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Noether—Mei symmetry of a discrete mechanico-electrical system on a regular lattice is investigated. Firstly, the

Noether symmetry of a discrete mechanico-electrical system is reviewed, and the motion equations and energy equations

are derived. Secondly, the definition of Noether—Mei symmetry for the system is presented, and the criterion is derived.

Thirdly, conserved quantities induced by Noether—Mei symmetry with their existence conditions are obtained. Finally,

an example is discussed to illustrate the results.
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1. Introduction

Research on the symmetry and conserved quan-
tities of mechanical systems has played a very im-
portant role in modern mathematics, mechanics, and
physics. It has been a good method of solving a great
amount of scientific problems. The symmetries of con-
tinuous systems have been extensively and deeply in-
vestigated, and many meaningful results have been
obtained." =% In order to cope with complex prob-
lems, more attention has been paid to discrete sys-
tems so that we can take advantage of a computer’s
high efficiency. Symmetries of discrete mechanical
systems and difference equations have been investi-

[6=13] When building discrete mechan-

gated recently.
ical equations, we should notice that the symme-
tries are intrinsic and fundamental features of the
mechanical differential equations, so they should be
retained. Dorodnitsyn considered group transforma-
tions acting both on difference equations and on the
lattice. In this way, all the symmetries of the original
differential equations can be preserved.'4~171 Based
on this method, Fu et al.®22 investigated symme-
try theories of discrete non-holonomic systems, non-
conservative systems, and mechanico-electrical sys-
tems (including regular and irregular lattices), and
obtained valuable results.

A mechanico-electrical system is a kind of sys-
tem where a mechanical process connects with an
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Fu et al. extended the

Noether symmetry and Lie symmetry theories to dis-

electromagnetic process.

crete mechanico-electrical systems, built the motion
equations of such systems, and obtained correspond-
ing conserved quantities.['8:20:22] Wang applied per-
turbation to the Noether symmetry and gained the
Noether adiabatic invariants.[?3] This paper aims to
study Noether-Mei symmetry and corresponding con-
served quantities of discrete mechanico-electrical sys-
tems.

2. Discrete motion equations

Let us consider a mechanico-electrical dynamical
system consisting of N particles and m electric cir-
cuits. The mechanical part contains n generalized co-
ordinates ¢°* (s = 1,...n), and the electromagnetic
part contains j (j = 1,...m) circuits. For circuit j,
w’ is the generalized electrical force, e/ is the charge
of the capacitor, and é7 is the current. The param-
eters W, and Wy, are the electric-field energy and
magnetic-field energy, respectively. The Lagrangian

of the mechanico-electrical system is given by
L=T(q,q9) —V(a) + Wu(g,€) - We(g,e), (1)

where T and V are the kinetic energy and potential en-

ergy, respectively. The Lagrange-Maxwell equations
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of the system are given by!24

d 0L OL 8F

dtoe o o =@ 2)
d 0L oL OF
- — — aJ
q06 90 Toe W (3)

where Q° are the generalized non-potential forces, and
F is the dissipative function in the following form:

F=F,(é)+ Fu(q.q). (4)

In the space Z of sequence (¢, ¢°, €7, ¢°, ¢7), we

introduce a first-order linear differential operator

9 9
D=5+t 559+ a5t

which acts according to the rules D(t) = 1, D(¢°) =
¢, D(e’) = é7, etc. Consider the uniform lattice h in

)
@+ 5 R LR C)

the ¢ direction. For arbitrary h > 0, we construct a
pair of shift operators acting on the right and left as

_ _hD _ i
S =e —E TP

+h =
“wp_ = (=R
= = D 6
_‘5’; € ; Z! ) ( )
S¢=q¢", S¢=q¢",
+h —h
Sel=eT, gl =e". (7)
+h —h
Obviously, the operators satisfy § -5 = § -85 =1.
+h —h —h +h
With the help of § and S, we define a pair of dis-

—h +h
crete (finite-difference) differentiations acting on the

right and left as
S -1

o e hi—1
= p— DZ
D= ; a
1- 5 o ,
. ~h (=h)=t
3 ~  h Z il D', (8)

