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In this article, we use the fractional complex transformation to convert nonlinear partial fractional differential

equations to nonlinear ordinary differential equations. We use the improved (G’/G)-expansion function method to

calculate the exact solutions to the time- and space-fractional derivative foam drainage equation and the time- and

space-fractional derivative nonlinear KdV equation. This method is efficient and powerful for solving wide classes of

nonlinear evolution fractional order equations.
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1. Introduction

The seeds of fractional calculus (that is the theory
of integrals and derivatives of arbitrary real or com-
plex orders) were planted over 300 years ago. Since
then, many researchers have contributed to this field.
Recently, it turns out that differential equations in-
volving derivatives of non-integer orders can be ade-
quate models for various physical phenomena.[!l For
example, the nonlinear oscillation of an earthquake
can be modeled with the fractional derivatives.!?
There has been some attempt to solve the linear prob-
lems with the multiple fractional derivatives (the so-
called multi-term equations).[! Little work has been
done for the nonlinear problems, and only a few nu-
merical schemes have been proposed to solve the non-
linear fractional differential equations. The applica-
tions have included classes of nonlinear equations with
multi-order fractional derivatives; this motivates us
to develop a numerical scheme for their solutions.!*
Numerical and analytical methods include the Ado-
mian decomposition method,% the variational it-

eration method,”

and the homotopy perturbation
method.B=1% Deng'!l has discussed the smoothness
and the stability of the solutions for the nonlinear frac-

tional differential equations. The numerical solutions
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of the nonlinear time fractional Fokker—Planck differ-
ential equations have been given in Ref. [12].

In this paper, we will implement the (G'/G)-
expansion function method!'3=19] to obtain the exact
solutions for the following time- and space-fractional
derivative nonlinear differential equations:

(i) the time- and space-fractional derivative foam

drainage equation ']

0% _ 1, 0*u 192 "u + 0%u :
ot 2 928 0zb oxb )’
t>0, 0<a,B<1, (1)

(ii) the nonlinear Korteweg—de Vries (KdV) equation

with time- and space-fractional derivatives!'”]
0%u Pu 93Py
%—FauW—FWZO, t>0,0<apB<1 (2

2. Preliminaries

In recent years, in order to investigate the
local behavior of fractional models, several local
versions of fractional derivatives have been pro-
posed, i.e., the Kolwankar—Gangal local fractional
derivative,['8] Chen’s fractal derivative,['?) Cresson’s

derivative,?) and Jumarie’s modified Riemann-
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Liouville derivative.2122] Jumarie’s derivative is de-

fined as

I'(l—a)dx

< “(e - O () - F(0))de,
0
0<a<l, (3)

where f : R — R, z — f(z) denotes a continuous (but
not necessarily first-order-differentiable) function. We
can obtain the following properties.

Property 1 Let f(z) satisfy the definition of
the modified Riemann-Liouville derivative and f(z)
be a ka order differentiable function. The generalized

Taylor series is given by[21:23]

& hak

flath) =)

(k) (o
> Gam o

O<a<l. (4

Property 2 Assume that f(z) denotes a contin-
uous R — R function. We use the following equality

for the integral with respect to (dz)®:[2%23]

2 f(x) = ﬁ /0 C@ - () de
1 .
_ Iw/f(g)(dx) . 0<a<1. (5)

0

Property 3 Some useful formulas include

L] = L), ()
DoxP = L1+ 5) P (7)

S VT s L
/(d@ﬂ s (8)

Function f(z) should be differentiable with re-
spect to xz(t), and z(t) is fractional differentiable
in Eq. (6).

the following sections.

The above results are employed in
The modified Riemann-—
Liouville derivative has been successfully applied in
the probability calculus,?4 the fractional Laplace
problems,[?®! the fractional variational approach with
several variables,[?! the fractional variational itera-
tion method,?” the fractional variational approach
with natural boundary conditions,?8] and the frac-

tional Lie group method.29]

3. The improved (G’/G)-expan-
sion function method

Consider the following nonlinear partial fractional

differential equation:

F(u, D{u, D%u, DYu, Ddu, DyD§u, De DA,
DSDSu, DED), DID]u, ...) =0,
0<a,pBdy<1, (9)

where v is an unknown function, and F' is a poly-
nomial of u and its partial fractional derivatives, in
which the highest order derivatives and the nonlinear
terms are involved.

In the following, we give the main steps of the
improved (G'/G)-expansion method.

