown as
one of the leading topics in modern control theory,
and several elegant robust control techniques address-
ing the disturbance rejection have been proposed, in-
cluding H Control,[1’2] Ho contr017[3] and Lo — L
control,[¥ to name just a few.

As an important tool solving the robust control
problems, the robust H., control theory has received
particular attention of many researchers in the recent
years. The goal of the robust H,, control is to de-
sign a controller to stabilize an uncertain system while
satisfying an H,, norm bound constraint on the dis-
turbance attenuation for all admissible uncertainties.
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Some attempts have been made to design robust H
controllers for uncertain systems with various param-

[5-10] Tt is noted that a common as-

eter uncertainties.
sumption made in those designs is that the system
states are all available online. However, in many real
control systems, the state vector is not always ac-
cessible, and only partial information is available via
measured outputs. When this happens, the designed
robust H,, controllers based on the state feedbacks
are no longer feasible. This has motivated the study
of the robust H,, control for both continuous-time
and discrete-time systems via output feedbacks (in-
cluding static-output feedback (SOF) and dynamic-
output feedback (DOF)) (see Refs. [11]-[15] and the
references therein). However, time delays are not con-
sidered in the aforementioned works.

It is well known that time delays frequently occur
in physical and engineering systems and are generally
determined by the distances and the speeds of infor-
mation processing.'®! The presence of time delays in
practical systems may severely degrade system perfor-
mances, derail the stability of the relevant systems,
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and even cause sustained oscillations.['”=2%) During
the past few years, much effort has been devoted to
the H., control of linear or nonlinear dynamical sys-
tems with time delays.(?'=2% For example, by intro-
ducing a new type of Lyapunov—Krasovskii functional,
a non-fragile H,, dynamic output feedback controller
was designed for a class of linear systems with time-
varying state delays.??) For Takagi-Sugeno fuzzy sys-
tems with interval time-varying state delays, Peng et
al.?®! presented some delay-dependent stability con-
ditions for the robust H., control. In Ref. [25], a new
delay fraction technique was proposed to investigate
the robust H,, control of uncertain systems with time
delays in state or input. These relevant studies mainly
concentrated on uncertain systems with either purely
state time delays or purely input time delays.

On the other hand, the robust H., control of un-
certain systems with both state and input time delays
has also begun to gain some attention. Su and Chu de-
signed a robust H, controller for a class of linear time-
varying uncertain systems with delayed states and in-
puts when the full states could not be measured.!?!
But the derivative bounds of the time-varying de-
lays in Ref. [26] were required to be less than one.
The delay-dependent robust H,, control for uncertain
stochastic linear systems?”) and uncertain Takagi-
Sugeno fuzzy systems!?®! with time-varying state and
input delays was addressed, where the state delay
was assumed to equal to the input delay. Neverthe-
less, in many practical control problems, the state and
the input delays are generally unknown differentiable
functions and non-identical, often with large deriva-
tive bounds. In this case, the control design becomes
more complicated and thus remains challenging.?”! To
the best of our knowledge, the robust H,, control for
such systems via the SOF is still open and remains
unsolved.

Motivated by the above discussion, we deal with
the robust H,, SOF control problem for uncertain lin-
ear systems. Specifically, we first propose a novel class
of systems with heterogeneous time delays, parameter
uncertainties, and external disturbances. The uncer-
tainties are assumed to be time varying, unknown, but
bounded, which appear additively in the matrices of
system model. The time-varying delays appeared in
both state and control input can be any non-negative
continuous and bounded functions, and do not require
that their derivatives are less than one. By construct-
ing an appropriate Lyapunov-Krasovskii functional, a
delay-dependent stability criterion of the closed-loop

system is presented with the help of the Jensen inte-
gral inequality. From the derived stability criterion,
the sufficient conditions for designing a robust H.,
SOF controller are formulated within the framework
of linear matrix inequalities (LMIs), which can be ef-
ficiently solved by using the interior-point algorithm.

2. Problem statement

Throughout this paper, the notation * is used as
an ellipsis for terms induced by symmetry, Ls[0, c0)
denotes the space of square integrable vector functions
on [0,00), and || - |2 is the Lg-norm. Matrices, if the
dimensions are not explicitly stated, are assumed to
have compatible dimensions for algebraic operations.

