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Based on the differential forms and exterior derivatives of fractional orders, Wu first presented the generalized Tu

formula to construct the generalized Hamiltonian structure of the fractional soliton equation. We apply the generalized

Tu formula to calculate the fractional Dirac soliton equation hierarchy and its Hamiltonian structure. The method can

be generalized to the other fractional soliton hierarchy.
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1. Introduction

Nobel Laureate Gerardus ’t Hooft once remarked

that discrete space–time is the most radical and logi-

cal viewpoint of reality. In discontinuous space–time,

fractional calculus plays an important role, which

can accurately describe many nonlinear phenomena

in physics, such as kinetic theories,[1,2] statistical

mechanics,[3,4] dynamics in complex media,[5,6] and

many others.[7−13] The theory of derivatives of non-

integer order goes back to Leibniz, Liouville, Grun-

wald, Letnikov, and Riemann.

Fractional calculus is a generalization of the or-

dinary differentiation and integration to an arbitrary

order.[14−17] Since Riewe[18,19] proposed the concept of

non-conservation mechanics, the fractional conserva-

tion laws[20] and the fractional Hamiltonian equations

were derived, and numerous encouraging results were

effectively obtained and discussed.[21−24] Recently, the

fractional action–like variational problems have gained

attention in studying the dynamics of nonconservative

systems.[25,26]

Tu has proposed a Lie algebra and a trace iden-

tity to construct the integrable system and the Hamil-

tonian structure of integrable systems,[27] which was

called the Tu scheme by Ma.[28] From then on, many

integrable systems and their Hamiltonian structures

have been obtained.[29−32] Then, obtaining new frac-

tional integrable hierarchies of the fractional soliton

equations is an important and interesting work in soli-

ton theory. Wu and Zhang firstly proposed the gen-

eralized Tu formula and searched for the Hamiltonian

structures of the fractional AKNS hierarchy.[33]

In this paper, we consider a fractional generalized

Hamiltonian system of the Dirac hierarchy by using

the generalized Tu formula to investigate the Hamil-

tonian structure of the fractional Dirac soliton hierar-

chy.

2. Brief overview of fractional

derivatives and integrals

The derivative of arbitrary real order α can be

considered as an interpolation of the sequence of op-

erators. We will use the notion suggested and used by

Davis,[34] namely,

aD
α
t f(t), (1)

where subscripts a and t denote the two limits related

to the operation of fractional differentiation. Follow-

ing Ross,[35] we will call them the terminals of frac-

tional differentiation. The appearance of the terminals

in the fractional symbol is essential; it helps to avoid

ambiguities in the applications of fractional deriva-
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tives to real problems. The derivatives of arbitrary

order are also called fractional derivatives.

The integral of arbitrary order p > 0 is

aD
−p
t f(t)

=
m∑

k=0

f (k)(a)(t− a)p+k

Γ(p+ k + 1)

+
1

Γ(p+ k + 1)

∫ t

a

(t− τ)p+mf (m+1)(τ)dτ. (2)

Formula (2) immediately provides us with the asymp-

totic result of aD
−p
t f(t) at t = 0.

The derivative of arbitrary order p is

aD
p
t f(t)

= lim
h→∞,nh→t−a

f (p)
n (t)

=

m∑
k=0

f (k)(a)(t− a)−p+k

Γ(−p+ k + 1)

+
1

Γ(−p+ k + 1)

∫ t

a

(t− τ)−p+mf (m+1)(τ)dτ. (3)

Formula (3) has been obtained under the assumption

that the derivatives fk
t (k = 1, 2, . . . ,m + 1) are con-

tinuous in closed interval [a, t] and that m is an inte-

ger number satisfying the condition m > p + 1. The

smallest probable value for m is determined by the

inequality m < p < m+ 1.

From the pure mathematical point of view, such

a class of functions is narrow. However, this class of

functions is very important for applications. Under-

standing this fact is important for the proper use of

the fractional calculus in applications, especially the

Riemann–Liouville definition

aD
p
t f(t) =

(
d

dt

)m+1 ∫ t

a

(t− τ)−p+mf(τ)dτ,

(m ≤ p ≤ m+ 1) (4)

provides an excellent opportunity to weaken the con-

ditions on function f(t).

