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Noether–Mei symmetry of a discrete mechanico-electrical system on a regular lattice is investigated. Firstly, the

Noether symmetry of a discrete mechanico-electrical system is reviewed, and the motion equations and energy equations

are derived. Secondly, the definition of Noether–Mei symmetry for the system is presented, and the criterion is derived.

Thirdly, conserved quantities induced by Noether–Mei symmetry with their existence conditions are obtained. Finally,

an example is discussed to illustrate the results.
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1. Introduction

Research on the symmetry and conserved quan-

tities of mechanical systems has played a very im-

portant role in modern mathematics, mechanics, and

physics. It has been a good method of solving a great

amount of scientific problems. The symmetries of con-

tinuous systems have been extensively and deeply in-

vestigated, and many meaningful results have been

obtained.[1−5] In order to cope with complex prob-

lems, more attention has been paid to discrete sys-

tems so that we can take advantage of a computer’s

high efficiency. Symmetries of discrete mechanical

systems and difference equations have been investi-

gated recently.[6−13] When building discrete mechan-

ical equations, we should notice that the symme-

tries are intrinsic and fundamental features of the

mechanical differential equations, so they should be

retained. Dorodnitsyn considered group transforma-

tions acting both on difference equations and on the

lattice. In this way, all the symmetries of the original

differential equations can be preserved.[14−17] Based

on this method, Fu et al.[18−22] investigated symme-

try theories of discrete non-holonomic systems, non-

conservative systems, and mechanico-electrical sys-

tems (including regular and irregular lattices), and

obtained valuable results.

A mechanico-electrical system is a kind of sys-

tem where a mechanical process connects with an

electromagnetic process. Fu et al. extended the

Noether symmetry and Lie symmetry theories to dis-

crete mechanico-electrical systems, built the motion

equations of such systems, and obtained correspond-

ing conserved quantities.[18,20,22] Wang applied per-

turbation to the Noether symmetry and gained the

Noether adiabatic invariants.[23] This paper aims to

study Noether–Mei symmetry and corresponding con-

served quantities of discrete mechanico-electrical sys-

tems.

2. Discrete motion equations

Let us consider a mechanico-electrical dynamical

system consisting of N particles and m electric cir-

cuits. The mechanical part contains n generalized co-

ordinates qs (s = 1, . . . n), and the electromagnetic

part contains j (j = 1, . . .m) circuits. For circuit j,

uj is the generalized electrical force, ej is the charge

of the capacitor, and ėj is the current. The param-

eters We and Wm are the electric-field energy and

magnetic-field energy, respectively. The Lagrangian

of the mechanico-electrical system is given by

L = T (q, q̇)− V (q) +Wm(q, ė)−We(q,e), (1)

where T and V are the kinetic energy and potential en-

ergy, respectively. The Lagrange–Maxwell equations
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of the system are given by[24]

d

dt

∂L

∂q̇s
− ∂L

∂qs
+

∂F

∂q̇s
= Qs, (2)

d

dt

∂L

∂ėj
− ∂L

∂ej
+

∂F

∂ėj
= uj , (3)

where Qs are the generalized non-potential forces, and

F is the dissipative function in the following form:

F = Fe(ė) + Fm(q, q̇). (4)

In the space Z of sequence (t, qs, ej , q̇s, ėj), we

introduce a first-order linear differential operator

D =
∂

∂t
+

∂

∂qs
q̇s +

∂

∂ej
ėj +

∂

∂q̇s
q̈s +

∂

∂ėj
ëj + · · · , (5)

which acts according to the rules D(t) = 1, D(qs) =

q̇s, D(ej) = ėj , etc. Consider the uniform lattice h in

the t direction. For arbitrary h > 0, we construct a

pair of shift operators acting on the right and left as

S
+h

= ehD =
∞∑
i=0

hi

i!
Di,

S
−h

= e−hD =
∞∑
i=0

(−h)i

i!
Di, (6)

S
+h

qs = qs+, S
−h

qs = qs−,

S
+h

ej = ej+, S
−h

ej = ej−. (7)

Obviously, the operators satisfy S
+h

· S
−h

= S
−h

· S
+h

= 1.

