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First principles calculations of alloying element diffusion
coefficients in Ni using the five-frequency model*
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The diffusion coefficients of several alloying elements (Al, Mo, Co, Ta, Ru, W, Cr, Re) in Ni are directly calculated

using the five-frequency model and the first principles density functional theory. The correlation factors provided by the

five-frequency model are explicitly calculated. The calculated diffusion coefficients show their excellent agreement with

the available experimental data. Both the diffusion pre-factor (Do) and the activation energy (Q) of impurity diffusion
are obtained. The diffusion coefficients above 700 K are sorted in the following order: Day > D¢y > Dgo > Dty >
Do > Dry > Dw > DRe. It is found that there is a positive correlation between the atomic radius of the solute and

the jump energy of Ni that results in the rotation of the solute-vacancy pair (F1). The value of E2—FE; (F2 is the solute

diffusion energy) and the correlation factor each also show a positive correlation. The larger atoms in the same series

have lower diffusion activation energies and faster diffusion coefficients.
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ergy and diffusion pre-factor
PACS: 91.60.Dc, 66.10.C—, 66.10.cg, 66.30.-h

1. Introduction

The superalloy displays excellent mechanical
properties and oxidation resistance at elevated tem-
peratures. Nickel, which exhibits a stable FCC (face-
centred cubic) crystal structure from room tempera-
ture to its melting point,!!! is chosen as the solvent
for the Ni-based superalloys.[?l The diffusion-related
phenomena have become an increasingly important
consideration during both processing and usage of

(3]

the superalloys.!” In the solidification process of sin-

gle crystal superalloy, the dendrites grow at a rate

4 In

which is greatly controlled by the solute diffusion.
the heat-treatment process, atomic diffusion becomes
accelerated in order to generate the microstructure,
which is stable during operations over a prolonged pe-
riod. During the service, the creep strain rate is pro-

(] The formation

portional to the diffusion coefficient.
of topological close packed (T'CP) phases over a long-
period service is associated with the diffusion process.
The rafting of +' is another important example of dif-
fusion assisted coarsening.[® Diffusion also affects the
surface stability, and oxidation occurs at a rate that is
diffusion-controlled.[”! Coatings are performed to pro-

tect the superalloys, the interdiffusion between the
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coatings and superalloy occurs during operation, leav-
ing a degraded coating and a change of structure of the
substrate.[®! Clearly, the diffusion process is important
for investigating how to obtain the best properties of
superalloys.

In recent years, the solute atom diffusivities were
calculated by the density-functional theory (DFT) in a
binary system.[®=14 The diffusion system includes the
BCC (body-centred cubic) (a-Fe),”) FCC,10=12] and
HCP (hexagonal close-packed)!"¥) structures. Kre-
mar et al.l'%) and Janotti et al.['? exhibited the dif-
fusion coefficients of transition elements in FCC Ni
via first principles calculations. However, the for-
mula of calculating the correlation factors in Refs. [10]
and [12] was different from those of calculating FCC
structures,[n’lmm and the pre-factors were not ex-
plicitly calculated, so the calculated diffusion coeffi-

[10] Qevi-

cients of 3d transition metal solutes in nickel
ated from the experimental results.

In the present investigation, the diffusion coeffi-
cients of alloying elements (Al, Mo, Co, Ta, Ru, W,
Cr, Re) in Ni are calculated using the five-frequency
model and the first principles calculations. The pur-

pose of the present study is to evaluate the diffusion
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coefficients of the alloying elements in Ni, and hope-
fully to make sense of what factors affect the diffusion
rate, to give a further physical explanation of the al-
loying mechanism of alloying elements in superalloys.

2. Theory and computational ap-

proach

The diffusion in FCC metal occurs predominantly
by a vacancy mechanism at medium and high temper-
atures. Mono-vacancies dominate the diffusion pro-
cess at temperatures of T' < 2/3T;, (Ty, is the melt-
ing point of the metal). Additonally, the contribu-
tions of di-vacancies are also as significant as mono-
vacancies at high temperatures of T > 2/3Tm.[16’17]
Le Claire'8=20 described the classic “five-frequency
formula” of the vacancy mechanism for impurity dif-
fusion in the FCC metal, which includes only the effect
of mono-vacancies. The formula to calculate the effect
of di-vacancies, developed by Mehrer,!!” is similar to
the “five-frequency formula”.