Let us consider how the Riemann–Liouville defi-

nition (4) appears as the result of the unification of

the notions of integer-order integration and differenti-

ation. Suppose that function f(τ) is continuous and

integrable in every finite interval (a, t), and function

f(t) may have an integrable singularity of order r < 1

at point τ = a

lim
τ→a

(τ − a)rf(t) = const. (̸= 0). (5)

Then the integral

f−1(t) =

∫ t

a

f(τ)dτ (6)

exists and has a finite value 0 as t → a.

In the general case, we have the Cauchy formula

f−n(t) =
1

Γ(n)

∫ t

a

(t− τ)n−1f(τ)dτ. (7)

To extend the n-fold integration to non-integer values

of n, we can start with Cauchy formula (7) and replace

the integer n in it by a real p > 0

aD
−p
t f(t) =

1

Γ(p)

∫ t

a

(t− τ)p−1f(τ)dτ. (8)

In Eq. (7) the integer n must satisfy the condition

n ≥ 1. The condition for p is weak; for the existence

of integral (8), we must have p > 0. Moreover, under

certain reasonable assumptions,

lim
p→0

aD
−p
t f(t) = f(t). (9)

So we can put aD
0
tf(t) = f(t). If f(t) is continuous

for t ≥ a, the integration of arbitrary real order de-

fined by Eq. (8) has the following important property:

aD
−p
t ( aD

−q
t )f(t) = aD

−p−q
t f(t). (10)

We have

aD
−p
t ( aD

−q
t )f(t)

=
1

Γ(q)

∫ t

a

(t− τ)q−1
aD

−p
t f(τ)dτ

=
1

Γ(p+ q)

∫ t

a

(t− ζ)p+q−1f(ζ)dζ

= aD
−p−q
t f(t). (11)

Obviously, we can interchange p and q to have

aD
−p
t ( aD

−q
t )f(t) = aD

−q
t ( aD

−p
t )f(t)

= aD
−p−q
t f(t). (12)

Representation (7) for the derivative of an integer or-

der provides an opportunity for extending the notion

of differentiation to non-integer n. So k − a > 0, this

gives

aD
k−a
t =

1

Γ(a)

dk

dtk

∫ t

a

(t− τ)a−1f(τ)dτ,

(0 ≤ a ≤ 1), (13)

where the only substantial restriction for a is a > 0,

which is necessary for the convergence of the integral

in Eq. (13).

Let us consider some properties of the Riemann–

Liouville fractional derivative. The first and maybe
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the most important property of the Riemann–

Liouville fractional derivative is that for p > 0 and

t > a,

aD
p
t ( aD

−p
t )f(t) = f(t), (14)

aD
p
t ( aD

q
t )f(t) = aD

p+q
t f(t), (15)

aD
p
t (f(t)g(t)) = g(t) aD

p
t f(t) + f(t) aD

p
t g(t), (16)

which means that the Riemann–Liouville fractional

differentiation operator is a left inverse to the

Riemann–Liouville fractional integration operator of

the same order.

Similar to the conventional integer-order differen-

tiation and integration, the fractional differentiation

and integration do not commute.

If the fractional derivative aD
p
t f(t) (k − 1 ≤ p ≤

k) of function f(t) is integrable, then

aD
−p
t ( aD

p
t )f(t)

= f(t)−
k∑

m=1

( aD
p−m
t )t=a

(t− a)p−m

Γ(p−m+ 1)
, (17)

and especially when 0 ≤ p ≤ 1,

aD
−p
t ( aD

p
t )f(t)

= f(t)− ( aD
p−1
t )t=a

(t− a)p−1

Γ(p)
. (18)

3. Fractional exterior derivative

and Hamiltonian equations

Since Adda proposed the fractional generalization

of differential forms,[36,37] several versions of fractional

exterior differential approaches and the applications

related to different forms of fractional derivatives have

appeared in the literature,[38,39] and the properties of

the fractional derivatives have been discussed.[40]

The exterior derivative is defined as

d =
n∑

m=1

dxm
∂

∂xm
. (19)

The exterior derivative maps k forms into k+1 forms

and has the following algebraic results. Let γ and λ

be k forms, and µ be an m form, then

d(γ + λ) = dγ + dλ, (20)

d(γ ∧ µ) = (dγ) ∧ µ+ (−1)kγ ∧ dµ, (21)

d(dγ) = 0. (22)

The last identity is called the Poincaré lemma. Form

γ is called closed if dγ = 0. Form γ is called exact if

there exists a form µ such that dµ = γ. The order of

µ is one less than that of γ. Exact forms are always

closed, closed forms are not always exact.