We consider the following uncertain linear model
with heterogenous state and input delays:

&(t) = (A+AA®)z(t) + (Ad + AA4(t)z(t — 7(t))
+ (B + AB(t))u(t)
+ (Bg + ABy(t)u(t — o(t))
+ (Bu + AB,(1))w(t),
z(t) = Crx(t) + Crgx(t — 7(t)) + Dyu(t)
+ Dyqu(t —o(t)),
y(t) = Cox(t),
x(t) = ¢(t), Vt € [—d,0], (1)

where as usual, z(t) € R™ is the state vector, u(t) €
R™ is the control input, z(t) € RY is the controlled
output, y(t) € R is the measured output, and w(t) €
RP is the exogenous disturbance input, which belongs
to L2[0,00). The functions 7(¢) and o(t) denote time-
varying state and input delays, respectively, satisfying

where 11, T, 01, 02 are known constants, and d =
max{n,al}. The A, Ad, B, Bd , Bw, Cl Clda Dl,
D14, and C5 are known constant matrices, and Cs
has the full row rank. The AA(t), AAq4(t), AB(t),
ABy(t), and AB,,(t) are unknown real-valued ma-
trices representing the time-varying parameter uncer-
tainties, which are assumed to be of the form

| AA(t) AA4(t) AB(t) ABy(t) AB.(1)

— MF() [El E, E; E, Es} : (3)
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where M, E; (i =1,2,...,5) are known real-constant
matrices of appropriate dimensions, and F'(t) is an un-

known time-varying matrix satisfying the inequality
FY(t)F(t) < I, Vt. (4)

The parameter uncertainties are said to be admissible
if both relations (3) and (4) hold.

Remark 1 In modeling physical systems, it is
almost impossible to get exact mathematical models
because of environmental noise, system complexity,
the difficulty of measuring various parameters, etc.
Hence, the linear plant model of the system to be con-
trolled always contains some types of uncertainties.
The plant uncertainty can be broadly classified into
the structured uncertainty (including norm-bounded
uncertainty, polytopic uncertainty, affine uncertainty,
interval uncertainty, etc) and the unstructured uncer-
tainty (including additive uncertainty, multiplicative
uncertainty, nonlinear uncertainty, etc). The uncer-
tainty satisfying relations (3) and (4) is of the norm-
bounded type, which serves as a general description
of the parameter uncertainties of many physical sys-
tems and has been widely studied in the robust H,
control problems.26=31] Tt should be noted that pa-
rameter uncertainties for matrices Cy, Cy4, D1, D14,
and C can also be handled by the same line of treat-
ments, and therefore are omitted here for brevity.

In this paper, we are concerned with designing
the following SOF' control law for the uncertain sys-
tem (1):

u(t) = Ky(t), (5)

where K is the constant controller gain matrix to be
determined later.

Remark 2 It is worth pointing out that among
various control schemes, the output feedback control
is particularly useful and more realistic, since the state
variables are not always fully measurable in practice.
Generally, the output feedback control is classified into
two fundamental categories: static-output-feedback
(SOF) control and dynamics-output-feedback (DOF)
control. Our interest in the SOF control is motivated
by the following reasons. First, the SOF control can be
easily implemented at low cost.[?! Second, the DOF
stabilization controller can often be transformed into
an SOF stabilization controller.[33!

By substituting the SOF controller (5) to system

(1), we obtain the following closed-loop system

z(t) = Azx(t) + Agz(t — (1))
+ Bz (t — o(t)) + Bow(t),

z(t) = (C1 + D1 KCs)x(t) + Crqx(t — 7(1))
+ (D14 KCo)x(t — o(t)),

(6)

where

A= A+ BKC,, By—= BJKCy, A— A+ AA,
BZB-FAB, AdZAd—FAAd, (7)
Bd = By + ABy, Bu =B, + AB,.

So far, the problem to be addressed in this pa-
per can be expressed as follows. Given system (1), a
prescribed level of noise attention v > 0, all admissi-
ble parametric uncertainties and time-varying delays
satisfying relations (2)—(4), design a suitable SOF con-
troller of the form (5) satisfying the following require-
ments: (i) the closed-loop system (6) is asymptotically
stable when w(t) = 0; (ii) the closed-loop system (6)
satisfies the H,, performance

[2(O)]l2 < Vllwl|2 (8)

for any nonzero w(t) € L3[0,00) under the zero initial
condition. In this case, we say that system (1) is ro-
bustly stabilizable with H,, disturbance attenuation

5.

