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Linear superposition solutions to
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The solutions to a linear wave equation can satisfy the principle of superposition, i.e., the linear superposition of

two or more known solutions is still a solution of the linear wave equation. We show in this article that many nonlinear

wave equations possess exact traveling wave solutions involving hyperbolic, triangle, and exponential functions, and

the suitable linear combinations of these known solutions can also constitute linear superposition solutions to some

nonlinear wave equations with special structural characteristics. The linear superposition solutions to the generalized

KdV equation K(2,2,1), the Oliver water wave equation, and the k(n,n) equation are given. The structure characteristic

of the nonlinear wave equations having linear superposition solutions is analyzed, and the reason why the solutions with

the forms of hyperbolic, triangle, and exponential functions can form the linear superposition solutions is also discussed.
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1. Introduction

Many physical phenomena in nature possess su-
perposition properties, such as the superposition of
mechanical waves, the superposition of electric fields,
and the interference of light, all of which are well-
known superposition cases in the classical physics.!*2
In quantum mechanics, the superposition also exists,
such as the superposition of motion states of micro-
scopic particles.3] All superposition phenomena sat-
isfy the principle of superposition, i.e., the total ef-
fect caused by two or more physical quantities with
the same physical meaning is equal to the sum of
the effects caused by each quantity individually. The
reason for these physical phenomena is that the par-
tial differential equations describing these phenomena
are linear. The wave equation is a kind of impor-
tant partial differential equation used for describing
various wave phenomena like water, light, and sound
waves. The solution to the wave equation, i.e., the
wave function, can characterize the evolution process
of a physical quantity (such as the height of water
wave or the pressure of sound wave) with space and
time. We know that a solution to a wave equation
represents a kind of wave. A wave equation can have
many independent solutions, if the wave equation is

linear, these independent solutions can constitute a
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linear superposition solution. For example, in classical
physics, if u; (x,t), ug (z,t),. .., u, (x,t) are the solu-
tions to a wave equation, the linear superposition of
them, u(x,t) = cruq(x, t)+coua(z, t)+- - -+ cpun(z, t),
will also be a solution to the equation. This means
that the linear superposition of two or more known
waves can form a new wave. For another exam-
ple, in quantum mechanics, the Schrodinger equation
is a wave equation concerning the motion of micro-

[l and the solu-

scopic particles in a quantum system,
tion to the Schrodinger equation, v(r,t), can describe
the motion of the microscopic particles. Because the
Schrodinger equation is a homogeneous linear differ-
ential equation concerning v(r, t), the solution to the
equation can satisfy the principle of linear superposi-
tion. Therefore, if 1, (r,t) and ¥a(r,t) are the solu-
tions to the equation, which characterize two possible
motion states of the particles, the linear superposition
of them, ¥(r,t) = c191(r, t) + cotha(r, 1), is also a solu-
tion to the equation, which characterizes another pos-

[3] This means that

sible motion state of the particles.
we can obtain a new motion state from the known
motion states by way of linear superposition.
However, if a wave equation is nonlinear, the so-
lutions to the equation cannot satisfy the principle of
linear superposition. Nevertheless, the possibility that

some specific forms of solutions to a nonlinear wave
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equation may be formally satisfied with this principle
could not be absolutely excluded. In other words, a
suitable linear combination of two or more specific so-
lutions to a nonlinear wave equation may also be a
solution.

In 2002, Khare and Sukhatmel®! found that for
the Korteweg—de Vries (KdV) equation, the modified
KdV equation, and the A¢* equation, the solutions ob-
tained by linear combinations of known Jacobi elliptic
function solutions are still the solutions to them. This
means that the nonlinear wave equation could have
linear superposition solutions. For example, the KdV
equation has the cnoidal traveling wave solution

u(z,t)

where £ = « (a: — blaQt); and «, 3, and m are con-

= —202dn? (€1,m) + Ba?, (1)

stants. This solution is a representative of the periodic
wave and can characterize the wave of shallow water
with a finite amplitude.

From expression (1), a linear superposition solu-
tion can be obtained as

P
up, (z,t) = —2a° Z d? + Ba?, (2)
i=1
where
p

and {, = o (x - bpa2t).