With the help of S
−h

and S
+h

, we define a pair of dis-

crete (finite-difference) differentiations acting on the

right and left as

D
+h

=
S
+h

−1

h
=

∞∑
i=1

hi−1

i!
Di,

D
−h

=

1− S
−h

h
=

∞∑
i=1

(−h)i−1

i!
Di, (8)

The operators S
−h

, S
+h

, D
−h

, and D
+h

commute with

each other in any combination, and D
+h

= D
−h

S
+h

,

D
−h

= D
+h

S
−h

. The difference derivatives on the right

and left are

qsk = D
+h

(qs) =
qs+ − qs

t+ − t
=

qs+ − qs

h
,

qsk̄ = D
−h

(qs) =
qs − qs−

t− t−
=

qs − qs−

h
,

ejk = D
+h

(ej) =
ej+ − ej

t+ − t
=

ej+ − ej

h
,

ej
k̄
= D

−h
(ej) =

ej − ej−

t− t−
=

ej − ej−

h
, (9)

where the subscript k represents the first-order differ-

ence derivative. The second-order difference deriva-

tives are given by

qskk̄ = D
−h

D
+h

(qs), ej
kk̄

= D
−h

D
+h

(ej). (10)

The Lagrangian of discrete mechanico-electrical

system corresponding to systems (2) and (3) can be

expressed as

Ld = T (qs, qsk)− V (qs) +Wm(q
s, ejk)−We(q

s, ej),

(s = 1, 2, . . . , n; j = 1, 2, . . . ,m). (11)

Introducing discrete infinitesimal transformations

with respect to time, we obtain generalized coordi-

nates and electrical quantities as

t∗ = t+ εξ0(t, q
s, ej , qsk, e

j
k),

qs∗(t∗) = qs(t) + εξs(t, q
s, ej , qsk, e

j
k),

ej∗(t∗) = ej(t) + εηj(t, q
s, ej , qsk, e

j
k), (12)

where ε is an infinitesimal parameter, and ξ0, ξs, and

ηj are discrete infinitesimal generators, which consti-

tute the generalized Noether operator[18]

X = ξ0
∂

∂t
+ ξs

∂

∂qs
+ ηj

∂

∂ej

+ [D
+h

(ξs)− qsk D
+h

(ξ0)]
∂

∂qsk

+ [D
+h

(ηj)− ejk D
+h

(ξ0)]
∂

∂ejk
+ · · ·

+h D
+h

(ξ0)
∂

∂h
. (13)

In Ref. [18], the Noether theorem of the dis-

crete mechanico-electrical system has been studied.

The discrete Noether identity and Lagrange–Maxwell

equations of the system have been built. The discrete

Noether identity of the system is expressed as

X(1)(Ld) + Ld D
+h

(ξ0) + (Qs
d − ∂Fd

∂qsk
)(ξs − qskξ0)

+ (uj
d − ∂Fd

∂ejk
)(ηj − ejkξ0) + D

+h
(GNd) = 0, (14)

where GNd = GNd(t, q
s, ej , qsk, e

j
k) is the discrete

gauge function, and

X(1) = ξ0
∂

∂t
+ ξs

∂

∂qs
+ ηj

∂

∂ej

+ [D
+h

(ξs)− qsk D
+h

(ξ0)]
∂

∂qsk

+ [D
+h

(ηj)− ejk D
+h

(ξ0)]
∂

∂ejk
. (15)
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The discrete Lagrange–Maxwell equations and energy-

evolution equation of the system are given by

D
−h

(
∂Ld

∂qsk

)
− ∂Ld

∂qs
+

∂Fd

∂qsk
= Qs

d, (16)

D
−h

(
∂Ld

∂ejk

)
− ∂Ld

∂ej
+

∂Fd

∂ejk
= uj

d, (17)

∂Ld

∂t
+ D

−h

(
qsk

∂Ld

∂qsk
+ ejk

∂Ld

∂ejk
− Ld

)
− (Qs

d − ∂Fd

∂qsk
)qsk −

(
uj
d − ∂Fd

∂ejk

)
ejk = 0, (18)

where Qs
d is the discrete non-potential generalized

force, uj
d is the discrete generalized electromotive

force, and Fd is the discrete dissipative function in

the following form:

Fd = Fed(e
j
k) + Fmd(q

s, qsk). (19)

3. Noether Mei symmetry of the

system

Under the infinitesimal transformations (12),

functions Ld, Q
s
d, u

j
d, and Fd become L∗

d, Q
s∗
d , uj∗

d ,

and F ∗
d , respectively. Using Taylor expansion, they

will further become

L∗
d = Ld(t

∗, qs∗, ej∗, qs∗k , ej∗k )

= Ld(t, q
s, ej , qsk, e

j
k) + εX(1)(Ld) +O(ε2),

Qs∗
d = Qs

d(t
∗, qs∗, ej∗, qs∗k , ej∗k )