3. The H,, performance analysis

of the closed-loop system

In this section, we will derive the delay-dependent
sufficient conditions for the H,, performance analy-
sis of the closed-loop system (6). It is assumed that
the feedback gain matrix K is known and the sys-
tem parameter uncertainties AA(t), AA4(t), AB(t),
ABy(t), and AB,(t) satisfy relations (3) and (4),
which are common assumptions in the open literatures
for stability analysis.

Theorem 1 For given scalars v > 0, ; > 0,
T > 0, 00 > 0, 0o > 0, as well as a given matrix
K, the closed-loop system (6) is robustly asymptoti-
cally stable with a H,, disturbance attenuation level
~ for all admissible additive parameter uncertainties
AA(t), AA4(t), AB(t), AB4(t), and AB,,(t) if there
exist matrices P > 0, Ql > 0, Qg > 0, Qg > 0,
R, > 0, R, > 0, 1%3 > 0 such that the following
inequality holds:
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¢, P12 P13 PB, 11 ATQ
¥ Doy Po3 0 nAYQo
* *  Dag 0 TlB;FQQ
& * * x =20 7'13:5(:?2
* * * * —Q:
* * * * *
% * * * *
| x * * * *

where
b, = PA+ATP+ Qi+ Qs+ R +R;— Qo
— Ry + (C, + D, KC,)"(C, + DI KC,),

1, = PA;+ (C1 + D1 KC») Ciy,

$,3 = PBy+ (C, + D, KC,)" (D ,KC,),
Pyy = (12 — 1)Q3 + CL,C1a,

Py = Cly(D14KCs),

B33 = (02 — 1)Ry + (D1aKC2) T (D1,KCy).

Proof First, assuming that w(t) = 0, we will
prove the asymptotic stability of the closed-loop sys-
tem (6). Select a Lyapunov—Krasovskii functional can-
didate for the closed-loop system as

V(t) = Vi(t) + Va(t) + Vs(t) + Va(t)

+ V5(t) + Vs (t) + Va(t), (10)
with
Vi(t) = 2 Pz, Va(t) = /t 27 ()01 2(s) ds,
= 7'1/ / QQ:I: (v)dods,
—7T1 Ji+s

Va(t) = /t_ e T(5)Qs(s)ds,

Va(t) = /
- Jl/m [

Vz(t) :/t (t)a: T(s)Rzx(s)ds,

T(s)Ryz(s)ds,

Rz:E (v)dovds,

where matrices I:’, Qh Q27 Qg, Rh R27 R3 are posi-
tive symmetric matrices to be determined. Then along
the trajectory of system (6), the derivative of Eq. (10)
is given by
V(t) = 22T (t)Pi(t) + 2" (1) Qra(t)

—z"(t - 1) Que(t — 1)

et 0Qui(0) — 7 [ 87(9)Qui(s)ds

o ATR,
AT R,
o1 BdTRQ
nBIR,

IN

By using the Jensen integral inequality,

have

V(t) <

where
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0
0
0
<0,
0
0
Q1 - Q2
* *Rl — RQ ]
+ a7 (6)Qa(t) — (1 - 7(t))
x & (t— (1)) Qs (t — 7(1))
2T () Rix(t) — 2T (t — o)) Ryz(t — o)
+ 022" (t) Ry (t) — oy /t &7 (s) Ry (s)ds

x" () Raz(t) — (1 - o(1))
a'(t — o(t)) Rsx(t — o(t))
2T () Pi(t) + 2T (1) (Q1 + Qs + Ry + Ry)x(1)

+ 728 (1) Qaa:(t) + o2& (t) Ry (t)
—(1=m)z" (t — 7(t))Qsa(t — 7(t))
— (1= 02)z"(t — o(t)) Raz(t — o(t))
—2T(t —1)Quz(t — )
— 2" (t — o) Riz(t — o)

t
. / &7 (5) 0t (s)ds

-0 /t_ &7 (s) Ry (s)ds. (11)

17 we further
2&T (1) P(Ax(t) + Agz(t — 7(t))