=1
The operators S S D, and D commute with

~h

each other in any comblnatlon and D = DS,
+h —h+h

D = D S . The difference derivatives on the right

~h  +h—h

and left are

i = D) =" =
G=pl)=""1 =TT
eizgl(e]):eii:f :€j+h ej’
d=plh= ")

where the subscript &k represents the first-order differ-

ence derivative. The second-order difference deriva-
tives are given by

=D D(q el =D D(). 10

T “h +h( R “h +h( ) (10)

The Lagrangian of discrete mechanico-electrical

system corresponding to systems (2) and (3) can be

expressed as

Lqa= T(qsv(IZ) - V(qs) + Wm(qsv ei) - We(qs7 ej)7
(s=1,2,....,n; j=1,2,...,m). (11)

Introducing discrete infinitesimal transformations
with respect to time, we obtain generalized coordi-

nates and electrical quantities as

=t + Ego(t, q57 eju q127 6%),
¢ () +e&s(t,q° € qiy el),
() +enit,a* el g el),  (12)

where ¢ is an infinitesimal parameter, and &g, &5, and

n; are discrete infinitesimal generators, which consti-
tute the generalized Noether operator!!8]
0 0
o "M 5ei
0

T D (50)] oq;

= 50 +§s

+ [3(55)

D)) + -

+[D(n;) — €
[+h(773) Ry 6ek

0
+h D () 3 (13)

In Ref. [18], the Noether theorem of the dis-
crete mechanico-electrical system has been studied.
The discrete Noether identity and Lagrange-Maxwell
equations of the system have been built. The discrete
Noether identity of the system is expressed as

0Fy

XD(La) + La D (&) +(Q3 — W)(fs — qr60)
Yh q;
o0Fy ;
i_OFay. Gna) =0, (14
04~ S0 = o)+ (G =0 (1)
where Gna = Gnal(t,¢°,¢7,q},e)) is the discrete
gauge function, and
1o} 0
1) — 2
X 50 +£Sa s +"7] 86‘7
Hp(€) ~ it D
HDO) -~ D@2 (19)
+h K k 0 aek'
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The discrete Lagrange-Maxwell equations and energy-
evolution equation of the system are given by

p(58) 5 tag — W
D (Zﬁff) —%-F%:uzi, (17)
88Lf+gl<qig§g+ jg;j—lzd)

~@i - gaai — (v G )k =0, 1)

where 5 is the discrete non-potential generalized
force, ufi is the discrete generalized electromotive
force, and Fy is the discrete dissipative function in
the following form:

Fy = Foale]) + Funa(¢®, q})- (19)

3. Noether—Mei symmetry of the

system

Under the infinitesimal transformations (12)
functions L4, QF, u}, and Fy become L}, Q5F, u},
and Fj, respectively. Using Taylor expansion, they

will further become

Ly = Lq(t*,q"" e 7Qk*’ek)

:Ld(tq eﬂ,qk,ek>+eX“>(Ld>+O< %),
3= Q¢ e q el))

:Qé(tq e,quek)Jr&X (Q5) + 0%,

J (4% J*
ud 7ud(t>q an7ek)
J

Wtoa® el qhel) + e X)) + 0(e?),
Fi = Féq Ly el)
= Fa(¢®, g3 ei) +eXW(Fy) + 0(?). (20)

Definition 1 Under the infinitesimal transfor-
mations (1 ) if Lq, QF, u}, and Fy are replaced by
Ly, QF, ud , and F}, the forms of Egs. (16)—(18) are

invariant, i.e.,

8Lj§) oL, OFr .,
(5‘q,§. 0q* oq; d (21)
oLy\ OL: OF; .
<) — : > = 22
D(ae?) 50 + pe, " (22)
8L < 8L Ld)
aek

( w0 fj ( d>ei0. (23)
qy de],

The invariance is named the Mei symmetry of the sys-
tem.

According to Definition 1, ignoring the second-
and higher-order terms of €, we obtain the criterion of
the Mei symmetry of the system.