Step 1 Li et al.3% proposed a fractional complex
transform to convert fractional differential equations
into ordinary differential equations (ODE), so all ana-
lytical methods devoted to the advanced calculus can
be easily applied to the fractional calculus. The trav-

eling wave variable

U(Jf,y, Zat) = u(§)7

K zP Ny M 20
STTGED T Th+D  Te+D)
Lt¢
RRCES) (10

where K L, M, and N are non zero arbitrary con-
stants, permits us to reduce Eq. (9) to an ODE of

u=wu(§) in the form
Pu,u/ ;0" d",.00) = 0. (11)

If possible, we should integrate Eq. (11) term by term
one or more times.
Step 2 Suppose the solution of Eq. (11) can be

expressed as a polynomial of (G’/G) in the form[3~1]

m G/ 7
W= > a (G) Cam#0,  (12)
where «; (i = 0,£1,...,£m) are constants, while G(&)
satisfies the following second-order linear ODE

G (&) + AG'(§) + nG(§) = 0, (13)

with A and p being constants.
Step 3 The positive integer m can be determined

by considering the homogeneous balance between the
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highest order derivatives and the nonlinear terms ap-
pearing in Eq. (11). More precisely, we define the
degree of u(§) as D[u(€)]
degrees of the other expressions as follows:

d%u
D {o’lfq] =m+gq,
D {up (j?;) ] =mp + s(g +m). (14)

Therefore, we can obtain the value of m in Eq. (12).
Step 4 Substituting Eq. (12) into Eq. (11
ing Eq. (13), collecting all terms with the same order

= m, which gives rise to the

), us-

of (G'/@G) together, and then equating each coefficient
of the resulting polynomial to zero , we obtain a set
of algebraic equations for a; (i = 0,%1,...,£m), A, u,
K,L,M, and N.

Step 5 Since the general solutions to Eq.(13)
are well known, then substituting «; (1 = 0,
+1,..,+m), A\, p, K,L,M, N and the general so-
lutions of Eq. (13) into Eq. (12

ing wave solutions of the nonlinear partial fractional

), we get more travel-

derivatives, Eq. (9).

4. Applications

In this section, we use the improved (G'/G)-
expansion method to construct the exact solutions
for some nonlinear partial fractional differential equa-
tions, i.e., the nonlinear foam drainage equation with
time- and space-fractional derivatives and the non-
linear KdV equation with time- and space-fractional
derivatives. Such equations have received wide atten-

tion.

4.1. The time- and space-fractional de-
rivative nonlinear foam drainage
equation

In this section, to demonstrate the effectiveness

of our approach, we will apply the modified (G'/G)-

Family 1 If \?

expansion function method to construct the exact so-
lutions for the time- and space-fractional derivative
nonlinear foam drainage equation.®

We can see that the fractional complex transform

KaP n
(1+23)

Lt®

u(@,?) = rl+a)’

U, €=

(15)

where K and L are constants, permits us to reduce
Eq. (1) into the following ODE:
/ 1 2 " 277/ 27712
—LU +§KUU +2KU*U"+ K*U"™* =0. (16)
Considering the homogeneous balance between the

highest order derivative and the nonlinear term in
Eq. (16), we deduce that n = 1. Thus, we get

/ A
u(§) = <(é> +ag + by (g) )

where a1, ap, b1, L, and K are arbitrary constants
to be determined later. Substituting Eq. (17) into
Eq. (16), collecting all the terms of powers of (G'/G),

and setting each coefficient to zero, we get a system of

(17)

algebraic equations. With the aid of Maple or Mathe-
matica, we can solve this system of algebraic equations
to obtain the following sets of solutions.

Case 1

K K3)\2

, a1 :K7 bl :Oa (18)

where K, A, and p are arbitrary constants. Substitut-
ing Eq. (18) into Eq. (17) yields

u(€) =K (g) + KTA

From the solutions of Egs. (13) and (19), we deduce

(19)

the following types of traveling wave solutions for
Eq. (1).

—4p > 0, then we have the hyperbolic solution

u(§) =

Family 2 If \?

K Aeeh eV A 9 Benb VI 0 €))
2 Asinh(3+/(A2 — 4p) &) + Beosh(3/(A2 — 4p) €)

— 4p < 0, then we have the trigonometric solution

—Asin %\/ 1w — A2€) + Bcos %\/4;1 A2€)

(20)

u() :%\/4,“ A2 (

Acos(L (3V/4p — A%6) + Bsin( %\/

) (21)
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where
KaP K3(\2 —4pu) t©

= +
¢ L(1+p) 4T(1+4 «)
In particular, if we set B =0, A # 0, A > 0, and u = 0 in Eq. (20), then we get the solitary wave solutions to
Eq. (1)

(22)