+Baz(t — o(t)))

+27 (1) (Ql +Qs+ R+ R3> x(t)

+ 7727 () Qo (t) + ofa " () Roe(t)
—(1=m)z"(t — 7(t))Qsa(t — 7(t))
—(1—0o2)xT(t — o(t)) Rsz(t — o(t))

— acT(t — Tl)QliE(t — 7'1)
— 2" (t — o)) Rix(t — o)
Q>
—Q>

- T R
z(t) -Q>
x(t—11) *

x(t)
x(t—11)

a(t)
w(t — 0'1)

(12)
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Et)=[z" @),z (t—7(t), " (t — o), 2" (t —71), 2" (t — 01)]T ,

éll 4%12 é13 Q2 R2
% Doy Pog 0 0
S=| x s By 0 0 , (13)
* * x  —Q1—Q 0
* * * * 7R1 — RQ

with

®, = PA+ AP+ Q1+ Qs+ Ri + Ry
—Qy— Ry +12ATQo A+ 02 AT R, A,

b1y = PA;+72ATQu A, + 02 AT R A,
b3 = PBy+12ATQuB, + 02 AT R,y By,
Doy = (12— 1)Q3 + TEAJ Q2 Ay + 0T AT Ry Ay,
Py3 = LA} QoBy + 07 AT RoBy,
D33 = (09 — )Ry + 1B Q28B4 + 0iB] RyB,.

Applying the Schur complement formulal®¥ to in-
equality (9), we can obtain @ < 0. Thus, V(t) < 0
for all £(¢t) # 0, which means that system (6) with
w(t) = 0 is asymptotically stable for any 7(¢) and
o(t) satisfying Eq. (2).

Next, assuming that ¢(t) =0, t € [—d, 0], we will
show that the closed-loop system (6) has H,, perfor-

mance 7. Define a performance index as
J= / [2T(1)2(t) — 2wt (w(®)] dt.  (14)
0

Noting ¢(t) = 0, t € [—d, 0], for any nonzero w(t) €
L5[0,00), we have
= / h (=" (0)2(0) — %" (w(t) + V(0)] dt
0
— lim V(¢)

= /OOO ['zT(t)Z(t) — 7wt (w(t) + V(t)} dt. (15)

Then, along a similar argument as that in the deriva-
tion of Eq. (11), we can see that

ZT()z(t) — Y (w(t) + V(1) < T (0)BE(E), (16)

where

Ct)= [T (t), 2" (t—7(1), 2" (t —o(t)),w (t),x" (t —71), " (t — 01)]T ,
[ &), By P13 Puy Q- R, |
* égg égg Si24 O O
- x % Py D 0 0
é— 33 ~34 , (17)
* * * Dy 0 0
*k k * * _Ql - QQ O
| = * * * —Ry — Rg ]
‘ ~
with &, = PB,+ 7 ATQ:B, + ?A"R,B,,,
- . . A . . N Dy = (10— 1)Q3 + 11 AT Q2 Ay
B = PA+ATP + Q1+ Qs+ Ry + Ry RO,
R . R . A RyA;+C,Chy,
_QQ_R2+712ATQ2A+U%ATR2A Forfafadat CrgCa
= 2 2TA 2 3T A T
+(C]+D1K02)T(C1+D1KC2)7 4523 = TlAdQQBd+01AdRQBd+C1d(D1dK02),
Py = PA+ 7 AT QA+ 0T AT Ry A, @21 = 11 A1 Q2B + 0fAj R B,
+(Cy + DK Cy) " Cyy, P33 = (02 — )Ry + 7B Q2Ba + 01 B} RyBy
b3 = PBy+12ATQuB, + 2 AT R, B, + (D1 KCo)T (D14 K Cy),
+(C1 + D1KCy)" (D14KCy), @34 = 12B1Q2B,, + 0iB] R, B.,,
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é44 = TIQBEQAQB“, + U%BERQB‘,) — ")/2_[
Then by using the Schur complement,!** we can see

that inequality (9) guarantees & < 0. Therefore, it
follows from inequality (15) that

J= /O TN @0 2(0) — Yo (Dw(®)] dt < 0. (18)

Hence, [|z(t)||2 < 7||lw]|2 is satisfied for any nonzero
w(t) € L3]0,00). This completes the proof.