= Qs
d(t, q

s, ej , qsk, e
j
k) + εX(1)(Qs

d) +O(ε2),

uj∗
d = uj

d(t
∗, qs∗, ej∗, qs∗k , ej∗k )

= uj
d(t, q

s, ej , qsk, e
j
k) + εX(1)(uj

d) +O(ε2),

F ∗
d = F

(
dq

s∗, qs∗k , ej∗k )

= Fd(q
s, qsk, e

j
k) + εX(1)(Fd) +O(ε2). (20)

Definition 1 Under the infinitesimal transfor-

mations (12), if Ld, Q
s
d, u

j
d, and Fd are replaced by

L∗
d, Q

s∗
d , uj∗

d , and F ∗
d , the forms of Eqs. (16)–(18) are

invariant, i.e.,

D
−h

(
∂L∗

d

∂qsk

)
− ∂L∗

d

∂qs
+

∂F ∗
d

∂qsk
= Qs∗

d , (21)

D
−h

(
∂L∗

d

∂ejk

)
− ∂L∗

d

∂ej
+

∂F ∗
d

∂ejk
= uj∗

d , (22)

∂L∗
d

∂t
+ D

−h

(
qsk

∂L∗
d

∂qsk
+ ejk

∂L∗
d

∂ejk
− L∗

d

)
−
(
Qs∗

d − ∂F ∗
d

∂qsk

)
qsk −

(
uj∗
d − ∂F ∗

d

∂ejk

)
ejk = 0. (23)

The invariance is named the Mei symmetry of the sys-

tem.

According to Definition 1, ignoring the second-

and higher-order terms of ε, we obtain the criterion of

the Mei symmetry of the system.

Criterion 1 For the discrete mechanico-

electrical systems (16)–(18), if the infinitesimal trans-

formations (12) satisfy

D
−h

[
∂X(1)(Ld)

∂qsk

]
− ∂X(1)(Ld)

∂qs
+

∂X(1)(Fd)

∂qsk

= X(1)(Qs
d), (24)

D
−h

[
∂X(1)(Ld)

∂ejk

]
− ∂X(1)(Ld)

∂ej
+

∂X(1)(Fd)

∂ejk

= X(1)(uj
d), (25)

∂X(1)(Ld)

∂t
+ D

−h

[
qsk

∂X(1)(Ld)

∂qsk

+ ejk
∂X(1)(Ld)

∂ejk
−X(1)(Ld)

]
−
[
X(1)(Qs

d)−
∂X(1)(Fd)

∂qsk

]
qsk

−
[
X(1)(uj

d)−
∂X(1)(Fd)

∂ejk

]
ejk = 0, (26)

then the corresponding symmetry is Mei symmetry

of the system. Equations (24)–(26) are the criterion

equations of the Mei symmetry.

Definition 2 If the discrete mechanico-electrical

systems (16)–(18) are under the Noether symmetry

and Mei symmetry simultaneously, the system would

be under the Noether–Mei symmetry.

Considering the Noether identity (14) and the cri-

terion equations (24)–(26) of Mei symmetry, we obtain

the criterion of the Noether–Mei symmetry.

Criterion 2 For the discrete mechanico-

electrical systems (16)–(18), if there exists a discrete

gauge function GNd = GNd(t, q
s, ej , qsk, e

j
k) satisfying{

X(1)(Ld) + Ld D
+h

(ξ0) +

(
Qs

d − ∂Fd

∂qsk

)
(ξs − qskξ0)

+

(
uj
d − ∂Fd

∂ejk

)
(ηj − ejkξ0) + D

+h
(GNd)

}2

+

{
D
−h

[
∂X(1)(Ld)

∂qsk

]
− ∂X(1)(Ld)

∂qs

+
∂X(1)(Fd)

∂qsk
−X(1)(Qs

d)

}2

+

{
D
−h

[
∂X(1)(Ld)

∂ejk

]
− ∂X(1)(Ld)

∂ej

+
∂X(1)(Fd)

∂ejk
−X(1)(uj

d)

}2
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+

{
∂X(1)(Ld)

∂t
+ D

−h

[
qsk

∂X(1)(Ld)

∂qsk

+ ejk
∂X(1)(Ld)

∂ejk
−X(1)(Ld)

]
−
[
X(1)(Qs

d)−
∂X(1)(Fd)

∂qsk

]
qsk

−
[
X(1)(uj

d)−
∂X(1)(Fd)

∂ejk

]
ejk

}2

= 0, (27)

the corresponding symmetry would be Noether–Mei

symmetry. Equation (27) is the criterion equation of

Noether–Mei symmetry for the system.