Figure 1 illustrates the five-frequency model
for the vacancy jumps in a FCC crystal near an
impurity.['16] In the figure, wy is the host atom jump
without an impurity; w; is the jump of the host atom
that results in the rotation of the solute-vacancy pair;
wo is the solute atom jump; ws is the host atom jump
that dissociates the solute-vacancy jump; w4 is the
reverse jump of ws. The five-frequency formula gives
the ratio of solute diffusion to the solvent self-diffusion

by a vacancy mechanism, described as!!!:1]

Ds _ f2wawawn (1)

Do fowy wows

Here, D, is the solute diffusion rate; Dy is the

self-diffusion rate of the pure host atom; fs is the cor-

relation factor for impurity diffusion; fy is the self-
diffusion factor; w, (x = 0 ~ 4) are the atom jump fre-
quencies as illustrated in Fig 1. Three types of ws and
wy are possible in the FCC lattice. w3a(4a), W3b(4b),
and wsc(4¢) correspond to the second, third, and fourth
nearest neighbouring site to the impurity respectively.
The activation energies for the three ws’s were found
to be identical within 0.02 eV, and the three w4 jumps
have the same results.[*8] The values of ws. and wye
were considered, as the fourth nearest neighbouring
positions are most similar to the bulk positions. The
self-diffusion rate of the host atom can be determined
through('1-21]

0
Do = fowoa® exp <— ?BC;E) (2)
where a is the lattice parameter of the FCC host; AG?
is the vacancy formation energy of the pure host sys-
tem; kg is the Boltzmann constant and 7T is the tem-
perature.
The correlation factor fo is obtained via the fol-
lowing equations:

2 4+ T(ws/w1) F(wy /wp)

T2 = o twn Jwn) + 7 (ws Jwn) Fwa fg)

(3)

where

1 10z* + 180.523 + 92722 + 1341

Fla)=1- = 4
(2) 7921 1 10027 1 25422 1 5070 + 435 )

with z = w4 /wy.

Kremar et all'% and Janotti et al.l'?! assumed in
their work that F(x) = 1, which means wy > wy.
However, our calculation is not based on the assump-
tion that wy > wg. When the solute is Ni, the same
as the solvent, there is wg = w1 = wy = w3 = wy, SO
F(1) =0.7356 and fo = 0.781.

‘ hostatom

@ solute atom

D vacancy

Fig. 1. The five-frequency model illustrating the vacancy jumps in FCC crystal near an impurity.
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The jump frequency is written as that given by
an Arrhenius expression based on the transition state
theory (TST),1:16] that is,

w; = v exp( AHm)v exp( EiSiT) (5)
s=vexp (-5t | =vew (== )

where v; is the vibrational frequency; AH,, is the
change of enthalpy between the states when the diffus-
ing atom is in its initial stable state and at the saddle
point; E; is the activation energy; S; is the activation
entropy. The vibrational frequencies of the host atoms
vary little, so we assume that vg = v; = v3 = v4. The

vibration frequency of the impurity atom can be ap-
15,16,22]

@ _ mOTmQ (6)
vo NV moTmo’

where T2 and Ty, are the melting points (in Kelvin)

proximated by!

of the impurity and the host; mg and mqy are the
atomic masses of the host and impurity, respectively.
We also assume Sy = S; = S3 = S4, because the

activation entropies vary little,[*6 and
E,—F
5y = 5o+ P2 B0), (7)
TmO

where 8 = 0.4, wy is the reverse jump of w3 and hence,
these two jumps have the same transition states, so

wy AGb

s _ 8

m=oo (- 57) ©
when AG), = E3 — E4. Here, AG), represents the en-
ergy change between the final state of w4 and initial

state of wy.