4. Robust H,, controller design

Theorem 1 establishes a delay-dependent suffi-
cient condition for the existence of the H., controller
in terms of matrix inequality, which, however, con-
tains coupled variables. In addition, there exist uncer-
tainties included by the system parameters in inequal-
ity (9). This condition can not be directly applied to
design the SOF controller. In the following, we will
present some LMI-type conditions for the existence of
the SOF controller.

I, Iy, Iz Iy Iis I
x Ibhy 0 0 TIhs Ing
* x Iyz 0 Iy Isg
* * x Iy Ijs I
I = * * * * I'ss 0
* * * * * Iss
* * * * * *
* * * * * *
* * * * * *

where

I, = (AX + BY) + (AX + BY)"
+Q1+Q3+ R+ R3 — Q> — Ry,

I, = Ay X, Inz= B,Y,

I, =B, Is;=I¢=(AX+BY)",
I; = (C1X + D,Y)",

Iy = (12— 1)Qs, Iis =TI =(AgX)",
Iy = (C1aX)", Tys= (02— 1)Rs,

I35 = I'yg = (ByY), Iip=(DgY)",
Iy = —~*I, Iy =TIy =B.,

4.1. The H_,, control without uncertain-
ties

We first consider the following nominal form of
the closed-loop system (6) without system parame-
ter uncertainties AA(t), AA4(t), AB(t), ABy(t), and
AB,,(t):

&(t) = (A+ BKCy)x(t) + Aqz(t — 7(t))

+ (B4KCs)x(t — o(t)) + Bow(t), (19)
z(t) = (C1 + D1 KCs)x(t) + Crqx(t — 7(t))

+ (D1aKCo)x(t — o(t)).

Theorem 2 For given scalars v > 0, ; > 0,
79 > 0, 01 > 0, o2 > 0, the closed-loop system (19) is
robustly asymptotically stable with a H, disturbance
attenuation level 7 if there exist matrices X > 0,
Q1 >0,Q:>0,Q3 >0, R >0, R >0, R3 >0,
and Y such that the following LMI holds:

I, —Q2 ~R, |
I>7 0 0
I, 0 0
0 0 0
0 0 <0, (20)
0 0
I77 0 0
*  —Q1— Qe 0
* * —Ri — Ry ]

I'ss = 772%(Q2 — 2X),
I = 07%(Ry —2X), Iyp=—-X.

In this case, the desired SOF controller can be con-
structed as in Eq. (5) with

K=YX 'Ccj(C,Cy)™. (21)

Proof Without system parameter uncertainties
AA(t), AA4(t), AB(t), ABy(t), and AB,(t), it is
easy to see that inequality (9) is equivalent to the
following inequality by using the Schur complement

formula: (34

110206-6
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I, I, I PB, I
x« Iy 0 0 AY
* x  Ii3 0 I35
* * x  —2T Bl

ﬁ = * * * * —71_2(22_1

* * * * *
* * * * *
* * * * *
* * * * *

Ig I: -Q: —-R, ]
AT ct, o 0
I Iy 0 0
BT 0O 0 0
0 0 0 0 <0, (22)
—o’R;' 0 0 0
* —I 0 0
* * Is 0
* * * Ty |

where We can see that inequality (22) holds if the following
. . . inequality holds:
Iy = P(A+ BKC,)+(A+BKC,)'P
+Q1+ Qs+ Ri+ Ry — Qy — Ry, PO;'P >2P -0, PR;'P >2P - R,, (24)
Iy = PA,;, ©I';=PB,KC,,
I's = I'g = (A+ BKC»)7, which is obtained from the following steps. Firstly,
Fir = (C) + DIKGy)T, W'e pre- and Apos:,t—multiply inefluality (22) by
R . ) . diag {I,I,I, I,P P, I, I,I} and its transpose, re-
Iy = (o= 1)@s, Iz = (02— DHs, spectively. Secondly, we replace the diagonal elements
Iys = Iy = (BiKC5)", Iy = (D1aKCy)", of the Hth and the 6th rows and columns with the right
Iis = —Q1—Qs, I'g=-Ri — R.. (23)  hand side of inequality (24) respectively.[*®) We have
|
[, I, Iy PB, I:P IeP fr -Q» —R, |
« Iy 0 0 ATP ATP crt, o0 0
« o« Iz 0 Iy P Iy P Iy 0 0
Y § BTP BIP 0 0 0
F'=| « s+ x  17%(Qqy —2P) 0 0 0 0o | <o. (25)
* * * * * 01_2(1%2 — QP) 0 0 0
* * * * * * I 0 0
* * * * * * * ﬁsg 0
* * * * * * * * f'99