Next, we introduce the fractional exterior deriva-

tive

d
p = (dxi)

pDp
xi
. (23)

A differential 1-form is defined as

ωp = F i(x)(dxi)
p, (24)

where the vector field F i(x) can be represented as

F i(x) = −Dp
xi
V , and V (x) is a continuously differ-

entiable function. Using Eq. (23), the exact fractional

form can be represented as

ωp = −d
pV = −(dxi)

pDp
xi
V. (25)

Note that Eq. (24) is a fractional generalization of the

differential form (19). Obviously, the fractional 1-form

ωp can be closed when the differential 1-form ω = ω1

is not closed.

We define the fractional functional

J [p, q] =
1

Γ(1 + α)

∫
[pDα

t q −H(t, p, q)](dt)
α, (26)

then we can readily derive the generalized Poincare–

Cartan 1-form, which reads

ω = pd
αq −H(dt)

α. (27)

From Eq. (27), we have

d
αω = pαt (dt)

α ∧ d
αq + d

αp ∧ d
αq

− ∂H

∂p
d
αp ∧ (dt)

α − ∂H

∂q
d
αq ∧ (dt)

α

=

[
pαt +

∂H

∂q

]
(dt)

α ∧ d
αq

+

[
∂H

∂p
(dt)

α − d
αq

]
∧ d

αp. (28)

In the above derivation, p and q are fractional differ-

entiable functions with respect to t.

The fractional closed condition dαω = 0 allows

the following fractional Hamilton equations

qαt =
∂H

∂p
, pαt = −∂H

∂q
. (29)

4. Generalized Tu formula

In this section, we introduce the generalized Tu

formula.[33] If An is a Lie algebra, Ãn is the corre-

sponding loop algebra. Consider the fractional com-

patibility condition

ψα
x = Uψ, ψβ

t = V ψ, (30)
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where the fractional derivative is in the sense of the

modified derivative[24] or the local fractional deriva-

tive (3), and ψ is an n-dimensional function vector.

The compatibility condition of Eq. (30) leads to

the generalized zero curvature equation

Uβ
t − V α

x + [U ,V ] = 0. (31)

When α = β = 1, equation (31) reduces to the

classical zero curvature equation. Set

U = e0(λ) +
n∑
i

ei(λ)ui, ei ∈ Ãn, 1 ≤ i ≤ n, (32)

where u denotes a non-differentiable vector func-

tion. Define rank (λ)=deg (λ), then ranke0(λ) = ζ,

rankei(λ) = αi, 0 ≤ i ≤ n. If the ranks of ui are

taken as ζ − αi, 1 ≤ i ≤ n, then each term in U has

the homogeneous rank α, which is denoted by

rank(U) = rank

(
∂α

∂xα

)
= ζ. (33)

Set V =
∑

m≥0 Vmλ−m, (Vm)λ = 0,m ≥ 0 as a

solution of the stationary zero curvature equation

−V α
x + [U ,V ] = 0, (34)

and rank (Vm)λ is assumed to be given as

rank (Vm)λ = ξ,m ≥ 0, then each team in V has

the same rank

rank(V ) = rank

(
∂β

∂tβ

)
= ξ. (35)

We define that the form f(A,B) is proportional to

the trace Tr(AB), f(A,B) = const. × Tr(AB). For

convenience, we take

f(A,B) = Tr(AB). (36)

The fractional gradient ∇Bf(A,B) of the functional

f(A,B) is defined by

∂

∂ϵ
f(A,B + ϵC) = f(δBf(A,B),C),

A,B,C ∈ An, (37)

where δB is the variational derivative with respect to

B.

We construct a function

W = f(V ,Uλ) + f(K,V α
x − [U ,V ]), (38)

with the defined fractional variational derivative

δW

δK
= V α

x − [U ,V ],
δW

δV
= Uλ + [U ,V ]. (39)

According to the above equations, we can obtain

[K,V ]αx = [Uλ,V ] + [U , [K,V ]]. (40)

The solution V of Eq. (39), which is of given homo-

geneous rank, is unique up to a constant multiplier, it

proves that for any solution V of homogeneous rank,

there exists a constant γ such that V̄ = λγV is also

a solution of Eq. (39).