K\ 1 KaP K3)\2 to
= —— |coth [ =X . 23
o= [CO <2 {F(1+ﬂ) +4F(1+Q)D] @)
If B#0,A%? < B2, A >0, and p = 0, then we get Case 2
K\ A2 — 4 K3
K\ 1 Ka2P o) = ———, in( 'u) , a1 =0, blz—K,U7
w(@) = 22 tanh [ oA |-t 2 4
27 |D(1+5) (25)
K3)\2 1« where K, \, and p are arbitrary constants. Substitut-
tor | T, (24) . .
4T(1+a) ing Eq. (25) into Eq. (17) yields
-1

where & = tanh™'(A/B). Similarly we can calculate w€) = —Kp (G/> _ KA (26)

the solitary wave solutions to Eq. (21). G 2

Remark 1 We neglect the case with A>—4 =0,  From the solutions of Eqs. (13) and (26), we de-
because if A2 — 4y = 0, we get L = 0. This yields a  duce the following types of traveling wave solutions

contradiction with L being a nonzero constant. of Eq. (1).

Family 1 If A2 — 4u > 0, then we have the hyperbolic solution
© K % 1m Acosh(3+/(A2 — 4p) &) + Bsinh(1
ul) =—— — = —
PR P P\ Asinh(1 /O —4p) €) + Beosh(L/(X — 4p) )
Family 2 If A2 — 4y < 0, then we have the trigonometric solution
~1
K 1 —Asin(3/4p — N2E) + Beos(/4pu — A2
A e | Ly (A i RO F By O ) A oy
2 Acos(3y/Ap — N28) + B — (5/4p — X2€) 2
\

where where K and p are arbitrary constants. Substituting
Eq. (30) into Eq. (17) yields

(02 —4p) 5)) _;1 -

u(@) =

2

el Kt KO —ap e (29)

T+ p5) 4T(1+ ) u€) = K (g) —Ku (g) - . (31)

Case 3
From the solutions to Eqgs. (13) and (31), we de-
ap=0, L=—4pK3 A=0, ay =K, b =—Kp, duce the following types of traveling wave solutions
(30)  to Eq. (1).
|

Family 1 If 4 < 0, then we have the hyperbolic solution

B Acosh(y/=p &) + Bsinh(y/—pu &) Asinh(y/=p &) 4+ B cosh(y/—p &)
WO = IV e e Do )] VT Teosh( e & 5 B

Family 2 If p > 0, then we have the trigonometric solution

w(e) — —Asin(y/pg) + Beos(\/p€) | Acos(\/p€) + Bsin(y/uf)
&) =Ky [ Acos(/1) 4+ Bsin(\/f) ] Kvu {—Asin(\/ﬁf) + Bcos(\/ﬁ@} 7 33)
where
_ KaP 4uK3 t>
TTatp) Tita) 34
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4.2. The nonlinear KdV equation with time- and space-fractional derivatives

In this section, to demonstrate the effectiveness of our approach, we use the complex transformation (15) to

convert the nonlinear KdV equation with time- and space-fractional derivatives (2) to an ordinary differential

equation. After that, we integrate twice to obtain

1 a .
ZLU? + ZKU?
2U+6U

where C'; and C5 are the integration constants. Con-
sidering the homogeneous balance between the highest
order derivatives and the nonlinear terms in Eq. (35),

we have

016 = ot (&) s (€
rar(€) ()

where ag, a1 g, by, by, L, and K are arbitrary con-
stants to be determined later. Substituting Eqgs. (13)
and (36) into Eq. (35), collecting all the terms of pow-
ers of (G'/@G), and setting each coefficient to zero, we
get a system of algebraic equations. With the aid of
Maple or Mathematica, we can solve this system of
algebraic equations to obtain the following sets of so-
lutions.
Case 1

L = —8K3u — K3)\? — Kaay,

K3
- 7[Uq? +CU +Cy =0,

Family 1 If \?

(35)
| 12K2)\ 12K?2
Q] = — y Q2 = — y
a a
K 442 2 42
C, = 2—(24K N u+ a*ad + 2K%aXaq
a
+ 48K*y? + 1600 K 2ap),
K
Cy = —@(a af + 432K\ 42 + 144apaK* 2
+ 3020’ K?)\? + 24020’ K i + T200a KN 1),
a3 = Qg = 07 (37)

where ag, K, a, A, and p are arbitrary constants. Sub-
stituting Eq. (37) into Eq. (36) yields

/ I\ 2
) =ao- ZEX () LI (E) oy

From the solutions to Eqgs. (13) and (38), we de-
duce the following types of traveling wave solutions

to Eq. (2).