4. Conserved quantities induced

by Noether Mei symmetry

In certain conditions, the Noether–Mei symme-

try of a discrete mechanico-electrical system can lead

to a discrete Noether conserved quantity and a Mei

conserved quantity.

Proposition 1 For discrete mechanico-electrical

systems (16)–(18), if the generators of Noether–Mei

symmetry ξ0, ξs, and ηj , as well as the discrete

gauge function GNd satisfy Noether identity (14), the

Noether–Mei symmetry can lead to a discrete Noether

conserved quantity in the following form:[18]

INd = ξ0 S
−h

(Ld) + S
−h

(
∂Ld

∂qsk

)
[ξs − qsk̄ξ0]

+ S
−h

(
∂Ld

∂ejk

)
[ηj − ej

k̄
ξ0] +GNd = const. (28)

Proof From definition 2, it can be deduced that

if the system is in Noether–Mei symmetry, the sys-

tem must be under Noether symmetry. Using Leibnitz

rules[14]

D
+h

(FG) = D
+h

(F )G+ F D
+h

(G) + h D
+h

(F ) D
+h

(G),

D
−h

(FG) = D
−h

(F )G+ F D
−h

(G)− h D
−h

(F ) D
−h

(G),(29)

the Noether identity (14) can be rewritten as

X(1)(Ld) + Ld D
+h

(ξ0) +

(
Qs

d − ∂Fd

∂qsk

)
(ξs − qskξ0)

+

(
uj
d − ∂Fd

∂ejk

)
(ηj − ejkξ0) + D

+h
(GNd)

= ξ0

{
∂Ld

∂t
+ D

−h

(
qsk

∂Ld

∂qsk
+ ejk

∂Ld

∂ejk
− Ld

)
− (Qs

d − ∂Fd

∂qsk
)qsk −

(
uj
d − ∂Fd

∂ejk

)
ejk

}

+ ξs

{
∂Ld

∂qs
− D

−h

(
∂Ld

∂qsk

)
+

(
Qs

d − ∂Fd

∂qsk

)}
+ ηj

{
∂Ld

∂ej
− D

−h

(
∂Ld

∂ejk

)
+

(
uj
d − ∂Fd

∂ejk

)}
+ D

+h

{
ξ0 S

−h
(Ld) + S

−h

(
∂Ld

∂qsk

)
[ξs − qsk̄ξ0]

+ S
−h

(
∂Ld

∂ejk

)
[ηj − ej

k̄
ξ0] +GNd

}
= 0. (30)

From Criterion 2 and Eqs. (16)–(18), if the in-

finitesimal generators of Noether–Mei symmetry ξ0,

ξs, and ηj , as well as the discrete gauge function GNd

satisfy the Noether identity or Eq. (30), we can obtain

D
+h

{
ξ0 S

−h
(Ld) + S

−h

(
∂Ld

∂qsk

)
[ξs − qsk̄ξ0]

+ S
−h

(
∂Ld

∂ejk

)
[ηj − ej

k̄
ξ0] +GNd

}
= 0. (31)

It can be easily deduced that INd is a Noether con-

served quantity. Up to this point, Proposition 1 is

proved.

Proposition 2 For the discrete mechanico-

electrical systems (16)–(18), if the generators of

Noether–Mei symmetry ξ0, ξs, and ηj , as well as the

discrete gauge function GMd = GMd(t, q
s, ej , qsk, e

j
k)

satisfy

X(1)(Ld) D
+h

(ξ0) +X(1)[X(1)(Ld)]

+

[
X(1)(Qs

d)−
∂X(1)(Fd)

∂qsk

]
(ξs − qskξ0)

+

[
X(1)(uj

d)−
∂X(1)(Fd)

∂ejk

]
× (ηj − ejkξ0) + D

+h
(GMd) = 0, (32)

the Noether–Mei symmetry can lead to discrete Mei-

conserved quantity

IMd = S
−h

[X(1)(Ld)]ξ0 + S
−h

[
∂X(1)(Ld)

∂qsk

]
(ξs − qsk̄ξ0)

+ S
−h

[
∂X(1)(Ld)

∂ejk

]
(ηj − ej

k̄
ξ0) +GMd

= const. (33)

Proof Equation (32) can be rewritten as

X(1)(Ld) D
+h

(ξ0) +
∂X(1)(Ld)

∂t
ξ0

+
∂X(1)(Ld)

∂qs
ξs +

∂X(1)(Ld)

∂ej
ηj

+ [D
+h

(ξs)− qsk D
+h

(ξ0)]
∂X(1)(Ld)

∂qsk

+ [D
+h

(ηj)− ejk D
+h

(ξ0)]
∂X(1)(Ld)