Consider the communication relationship

f([A,B],C) = f(A, [B,C]), (41)

then, a fractional trace identity can be presented as

follows:

δf (V ,Uλ)

δui
= f

(
V ,

∂Uλ

∂ui

)
+ f

(
[K,V ],

∂Uλ

∂ui

)
= f

(
V ,

∂Uλ

∂ui

)
+ f

(
Vλ,

∂Uλ

∂ui

)
+

γ

λ
f

(
V ,

∂U

∂ui

)
=

∂

∂λ
f

(
V ,

∂U

∂ui

)
+ f

(
Vλ,

∂Uλ

∂ui

)
+

(
λ−γ ∂

∂λ
λγ

)
f

(
V ,

∂U

∂ui

)
= λ−γ ∂

∂λ

[
λγf

(
V ,

∂U

∂ui

)]
,

0 ≤ i ≤ n. (42)

The fractional trace identity and the fractional soliton

equation hierarchy are new equations in mathematical

physics.

5. Fractional Dirac soliton hierar-

chy and its fractional Hamilto-

nian structure

To illustrate our method, we apply the fractional

zero curvature equation and the fractional Hamilto-

nian structure to construct the generalized fractional

Dirac equation hierarchy.

We consider the following generalized spectral

problem

Dα
xψ = U(u, λ)ψ,

U(u, λ) =

 q λ+ r

−λ+ r −q

 , λβ
t = 0. (43)

Choose a simple subalgebra of A1

e1(0) =

 0 1

1 0

 , e2(0) =

 0 1

−1 0

 ,
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e3(0) =

 1 0

0 −1

 , (44)

which have the commutative relations

[e1(m), e2(n)] = −2e3(m+ n),

[e1(m), e3(n)] = −2e2(m+ n),

[e2(m), e3(n)] = −2e1(m+ n).

Solving the stationary zero curvature equation

Dα
xV = [U ,V ], (45)

we have

aαix = −2ci+1 + 2qbi,

bαix = −2rci + 2qai, cαix = 2ai+1 − 2rbi,

a0 = c0 = 0, b0 = −1, a1 = −r, b1 = 0, c1 = −q,

a2 = −1

2
qαx , b2 = −1

2
q2 − 1

2
r2, c2 =

1

2
rαx , . . . . (46)

From Eq. (46), we can obtain the following recursion

relations 2cn+1

2an+1


=

 −2qD−α
x r −1

2
Dα

x + 2qD−α
x qDα

x

1

2
Dα

x − 2rD−α
x r 2rD−α

x qDα
x


2cn

2an


= L

 2cn

2an

 ,

bn = D−α
x (−2rcn + 2qan), n = 1, 2, . . . . (47)

Now, we set

Dα
xV

(n)
+ =

n∑
m=0

ame1(n−m) + bme2(n−m)

+ cme3(n−m),

V
(n)
− = λnV − V +

n , (48)

a direct calculation leads to

−Dα
xV

(n)
+ + [U ,V

(n)
+ ] = 2cn+1e1(0)− 2an+1e3(0).

(49)

The generalized zero curvature equation Dβ
tU −

Dα
xV

(n)+[U ,V (n)] = 0 leads to a system of evolution

equations

Uβ
t =

 qβt

rβt



=

 0 1

−1 0

 2c(n+ 1)

2a(n+ 1)


= JL

 2c(n)

2a(n)


= JLn

−2q

−2r

 , (50)

where J and L are the Hamiltonian operators.

When n = 2, we obtain the generalized fractional

version of the Dirac nonlinear equation

Dβ
t q =

1

2
Dα

xD
α
xr − q2r − r3,

Dβ
t r = −1

2
Dα

xD
α
xq + q3 + qr2. (51)

For α = β = 1, Eq. (51) can be reduced to the classical

Dirac equation

qt =
1

2
rxx − q2r − r3,

rt = −1

2
qxx + q3 + qr2. (52)

Through a direct computation, by utilizing trace iden-

tity (42), we have

f

(
V ,

∂U

∂q

)
= 2c,

f

(
V ,

∂U

∂r

)
= 2a,

f

(
V ,

∂U

∂λ

)
= −2b, (53)

δ(−2b)

δu
= λ−γ ∂

∂λ
λγ

 2c

2a

 . (54)

Equating the coefficients of λ−n−2 on the two sides of

Eq. (54) yields

δ(−2bn+2)

δu
= (γ − n− 1)

 2cn+1

2an+1

 . (55)

To fix the constant γ, we simply set n = 0 and have

γ = 0, then we obtain the fractional Hamiltonian func-

tion

Hn =
2bn+2

n+ 1
, n = 0, 1, 2, . . . . (56)

The generalized fractional version of the Dirac equa-

tion hierarchy can be written as

Uβ
t =

 qβt

rβt

 = J
δHn

δu
. (57)
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6. Conclusion

A way to construct the generalized Hamiltonian

structure and the application of the theory to the frac-

tional soliton equation hierarchy have been studied.