— 44 > 0, then we have the hyperbolic solution

2
3K2(\2 — Acosh(1/(A2 —4p) &) + Bsinh(3/(\2 —4p) & 3K2Z)\2
) = - (12 ( &) (f ( VO 4 ap+ . (39)
a Asinh(5/(A? —4pu) €) + Beosh(5+/(A2 —4p) &)
Family 2 If A2 — 4p < 0, then we have the trigonometric solution
© 3K2(4p — N\?) [ —Asin %~/4u A\2€) + B cos %\/4# A\2€) ot 3K2)\2 (40)
u = — a ’
a Acos(3\/Ap — A2€) + Bsin(3/4p 0
\
where In particular, if weset B=0,A#0, A > 0,and u = 0,
¢ — KaP (8K3u+ K3\ + Ka ag) t° (a1) in Eq. (39), then we get the solitary wave solutions to
L1+ p3) I(l+a) Eq. (2) as follows:
Family 3 If A2 —4p = 0, then we have the
rational solution u(€) = _3K2)‘2 coth? (1)\ { Kixﬁ
) 126252 3K (42) 2 [T +p)
T By A T ’ e D ao+ Xy
kel 0 )
where 4T(1+a)
KazP (BK3X\2 + Ka ag) t 4
N L(1+8) I(1+a) (43)  While if B #0, A2 < B?, X\ >0, and p = 0, then we
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get
u(§)
3K2\2 5 (1 Kaf
= tanh® | -\ | =——¢
(@ [ras
K3)\% ¢ 3K2\?
_ 45
“(Ha)] +£o) +tag+———, (45)
where & = tanh™'(A/B). Similarly we can calculate
the solitary wave solutions to Eq. (40).
Case 2
L = —8K3u— K3)\?* — Kaay,
12K%\p 12K% 2
3 = ———, (g =———""7,
a a
K 442 2 2 2 42
C, = %(24K A p+atag + 2K aX g

+ 48K p? + 1600 K2 apu),

Family 1 If \?

u(§)

K
Co = — o5 (a’af +432K°N°p? + 144agaK ' pi?
+ 3020’ K?)\? + 24020’ K i + T200a KN 1),
a;p = ap =0, (46)

where ag, K, a, A, and p are arbitrary constants. Sub-
stituting Eq. (46) into Eq. (36) yields

12K\ (G'\ ™
6 e 2 ()
12K22 (G 2
- = 4
(%) (47)
From the solutions to Eqgs. (13) and (47), we de-

duce the following types of traveling wave solutions
to Eq. (2).

— 4 > 0, then we have the hyperbolic solution

12K }\//\274 Acosh(3+/(A% —4p) &) + Bsinh(3/(A\2 —4p) &) N
0 a 2 Asinh( %\/ (A2 — 4,u €) + Beosh(3/(A2 —4p) €

2

—2
12K2 2 \/ﬁ Acosh(3+/(A% —4p) &) + Bsinh(3/(A2 — 4p) &) A . (48)
a 2 Asinh(3/(A% —4p) &) + Beosh(3/(A2 —4p) &) 2
Family 2 If A2 — 4y < 0, then we have the trigonometric solution
~1
12K2Mp | 1 —Asin(2/4p — A28) + Bcos(3/4u — N2¢) A
u(§) = ap — == 5 VA — N Sm(f L o 00512 e 9
a 2 Acos(5/4p — N2€) + Bsin(g/4p — A%E) 2
-2
RN (CAGVA Z VO + BeospvanZ VO ) ALy
a 2 Acos(2y/4p — A2€) + Bsin(3+/4p — 2
\
where 5. Conclusion
K B K3 K3 2 K a
&= F(liﬂ) — (8K°p + F(i\++oz) @ o) ¢ (50) In this paper, we use the improved (G'/G) -

Family 3 If A2 — 4y = 0, then we have the ra-

tional solution

() = ap— 12K2\p 2(Bn+ A)
uin = o (2B — A\) — ABy
12K%? 2(Bn+4) 17 (51)
a (2B — AX\) —ABn| ’
where
Kb B (BK3\? + Kaag) t* (52)
"T T+ p) T(1+a)

expansion function method to calculate the exact so-
lutions for the time- and space-fractional derivative
foam drainage equation and the time- and space-
This

method is reliable, simple and gives many new exact

fractional derivative nonlinear KdV equation.

solutions for the nonlinear fractional differential equa-
tions. When the parameters take certain special val-
ues, the solitary waves are derived from the traveling
waves. This method is very efficient and powerful in
finding the exact solutions for the nonlinear fractional

differential equations.
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