∂ejk
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+

[
X(1)(Qs

d)−
∂X(1)(Fd)

∂qsk

]
(ξs − qskξ0)

+

[
X(1)(uj

d)−
∂X(1)(Fd)

∂ejk

]
(ηj − ejkξ0)

+ D
+h

(GMd) = 0. (34)

Using rules (29), Eq. (34) becomes

ξ0

{
∂X(1)(Ld)

∂t
+ D

−h

[
∂X(1)(Ld)

∂qsk
qsk

+
∂X(1)(Ld)

∂ejk
ejk −X(1)(Ld)

]
−
[
X(1)(Qs

d)−
∂X(1)(Fd)

∂qsk

]
qsk

−
[
X(1)(uj

d)−
∂X(1)(Fd)

∂ejk

]
ejk

}
+ ξs

{
∂X(1)(Ld)

∂qs
+

[
X(1)(Qs

d)−
∂X(1)(Fd)

∂qsk

]
− D

−h

[
∂X(1)(Ld)

∂qsk

]}
+ ηj

{
∂X(1)(Ld)

∂ej
+

[
X(1)(uj

d)−
∂X(1)(Fd)

∂ejk

]
− D

−h

[
∂X(1)(Ld)

∂ejk

]}
+ D

+h

{
S
−h

[X(1)(Ld)]ξ0

+ S
−h

[
∂X(1)(Ld)

∂qsk

]
(ξs − qsk̄ξ0)

+ S
−h

[
∂X(1)(Ld)

∂ejk

]
(ηj − ej

k̄
ξ0) +GMd

}
= 0. (35)

From definition 2, we can know that if the system is

in Noether–Mei symmetry, the system must be under

Mei symmetry. Considering Eqs. (24)–(26), we obtain

D
+h

{
S
−h

[X(1)(Ld)]ξ0 + S
−h

[
∂X(1)(Ld)

∂qsk

]
(ξs − qsk̄ξ0)

+ S
−h

[
∂X(1)(Ld)

∂ejk

]
(ηj − ej

k̄
ξ0) +GMd

}
= 0. (36)

Up to this point, Proposition 2 is proved.

5. An example

Now let us consider a mechanico-electrical system

with a discrete Lagrangian

Ld =
1

2
[(qk)

2 + (ek)
2] + ek − 1

2

(
e+ + e

2

)2

. (37)

The generalized electromotive force is

ud = ek, (38)

and the discrete dissipative function is

Fd =
1

2
(ek)

2. (39)

From Eqs. (16) and (17), we can obtain the dis-

crete motion equations

qkk̄ = 0, ekk̄ = −
(
e+ + e

2

)
, (40)

then we have

X(1)(Ld) = qk[D
+h

(ξ)− q1k D
+h

(ξ0)]

+ ek[D
+h

(η)− ek D
+h

(ξ0)]

+ [D
+h

(η)− ek D
+h

(ξ0)]−
(
e+ + e

2

)
η,

X(1)(ud) = D
+h

(η)− ek D
+h

(ξ0),

X(1)(Fd) = ek[D
+h

(η)− ek D
+h

(ξ0)]. (41)

Choosing the discrete infinitesimal generators as

ξ0 = 1, ξ =
t+ + t

2
, η = 0, (42)

we obtain

X(1)(Ld) = qk,

X(1)(Qd) = X(1)(ud) = X(1)(Fd) = 0. (43)

Substituting Eqs. (37)–(43) into the criterion equation

of Noether–Mei symmetry (27), we obtain the gauge

function

GNd = −
(
q+ + q

2

)
. (44)

From Proposition 1, we can obtain the discrete

Noether-conserved quantity

INd = −1

2
[(qk̄)

2 + (ek̄)
2]

+ qk̄

(
t+ t−

2

)
− q + q−

2

− 1

2

(
e+ e−

2

)2

= const. (45)

According to Proposition 2, substituting Eqs. (42)–

(43) into Eq. (32), we obtain the discrete gauge func-

tion

GMd = −
(
t+ + t

2

)
+ qk̄. (46)

From Eq. (33), we can obtain the Mei-conserved quan-

tity

IMd = qk̄ = const. (47)
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6. Conclusion

In this paper, Noether–Mei symmetry and the

corresponding conserved quantities of the discrete

mechanico-electrical system are studied. The criterion

of Noether–Mei symmetry is deduced, and the con-

served quantities induced by Noether–Mei symmetry

are also obtained. When h → 0, the results presented

in this paper will turn into the corresponding contin-

uous situation naturally.
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