Then by defining X = P~1Y = KC,X, Q1 = XTO1 X, Q> = XTQ:,X, Q; = XTQ3X, R, = X"R, X,
R, = X"R,X, Ry = X" R3 X, pre- and post-multiplying LMI (25) by diag{ X", X", X" 1, X", X", 1, X",
X1} and its transpose, respectively, we obtain

Iy,

*

*

I, Iy B,
Iy, O 0

* I3 0

* * —nyI

* * *

* * *

X X *

* * *

* * *

I I Iy,
(AaX)T (AaX)T (CraX)T
(BaY)' (BaY)' (D1aY)"

BT B! 0

I 0 0

* Is6 0
* * -X
* * *
* * *

110206-7
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with

I, = (AX + BY) + (AX + BY)"
+Q1+Q3+Ri+R;—Q2— Ry,

I = AgX, Ins=B.Y,

I; = I'e = (AX + BY)",

I'; = (C1X + DY)",

Iy = (12— 1)Q3, Iz = (02— 1)Rs,

Iss = 77 %(Q2 — 2X), I =07 (Ry —2X),

Iss = —Q1— Q2, I'yg = —Ry — Ry,

which is the same as LMI (20). Therefore, LMI (20)
ensures the robust asymptotical stability of system
(19) with an H., disturbance attenuation level v for
any 7(t) and o(t) satisfying LMI (2). This completes
the proof.

4.2. Robust H., control with uncertain-
ties

Concerning the uncertainties appeared in system
(6), using Theorem 1, we can obtain the following re-
sult.

Theorem 3 For given scalars v > 0, 7, > 0,
79 > 0, 01 > 0, 09 > 0, the closed-loop system (6) is
robustly asymptotically stable with a H., disturbance
attenuation level 7 if there exist a constant € > 0,
matrices X >0, Q1 >0, Q2 >0, Q3 > 0, Ry > 0,
Ry >0, R3 > 0 and matrix Y such that the following
LMI holds:

r 11, I,
* —el 0 <0, (27)
* x  —e 1T

where matrix I' is the same as that defined in
LMI (20), and

m,=[M", 0,0, 0 M*, M, 0,0, 0",
I,=|E. X +E;Y, E;X, E.Y, Es, 0, 0, 0, 0, 0]".

In this case, the desired SOF controller can be con-
structed as in Eq. (5) with

K=YX 'Cy(CyCy)™". (28)
Proof Define

A N N T
D:[MTP, 0,0, 0, MTP, MTP, 0, 0, 0] ,
E=[E, + EsK, E,, E;K, Es, 0, 0, 0, 0, 0]. (29)

Recalling that FT(t)F(t) < I, we can easily obtain
the following inequality: !

I+ DF(t)E + EYF*(t)D"

< I'+¢'DD" 4+ :<E'E (30)

for any scalar e > 0 and I" defined in LMI (25).
Then, along a similar argument as that in the
derivation of Theorem 2, we find that inequality (9) is

inequivalent to the following inequality:

I+ DF(t)E + E"FT(t)D" <o. (31)
From inequality (30), we can see that if
I+ 'DDT +cETE <0 (32)

holds, then the robust asymptotical stability of system
(6) with disturbance attenuation ~ also holds accord-
ing to Theorem 1. By using the Schur complement, 34!

inequality (32) is equivalent to

I D ET
« —el 0 <0. (33)
* x —e I

Now, by defining X = P71, Y = KC,X, Q| =
XTQ1X, Q2 = X"Q:X, Ry = X"RiX, Ry =
XTR,X, then pre- and post-multiplying LMI (33)
by

diag {X", X", X" 1, X" X" 1, X" X" 1,1}

and its transpose, respectively, we have LMI (27).
This completes the proof.