The linear solutions  simi-
obtained for the

Kadomtsev—Petviashvili equation,/®! the nonlinear

superposition
lar to Eq. (2) are also

Schrédinger equation, [ the (2+1)-dimensional gen-
eral Schrodinger and Boussinesq equations.!”!
However, further research!®9 has indicated that
this kind of linear superposition solution (such as
Eq. (2)) is not a new solution, but merely a novel
way of rewriting known periodic solutions (such as
expression (1)) using a different modulus parameter.
Although the results of Refs. [5]-[7] do not give new
solutions, the possibility that the nonlinear equations
possess linear superposition solutions exists indeed.
Being enlightened by Refs. [5]-[7], we study the
linear superposition of solutions to nonlinear wave
equations and find that for many nonlinear wave equa-
tions, the suitable linear combinations of hyperbolic,
triangle, and exponential function solutions could ar-
rive at linear superposition solutions. In this article,
we provide firstly some actual cases of linear super-
position solutions to three nonlinear wave equations.

Then, the structural characteristics of the nonlinear
wave equations having linear superposition solutions
are analyzed, and the reason why the solutions with
forms of hyperbolic, triangle, and exponential func-
tions can constitute the linear superposition solutions
is discussed.

2. Actual cases of linear superpo-

sition solutions

Firstly, we provide some actual linear super-
position solutions to the generalized KdV equation
K(2,2,1),[1% the Oliver water wave equation, and the
k(n,n) equation. Suppose these equations possess the
traveling wave solution

u(x,t) =u(f),

where v is the wave velocity.

& =x—ut, (3)

2.1. Generalized KdV equation

The generalized KdV equation K(2,2,1) is given

by
2):1: + B(u2)31 + Yus, = 07 (4)

where «, 5, and 7y are real constants.

up + a(u

Using the ansatz method! for solving Eq. (4)
(the concrete steps are omitted), we obtain the fol-
lowing traveling wave solutions.

Case I «/f < 0. Some exact solutions are

i (x,t) = sinh (i ;—g (m - 176222 t)) . (5)
uz (2, 8) = h( = ( - ;ggzt)), ©)

— 2
usz (x,t) = exp (:I: 4—; <x - 1760;2t>) . (7N
t) will

The linear combination of w; (z,t) and us (x,
yield
u = crug (x,t) + coug (z,t)

s Smh( W " 167 >)
+ ¢y cosh (@ <x 17602‘3275», (8)

where ¢; and ¢y are arbitrary non-zero constants. Ex-

pression (8) can satisfy Eq. (4) and is a solution to
Eq. (4).

The linear combination of u; (x,t), us (x,t), and

ug (z,t) can yield

u = ciug (x,t) + caug (x,t) + cgug (z,1)
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— 2
clsinh<:|: 4;(931760;2t>)
— 2
—|—02cosh( 4;(1‘—11;;225)>
— 2
+c;>,exp(i 4;(13—1760;21?)>, (9)

where ¢, co, and c3 are arbitrary non-zero constants.

Expression (9) can also satisfy Eq. (4) and is a solution
to Eq. (4).

It can be proved that all linear combinations of
expressions (5)—(7) can satisfy Eq. (4), so the gener-
alized KdV Eq. (4) has linear superposition solutions

n
u = CiUj (I,t),
=1

n=2,3, (10)

i

where ¢; is an arbitrary non-zero constant, and u;(z, t)
is any of uq (z, t)—us(z,t).

Case II a/f > 0. Equation (4) has the triangle
function periodic wave solutions

M(x,t):sm(i ;g(x_gﬁﬁt)), (1)
1%(x,ﬂ-—cos< i% (x&iit)). (12)

The linear combination of w4 (x,t) and ws (x,t)

will yield

u = cruy (z,t) + cous (x, t)

2
€1 sin (i % (x — 1766;21?)>

2
+co cos( % <x— 176(22t>> , (13)

where ¢; and ¢y are arbitrary non-zero constants. Ex-

pression (13) can also satisfy Eq. (4) and is a solution
to Eq. (4).

2.2. Oliver water wave equation

The Oliver water wave equation is*?
ut + Uz + kruug + kousy + k3uz U,

+I€4’U,U3m —+ k5’UJ5m = 0, (14)

where k1, ko, ..., ks are real constants. The equation
can be used for describing the water wave movement
over a shallow horizontal bottom.