Given the above information, only the activation
energies (E;, i = 0 ~ 4), and wy need to be calculated.

All the calculations are performed with the Vi-
enna ab initio simulation package (VASP, version
4.6)[23’24] based on the plan-wave pseudo potential
DFT[?%26] within the generalized gradient approxima-
tion (GGA).2Tl We solve the density-functional equa-
tions with the ultra-soft pseudo potential method!?!
and the Perdew—Wang parameterization (PW91) as
well.28:291 A supercell consisting of 32 lattice sites
(2x2x2 cubic representation), with one host atom re-
placed by an impurity atom, is used in this study. A
convergence test indicates that an energy cut-off of
400 eV and a Monkhost—Pack k-point mesh of 6x6x6
can yield an energy within 0.02 eV. The self-consistent
convergence of the total energy is at 1x10™* eV and
the maximum force on the atoms is within 0.01 eV/A.

The magnetism is applied to the system since Ni has
a strong magnetism.

Diffusion barrier energy (E}) is obtained as the
total energy difference between the solute atom at the
saddle point and that at the initial stable point. The
energy of the saddle point is calculated by fixing the
solute atom position, and the host atoms are fully re-
laxed.

The vacancy formation energies in a pure Ni sys-
)

tem ( are obtained by

EY = B(N —1,1,Vy_1)
N -1
Here, E(N,z,V) denotes the energy of the sys-
tem with NV atoms and x vacancies occupying N + z
lattice sites in volume V'; B is the bulk modulus of the
Ni system, which is 188 GPa calculated in this study;
AV is the volume change per atom with

AV — V-1 VN

N-1 N
In a very large system (N — 00), AV — 0, the BAV
can be neglected. The BAV contributes a lot to the
total energy change because a comparably simple su-
percell (with 32 lattice sites) is used in this study.
The solute-vacancy binding energy (E;™") is cal-
culated by

EfV = E(N—2,1,1) — E(N — 1,1,0)
— E(N —1,0,1) + E(N,0,0) + BAV, (10)
AV = (V(N=2,1,1) = V(N —1,1,0)
— V(N —1,0,1) 4+ V(N,0,0))/(N — 1), (11)

where E(N,xz,y) donates the energy of the system
with N Ni atoms, x solute atoms and y vacancies oc-
cupying N + = + y lattice sites; V/(N,z, y) represents
the volume of the system with N Ni atoms, x solute
atoms and y vacancies occupying N + = + y lattice
sites.

So the vacancy formation energy for an atom ad-
jacent to a solute is

EY = BV + YN, (12)
The diffusion barrier of the atom (E;) is

Ei = Eifsaddlc - Eifstablc
+ B(‘/i—saddle - Vvi—stable)- (13)

Here, E; saqdle and F;_gaple are the energies of
solute at the saddle point and the initial stable point,
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respectively. V;_gaddle and V;_gtable are the volumes
of solute at the saddle point and initial stable point,
respectively. The activation energy (Q,) for a solute
is calculated by

Qa = EY + Es. (14)

3. Results and discussion

The calculated vacancy formation energy EfV (ND)

and diffusion barrier energy (E}) for Ni self-diffusion
are 1.677 eV and 1.206 eV respectively. The Ni self-
diffusion activation energy is 2.883 eV (278.2 kJ/mol),
which fits very well with the experimental value of
285 kJ/mol.*% Table 1 shows the values of atomic
mass of the solute atom, atomic radius,®!! melting

Table 1. Values of atomic mass of the solute atom, atomic radius,

point,®? vacancy formation energy adjacent to a so-
lute (EY), diffusion barrier energy (Es), and activa-
tion energy (Q.), F1, Es—Ey, and E4 when Es = Ej.
The values of activation energy @), are compared with
the calculation results given by Kremar et al.'% and
Janotti et all'? The calculated values of activation
energy (Q,) conform to the results in Refs. [10] and
[12] very well except for the results for Cr, Ru, and
Co. The values of vacancy formation energy (EY) for
different solutes vary within 0.2 eV, and both the val-
ues of migration energy (E2) and the values of acti-
vation energy (Q,) are sorted in the following order:
Al<Ta<Cr<Mo<Co<Ni<Ru<W<Re. So the major
contribution to the activation energy (Q,) comes from

the solute diffusion barrier energy (Es).