Criterion 1 For the discrete mechanico-
electrical systems (16)—(18), if the infinitesimal trans-

formations (12) satisfy

D OXW(La)]  9XW(La)  OXW(Fy)
“h oq;, oq* oq;,
= X (Qy), (24)
b [9X D (La)| _ 0XD(La)  OXW(F)
—h aei deJ 861
= XM (ud), (25)
OXM(Ly) LOXM(Ly)
o D {qk g
oxX (T,
+ei# - X(l)(Ld)}
k
OX M (Fy)
— |l xM@) - d} s
|: d 86]2 k
, (1) .
- x0T 0
€k

then the corresponding symmetry is Mei symmetry
of the system. Equations (24)—(26) are the criterion
equations of the Mei symmetry.

Definition 2 If the discrete mechanico-electrical
systems (16)—(18) are under the Noether symmetry
and Mei symmetry simultaneously, the system would
be under the Noether—Mei symmetry.

Considering the Noether identity (14) and the cri-
terion equations (24)—(26) of Mei symmetry, we obtain
the criterion of the Noether—-Mei symmetry.

For the
electrical systems (16)—(18

Criterion 2 discrete mechanico-

), if there exists a discrete
gauge function Gya = Gna(t, ¢%, €7, g}, e},) satisfying

{X“>(Ld>+Ld g(£o>+<czd 8Fd>(§s 4i&)

. OF, , 2
= ) G
+ (ud oel ) (nj — exéo) + +Dh( Nd)}

XM (L (1)
+{D{ w}_ax (La)
“h 6ql‘z oq®
oX W (Fy
+7

) xogp}

dg;

XM (L )
+{D[ (.d)}—aX (La)
—h aegC OeJ
1 2
+ M _ X(l)(uzl)}

de],
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OXW(Lyg) LOXM(Ly)
+{ o +§L{q’“ o4;
1)
ekM —X(l)(Ld)]
ey,
0X M) (Fy)
— (1) S 77‘1 s
[X (Qd) oq; ]Qk
O AXWO(EDT 2
- [xoag - ZEal —o (21)
k

the corresponding symmetry would be Noether—Mei
symmetry. Equation (27) is the criterion equation of
Noether-Mei symmetry for the system.

4. Conserved quantities induced

by Noether—Mei symmetry

In certain conditions, the Noether—-Mei symme-
try of a discrete mechanico-electrical system can lead
to a discrete Noether conserved quantity and a Mei
conserved quantity.

Proposition 1 For discrete mechanico-electrical
systems (16)—(18), if the generators of Noether—Mei
symmetry o, &, and 7;, as well as the discrete
gauge function G4 satisfy Noether identity (14), the
Noether—Mei symmetry can lead to a discrete Noether
conserved quantity in the following form:!'®]

oL
Ina =& S (Ld) + S <8q:>[£s — q;&o]

0Lgq ;
+ S | = )[n; — el&] + Gnaq = const. (28
s (aei ) [n; — ez&ol Nd (28)

Proof From definition 2, it can be deduced that
if the system is in Noether—-Mei symmetry, the sys-
tem must be under Noether symmetry. Using Leibnitz

rules(4]
D(FG)= D(F )G+FD(G)+hD(F)D(G),
+h +h +ho o th
D(FG)= D(F )G+FD(G)—hD(F)D(G),(29)

—h —h —h —h —h
the Noether identity (14) can be rewritten as

OF,
qd) (& — qio)

k

XOULo) + Lo D) + (@4 -
+ (Ufﬂ 3 f) (nj — exéo) + +Dh(GNd)

aLd SaLd JaLd
50{ Dh<q1ga p +ekaei—Ld)

0Fqy s o j % J
~(Qi- aqk) (ud Bei >ek}

te, {BLd (8Ld

Jg° 8qk)+( )}
{55 - (Zﬁ:g (-5}

{50 S (La)+ S aLd) ;. &o]
oL j
+ —S;L <6‘e£) [n;j — ezéo] + GNd} =0 (30)

From Criterion 2 and Egs. (16)—(18), if the in-
finitesimal generators of Noether-Mei symmetry &,
&s, and 75, as well as the discrete gauge function G g
satisfy the Noether identity or Eq. (30), we can obtain

OLg4
L s — ¢
pla s+ s (G- ae

—h

OL ;
+ 5 (adf)m — e o] +GNd} =0. (31

It can be easily deduced that Inq is a Noether con-
served quantity. Up to this point, Proposition 1 is
proved.