Case I when

k2ks
(ks + k)’

Eq. (14) has the following traveling wave solutions:

uy (x,t) = sinh (:tw/ k;g_—flk;4 (x — vt)) , (15)

ug (x,t) = cosh ( 0

(z — vt)) , (16)

—ky
ug (x,t) =exp | £ z—wvt) |, (17
3 (2,1) p< ol >> (1)
where k:fllﬁ’zL > 0. The linear combination of expres-

sions (15)—(17) will yield

u= Zciuj (z,t), n=2,3, (18)
i=1

where ¢; is an arbitrary non-zero constant, and u;(z, t)
is any of uy(z,t)-us(z,t). Expression (18) can satisfy
Eq. (14) and is a solution to Eq. (14).
Case IT when
ko k3ks
ks +ka o (ks +ke)?

the following traveling wave solutions are obtained:

1}:1+]€17(k2+]€4)

I
t) =sinh [ £+ — vt 1, (1
uy (z,t) = sin ( P (r—v )) +1, (19)
(z,t) = cosh —k ( t) | +1, (20)
us (z,t) = x—v ,
2 ks + k4

uﬂ%ﬂzwpeq%;ﬁqw—m0+L (21)

where k;’f}m > 0. The linear combination of expres-

sions (19)—(21) will yield

u = cruy (x,t) + coug (z,t), (22)
u = cruy (x,t) + coug (z,t), (23)
u = crug (z,t) + cous (z,t) , (24)
where ¢; and ¢y are non-zero constants. Under the
condition of ¢; + co = 1, expressions (22)—(24) are
solutions to Eq. (14).
2.3.The k(n,n) equation
The k(n,n) equation is('?
up + a(u")g + f(u")s, =0, (25)

where o and [ are real constants. This equation
is an extended form of the standard KdV equation
uy + auty, + Bus, = 0.

When n = 2, solving Eq. (25) will arrive at the

following traveling wave solutions:

uﬂ%ﬂzcmm(i¢jgmwwﬂ)+§;(%)
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us (z,t) = ccosh <\/4>;‘(x - vt)) + ?2’—2 (27)
us (z,t) = cexp (j:\/?g(a: - vt)) + ?2)—2 (28)

where a/8 < 0, and v and ¢ are arbitrary non-zero
constants.
The linear combination of expressions (26)—(28)
will give
u= ciu; (z,t),
1

n=2,3, (29)

where ¢; is a non-zero constant, and u;(x,t) is any of
n

uy(z, t)—ug(z,t). When 0 < ¢; < 1 and > ¢ = 1,
expression (29) is a solution of Eq. (25). =

In addition to the three nonlinear equations men-
tioned above, there are many other equations which
also have linear superposition solutions. These equa-
tions include

1) the fifth-order KdV-like equation with square

terms(t1]

Uy + auzum + ﬁu2ugz + us; = 0, (30)

2) the generalized KdV equation!'¥

U + uy + Uty + Uggy = 0, (31)
3) the fifth-order KdV-like equation('!]

Up + oty + Puus, + use =0, (32)
4) a nonlinear variant of the RLW equation!!5:16]

ug + oy — k (uz)x + B (u2) =0, (33)

xxt

5) the nonlinear evolution equation('"]

up — 20Uty + 4Buy iy, + 2Bus, — 2yus, =0, (34)
6) the Boussinesq-like B(2,2) equation!!”]
Ut + OZ(U2)IQ: + ﬁ(ug)xmmw = 07 (35)

7) the (2+1)-dimensional Nizhnik—Novikov—

Veselov( NNV) equation!*®]
Uyt + A(UzyUyyy + UyyUsyy)
+90(UgzUzzy + UzpaUay)
+dua::1::1::cy + EUzyyyy = 0, (36)

8) and the (3+1)-dimensional Nizhnik—Novikov—
Veselov equation!?]

Uyzt + QUyzUyyy + DUgzUgys + CUyylyy-
+(9¢ — 2b)Upgty=- + (12¢ — 2b — 3a) Uy Ugs
FdUpgy:> + €Uyyyy. = 0. (37)

3. Discussion

The results above reveal that the linear super-
position solutions can be obtained by suitable lin-
ear combinations of known hyperbolic, triangle, and
exponential function solutions. Why can the linear
combinations of hyperbolic, triangle, and exponential
function solutions constitute linear superposition so-
lutions? And why can the nonlinear equations men-
tioned above have linear superposition solutions? By
investigating the structures of the above nonlinear
equations, we can find that all of them have two char-
acteristics: (i) there are at least two nonlinear terms
in each equation; and (ii) the powers of function u in
the nonlinear terms are the same, whereas the orders
of derivative are different.