5. Numerical example

To illustrate the effectiveness and the flexibility of
our theoretical analysis, a numerical example is pre-
sented. Consider the following uncertain linear sys-
tem with heterogenous state and input time-varying

delays:

#1(t) = 4z1(t) + (2 — 0.06 sin(¢))z2(¢)
+0.12(t — 7(¢))
— (0.3 +0.006 sin(t))x2(t — 7(t))
+5u(t) + (0.4 — 0.06 sin(t))u(t — o(t))
+ (0.5 4 0.06 sin(t) )w(t),
Zo(t) = 221 () — 3x2(t) + 0.221 (t — 7(¢))
—0.522(t — 7(t)) + (0.5 4+ 0.03 cos(¢) )u(t)
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+0.2u(t — o(t)) + (0.09 cos(t) — 1)w(t),
z1(t) = 0.1z (¢) + 0.121(t — 7(t)) — u(t — o(t)),
zo(t) = —0.222(t) + 0.1z2(t — (1))

—u(t) +u(t —o(t)),

yl(t) = :L‘l(t) — 0.7$2(t),
yQ(t) = _'T2(t)v
z(t) = [3,-3]T, t € [-0.6,0], (34)

which can be reformulated in the form of Eq. (1) with

4 2 0.1 —-0.3
2 -3 0.2 —0.5
0.4
B = , Bqg= ;
0.5 0.2
0.5 0.1 0
B, = , C =
— 0 —0.2
0.1 0 0
Cia= , Dy = ;
0 0.1 —
-1 1 -0.7
Dy, = , Cy= . (39)
1 0 —1

and AA(t), AA4(t), AB(t), ABy4(t), and AB,,(t) can
be represented in the form of Eq. (3) with

—-0.3 0 00.2
M = ) El = )
0 0.3 00
0 0.02 0
E, = ) 3 — ’
0 0 0
0.2 -0.2
E4 = ) E5
0 0.3
sin(¢) O
Fa = [ 50 . (36)
0 cos(t)

The time-varying state and input delays are selected
as 7(t) = 0.3 + 0.3cos(t) and o(t) = 0.2 4 0.2sin(?),
respectively, with 7 = 0.6, 2 = 0.3, 01 = 0.4, and
02 = 0.2. Because the system uncertainties have been
taken into account, Theorem 3 can be used to solve
the robust H., problem for the above system. For
fixed v = 1.6 and ¢ = 1, we verify using the solver of
LMI Toolbox in Matlab that there is a set of feasible
solutions to LMI (27) with the feedback gain matrix

K= [ —~1.4152 1.4162 ] . (37)

Therefore, we conclude from Theorem 3 that the ro-
bust H, controller design problem has been solved.
By choosing the exogenous disturbance as w(t) =
16792t cos(2t), the simulation results for the two
states of time-delay linear system (34) are shown in
Fig. 1.

l‘l(t), Ig(t)

(a)
0 10 20 30 40 50

(b) ]
0 10 20 30 0 50
t

Fig. 1. (colour online) (a) State and (b) control input
responses of the closed-loop system (34).

6. Discussion and conclusion

The robust H,, SOF controller design has been
established for a novel class of uncertain linear time-
delay systems. By constructing an appropriate
Lyapunov—Krasovskii functional and using the Jensen
integral inequality technique, we provide a delay-
dependent stability criterion for the H,, performance
of the closed-loop system. Based on such a stability
criterion, the H,, SOF controller design algorithm is
explicitly developed. The proposed controllers can be
obtained by solving the convex optimization problems
represented by linear matrix inequalities. Numerical
simulations have been presented to demonstrate the
effectiveness of the proposed control method.

It should be pointed out that unlike the exist-
ing methodologies involving free weighting matrices
or model transformation, the main technique used is
the Jensen integral inequality, which makes the re-
sults obtained in this paper naturally less conservative
and more computationally efficient.[?”) Moreover, the
model proposed in this paper is very general because of
the simultaneous consideration of heterogeneous time-
varying state and input delays, unknown norm-bound

uncertainties, and external deterministic noise. We

110206-9



Chin. Phys. B Vol. 21, No. 11 (2012) 110206

hope that our main results can be extended to solve

other control problems (e.g., Ha control, Ly — L, con-

trol) for a wider class of time-delay systems, including

general complex networks with communication time-

delays.

[38-42] These will be the subjects of our further

investigation.
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