Proposition 2  For the discrete mechanico-
electrical systems (16)—(18),
Noether-Mei symmetry &g, &, and 7n;, as well as the

if the generators of

discrete gauge function Gyq = GMd(t,qS,ej,qz,ei)

satisfy
XO(La) D (60) + XX D(La)
+
x ()
+ {X(l)(Qﬁ) - aang)} (&s — qxéo)
4
o 0X(Fy)
x5
x (n; — e}o) + D(Gua) =0, (32)

the Noether—-Mei symmetry can lead to discrete Mei-
conserved quantity

X (
hua = 3Ol + 5 |2 6 - e

0XM(Lq) j
BT

= const. (33)

Proof Equation (32) can be rewritten as

OX M (Ly)
xMO(r, g4 \Rd)

( d)BL(fo) + ot o
XM (La) 09X (Lq)

T T T ew

OX M (Lq)

+[D(&) — af D(&)] Fmrim
[+h(§) Qk+h(foﬂ aq;

9X M (Lq)
Bei

+1D(n) ~ € D(&)]
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1 s ( )( ) s
[M>Q e —aie)
x (1) )
[ a@wkm—%m
ek
GMd) =0. (34)

Using rules (29), Eq. (34) becomes

0XM(Ly) XM (Ly) .
50{ 5 +D [ a0 Ik
1) .
+8X7,('Ld)€i —X(l)(Ld)}
dey,
OX M (Fy)
- [x o - 25 o
|: d aq’i k
_ {Xu)(ug) _ M]@i}
dey,
XM (L) [ XM (Fy)
e P | [y gy - X

S, [3X(8”(Ld)] }
~h a,

+n{8X“<Ld> [Xm( i) aX“><Fd>}

8ei
[aXﬂ) Lq) ]}
=rt 3ek
+ D{ SXM(La))g
+h
0X M (Ly)
" 5;' [ 8% ] qk&))
AXM(L
+ S [(d)]( nj — ekfo) + GMd} =0. (35)
—h 8ek

From definition 2, we can know that if the system is
in Noether—Mei symmetry, the system must be under
4)—(26), we obtain

aX(l)(Ld) s
§L {&]Z} (&s — ;o)

Mei symmetry. Considering Egs. (2

D{SW“@M&+
+h | —h

OXM(L ,
+:S;l {(%ffd)] (n; — ezo) + GMd} =0. (36)

Up to this point, Proposition 2 is proved.

5. An example

Now let us consider a mechanico-electrical system
with a discrete Lagrangian

2
L= 3l + @+ - () 6n

The generalized electromotive force is

Uq = €k, (38)

and the discrete dissipative function is
1 2

Fy = 5( k)°- (39)
(1

From Egs. (16) and
crete motion equations

et +e
Qi =0, epp = _( 9 )7 (40)

then we have

7), we can obtain the dis-

XWD(Ly) = a[D () = ar D (%))

+ex[D(n) —er D (%)
+h +h

+QW—%3@w(

XD (ug) = 3(77) - ek_%_)h(fo)v

et +e
9 m,

XW(Fy) = ek[g(ﬁ) — ek BL(&))}- (41)

Choosing the discrete infinitesimal generators as

tt 4+t
50 = la f = 9 5 n= Ov (42)
we obtain
XD(La) = qr,
XD(Qq) = XW(ug) = XO(Fy) =0. (43)

Substituting Egs. (37)—(43) into the criterion equation
of Noether-Mei symmetry (27), we obtain the gauge
function

na (27 »

From Proposition 1, we can obtain the discrete

Noether-conserved quantity
1
Ing = —5[(611})2 + (ep)?]
t+t q+q-
* qk( 2 ) B
1 N2
—3 (e +26 > = const. (45)

According to Proposition 2, substituting Eqs. (42)-

(43) into Eq. (32), we obtain the discrete gauge func-
tion

tt 4t
Gus =~ (5 ) o (46)

From Eq. (33), we can obtain the Mei-conserved quan-
tity

Ivia = g = const. (47)
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6. Conclusion

In this paper, Noether-Mei symmetry and the

corresponding conserved quantities of the discrete

mechanico-electrical system are studied. The criterion

of Noether-Mei symmetry is deduced, and the con-

served quantities induced by Noether—Mei symmetry

are also obtained. When h — 0, the results presented

in this paper will turn into the corresponding contin-

uous situation naturally.
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