The key idea is to establish a new Dirac Hamiltonian

system in the fractional form. In the near future, we

will investigate how to prove it is Liouville integrable.

References

[1] Zaslavsky G M 2002 Phys. Rep. 371 461

[2] Tarasov V E and Zaslavsky G M 2005 Physica A 354 249

[3] Riewe F 1997 Phys. Rev. E 55 3581

[4] Tarasov V E 2005 Phys. Rev. E 71 011102

[5] Tarasov V E 2005 J. Phys. Conf. Ser. 7 17

[6] Nigmatullin R 1986 Phys. Status Solidi b 133 425

[7] Wu G C 2011 Commun. Frac. Calc. 2 27

[8] Zhang J and You F C 2011 Commun. Frac. Calc. 2 36

[9] Liu J C and Hou G L 2010 Chin. Phys. B 19 110203

[10] Zhang J F, Pei Q Y and Zhang X L 2011 Chin. Phys. B

20 080503

[11] Zhou S B, Lin X R and Li H 2011 Commun. Nonlinear

Sci. Numer. Simulat. 16 1533

[12] Qi D L, Wang Q and Yang J 2011 Chin. Phys. B 20 100505

[13] Ge H X, Liu Y Q and Cheng R J 2012 Chin. Phys. B 21

010206

[14] Baleanu D, Guvenc Z B and Machado Tenreiro J A 2010

New Trends in Nanotechnology and Fractional Calculus

Applications (New York: Springer) pp. 151–180

[15] Podlubny I 1999 IEEE Transactions on Automatic Con-

trol 44 208

[16] Samko S G, Kilbas A A and Marichev O I 1993 Fractional

Integrals and Derivatives Theory and Applications (New

York: Gordon and Breach Science Publishers) pp. 1–196

[17] Zaslavsky G M 2005 Hamiltonian Chaos and Fractional

Dynamics (Oxford: Oxford University Press) pp. 113–160

[18] Riewe F 1996 Phys. Rev. E 53 1890

[19] Riewe F 1997 Phys. Rev. E 55 3581

[20] Frederico G S F and Delfim F M T 2008 Nonlinear. Dyn.

53 215

[21] Baleanu D and Agrawal O P 2006 J. Phys. 56 1087

[22] Mohamed A E H and Baleanu D 2009 Nonlinear. Dyn. 58

385

[23] Agrawal O P 2006 J. Phys. A: Math. Theor. 39 10375

[24] Jumarie G 2007 Chaos Soliton. Fract. 32 969

[25] El-Nabulsi R A and Torres D F M 2008 J. Math. Phys.

49 053521

[26] El-Nabulsi R A 2010 Fractals 18 185

[27] Tu G Z 1989 J. Math. Phys. 30 330

[28] Ma W X 1992 Chinese Annals of Mathematics Series A

18 115 (in Chinese)

[29] Zhang Y F and Zhang H Q 2002 J. Math. Phys. 43 466

[30] Xia T C, You F C and Chen D Y 2005 Chaos Soliton.

Fract. 23 1911

[31] Ma W X and Chen M 2006 J. Phys. A: Math. Gen. 39

10787

[32] Ma W X, Xu X X and Zhang Y F 2006 J. Math. Phys.

47 053501

[33] Wu G C and Zhang S 2011 Phys. Lett. A 375 3659

[34] Davis H D 1936 The Theory of Linear Operators (Bloom-

ington: Principia Press) pp. 1–96

[35] Ross B 1977 Math. Mag. 50 115

[36] Ben Adda F 1997 J. Fractional Calculus 11 21

[37] Ben Adda F 2001 J. Math Anal. Appl. 263 721

[38] Cottrill-Shepherd K and Naber M 2001 J. Math. Phys. 42

2203

[39] Kazbekov K K 2005 Vladikavkaz. Mat. Zh. 7 41

[40] Li C P and Deng W H 2007 Appl. Math. Comput. 187

777

110203-6