For instance, Eq. (4) includes four terms, and the
two nonlinear terms a(u?), and 3(u?)s, have the same
power for function u but different orders of deriva-
tive. Equation (14) contains three nonlinear terms
kiuug, k3t ty,., and kquusz,, which also have the same
power for function u but different orders of derivative.
The third case, Eq. (25), includes two nonlinear terms
a(u™), and B(u")s,, which have the same function u™
but different orders of derivative.

Why can a nonlinear equation having characteris-
tics (i) and (ii) possess linear superposition solutions?
We discuss this question by taking Eq. (4) as an ex-
ample.

Substituting v (z,t) = u (£) and = kz + vt into
Eq. (4) yields

vug + ak(u?)e + Bk (u?)3e + vk use = 0. (38)

Suppose that Eq. (38) has two solutions, u;(§) and

u2(€), and the linear combination of them is

u(f) = C1U1(£) + CQUQ(f). (39)

Generally speaking, ¢; and ¢y are arbitrary constants.
In order to make the discussion simple and clear, we
take ¢; = ¢ = 1. Substituting Eq. (39) into Eq. (38),

we have

v(ur + ug)e + ak ((ul + u2)2)
+0k3 ((u1 + u2)2)3§
+’yk:5(u1 + U2)5£ =0. (40)

3
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Equation (40) can be rewritten as

[v(ur)e + ak(uf)e + B> (u)se + VA (u1)se]
+ [v(ug)e + ak(ui)e + Bk (u3)se + 7k (ug)se]
+ [2ak (ur) (u2)e + 20k (ug) (u1)e + 285> (uy) (uz) 3¢
+ 26k (uz) (u1)3¢] = 0. (41)

Because u; and ug are solutions of Eq. (38), the first
two terms of Eq. (41) are equal to zero, i.e.,

v(ur)e + ak(ul)e + BE*(u3)se + YE° (u1)se = 0
and
v(ug)e + ak(ud)e + BE® (u3)se + 7k° (uz)se = 0.

In order to make Eq. (41) established, the third term
of Eq. (41) must be equal to zero, i.e.,

20k (uq) (ug)e + 20k (ug) (ur )¢ + 28k (u1) (uz)se
+2ﬁk’3(u2)(u1)3§ =0. (42)

We rewrite Eq. (42) into

2kuq [O{('UQ)& + ﬂk‘2(U2)3§]
+2kus [a(ul)g + ﬂkz(ul)gg] =0. (43)

To make Eq. (43) established, u; and us must satisfy
the following differential equation set:

o(uz)e + Bk*(uz)3e = 0,

(44)
Oé(ul)g + 6162(’&1)35 =0.

The set of differential Eq. (44) is composed of two
integrable linear ordinary differential equations. By
integrating each of them, we can obtain concrete func-
tion forms of u; and us, both of which are hyperbolic,
triangle, and exponential functions. This means that
only the hyperbolic, triangle, and exponential func-
tions can make Eq. (43) satisfied. This result may be
the answer to why the linear combinations of hyper-
bolic, triangle, and exponential function solutions can
constitute the linear superposition solutions. Mean-
while, this result also shows us that only when the
structure of a nonlinear equation possess the two char-
acteristics (i) and (ii), we can obtain a set of differ-
ential equations concerning u; and wug like Eq. (44).
If there is only one nonlinear term in the nonlinear
equation or the powers of function u in the nonlinear
terms are not the same, a set of differential equations
like Eq. (44) could not be established.

A similar discussion can be done for the other
nonlinear equations, such as the Oliver water wave
equation (14) and the k(n,n) equation (25), and a set
of differential equations similar to Eq. (44) has also
be obtained, so the same opinion as that mentioned
above is obtained.

In short, as long as the structure of a nonlinear
equation has characteristics (i) and (ii), the nonlinear
wave equation will have linear superposition solutions
composed by the solutions with forms of hyperbolic,

triangle, and exponential functions.

4. Conclusion

Some specific solutions of nonlinear wave equa-
tions can satisfy the principle of linear superposition.
The existence of linear superposition solutions de-
pends on the structure of the nonlinear wave equation.
The result and discussion in this article provide a help-
ful ideal for seeking linear superposition solutions to
the nonlinear wave equation. We can naturally raise
the question otf whether there are linear superposi-
tion solutions to the other nonlinear equations? If
there are, what structural characteristics should the
nonlinear equation have and what conditions should
be satisfied with it? Research on these questions will

be done in the future.
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