(31 melting point,32! calculated vacancy

formation energy adjacent to a solute (EY), diffusion barrier energy (E2), and the activation energy (Qa), E1,
FEs3—FE4, and E4 when E3 = Eg. All the energies are in units eV.

Element m r/A Tm/K EY E, Qa Q,110:12] Ey Es-E4, E4 (E3 = Eo)

Ni 58.69 1.24 1726.15 1.677 1.206(Ep) 2.883 2.86

Al 26.98 1.43 933.52 1.564 0.661 2.225 1.175 —-0.068 1.274
Mo 95.94 1.39 2890.15 1.664 1.099 2.763 2.75 1.240 -0.247 1.453
Co 58.93 1.25 1768.15 1.710 1.164 2.874 3.00 0.734 -0.084 1.290
Ta 180.95 1.46 3269.15 1.545 0.758 2.304 2.35 1.378 -0.195 1.401
Ru 101.07 1.34 2523.15 1.649 1.263 2.912 3.15 1.009 -0.100 1.306
A% 183.84 1.39 3683.15 1.694 1.289 2.983 3.05 1.234 -0.170 1.376
Cr 52.00 1.28 2130.15 1.721 0.942 2.663 3.04 0.963 -0.213 1.419
Re 186.21 1.37 3453.15 1.747 1.576 3.324 3.49 1.184 —0.244 1.450

Since ws. is the host atom jump that dissociates
the solute-vacancy pair, and it is the fourth nearest
neighbouring position that is most similar to the bulk
position, we assume that F5 = Ej in calculating Fy,
which is reasonable. For example, all the calculated
values of E3 are within 0.03 eV off those of the sol-
vent (Cu, Ag, Au, Ni, Pd, Pt) self-diffusion (Ey) in
Adams et al’s work,1% and Janotti et al.l*? found
that the Fj3 is independent of solute atom size and
nearly identical to that of solvent self-diffusion. There
is Es—FE4 < 0 for all the solutes, which means that
the energy that Ni jumps needs for dissociating the
solute—vacancy pair is lower than the energy needed
for “associating” the solute—vacancy pair. Since F3—
E, < 0, and it can be inferred that wy/wg > 1
from Eq. (8), F(ws/wg) < F(1) = 0.7356. The
jump energies for Ni to induce the rotation of the
solute—vacancy pair (Fp) are sorted in the follow-
ing order: Co<Cr<Ru<Al<Re<W<Mo<Ta. In Jan-

otti et al’s work,'? they found that as solute size
increases, the F;p also increases, since the diffusion
of the solvent atom is subjected to a greater stress
from the large solute atoms than that from small
atoms at the saddle position. The atomic radii for
transition elements are sorted in the following order:
Co<Cr<Ru<Re<Mo~W < Ta, showing that there are
positive correlations between the atomic radius and
FE; value for transition elements. The Al element is
an exception, one possible reason could be that Al is
not a transition element, while the other elements are
transition elements.

Figure 2 shows the values of f5 for different solutes
in Ni at various temperatures. The diffusion correla-
tion factors of Re, Co, W, and Ru decrease with tem-
perature increasing since Fo > F1, while the diffusion
correlation factors of Cr, Mo, Ta, and Al increase with
temperature increasing since their Fo < E;. The val-
ues of Fo—F; of transition elements are sorted in the
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Co>Re>Ru>W>Cr>Mo>Ta. At
temperatures below 700 K, the values of fy are sorted

following order:

in this order too, which shows that there are positive
correlations between the values of Fy—F; and fo at
low temperatures.

1.0 FRe——
Ie Ru
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Fig. 2. (colour online) Variations of correlation factor

(f2) of different solutes with temperature.

Figure 3 illustrates the corresponding values of
The calculated
diffusion coefficients are sorted in the following or-
der: Day > Dcr > Dgo > Dy > Dyo >
Dru > Dw > Dge, which are consistent with the
The calculated solute diffu-
sion coefficients and some corresponding experimen-
tal data from Refs. [33]-[40] (AL 33 Mo,[3435] Co,[36]
Ta,B7 Ru 13839 W 137 Cr,[33] Re[37’39’4o]) are shown

in Figs. 4(a)—4(h). The experimental interdiffusion co-

Dy/Dy at different temperatures.

experimental results.

efficients are estimated by analysing the measured dif-
fusion profiles from diffusion couples. The calculation
results are in excellent agreement with the experimen-
tal data except that there are some discrepancies in
the diffusion coefficient of Mo.

10! E
o
Q
=
Q
10—5 -I P BT B Il L Il L Il
1.61.4 1.2 1 0.8 0.6
Temperature/10% K
Fig. 3. (colour online) Calculated values of D2/Dg at

different temperatures.

As the value of fy calculated from formula (3)

slightly deviates from the Arrhenius change, the cal-
culated diffusion coefficient as a function of tempera-
ture does not accurately follow the Arrhenius law in
the form of D = Dgexp(—Q/T). However, it is very
close to one. We determine an effective total diffusion
activation energy (@) and pre-exponential factor (Dy)
by fitting the obtained diffusion coefficients shown in
Figs. 4(a)—4(h). The obtained @ and Dy are listed in
Table 2 and compared with experimental data.[3:33:38]
The obtained values of ) are in excellent agreement
with the experimental results except that there are
some deviations for Mo, Ta, and Re. Note that the
fitted @ is different from the @),. In the value of @, the
jumps of the surrounding solute atom that may affect
the diffusion energy are neglected, while for the value
of @ the contributions of the surrounding solute atoms
are included. The obtained values of ) are larger than
those of Q,. The surrounding Ni atoms contribute to
the diffusion rates of the solutes considerably.

The Dy determines the theoretical ultimate dif-
fusion coefficient at the infinite temperature, while @
determines the changing extent as the temperature
changes. If @ < Qn;i, then the Ds/Dy value will de-
crease as the temperature increases, for example, in
the case of Cr. If Q@ > Qn;i, then the Do/ Dy value will
increase as the temperature increases like in the cases
of Al, Co, Ta, Ru, Mo, W, and Re. It can be seen
that the trend in the diffusion coefficient is influenced
by both the activation energy (Q) and diffusion pre-
exponential factor Dy. For instance, although Cr has
a lower value of Q than Al, the value of Dy of Cr is
lower than that of Al. The diffusion rates of Cr are
slower than those of Al at temperatures above 700 K.
According to the ubiquitous Meyer—Neldel compensa-
tion law,[*! the solute atom with a large activation
energy also has a large diffusion pre-exponential fac-
tor. The obtained results conform to this law.

Janotti et al.l'?l presented that the larger atoms
have a lower diffusion barrier and diffusion activation
energy for atoms in the same series. For Ta, W and Re
in the 5d TM (transition metal) series, their atomic
radii are sorted in the following order: Ta>W>Re and
their values of @) are in the order, Ta<W<Re. The
values of D are in the order, Ta>W>Re. For Mo
and Ru in the 4d series, ryvo > TRy, Qo (Mo<Ru), Q
(Mo<Ru), D (Mo>Ru). For Cr and Co in 3d series, r
(Cr>Co), Q (Cr<Co), Q. (Cr<Co), D (Cr>Co). So
the larger atoms in the same series have lower diffu-
sion barrier energies and faster diffusion rates, which

conforms to the Janotti results.?
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Fig. 4. (colour online) Calculated diffusion coefficients of different solutes ((a) Al, (b) Mo, (¢) Co, (d) Ta, (e)
Ru, (f) W, (g) Cr, (h) Re in FCC Ni), and their comparisons with experimental data.

Table 2. Calculated values of diffusion activation energy @ and pre-exponential factor (Do) by fitting the obtained

diffusion coefficients shown in Figs. 4(a)-4(h) and the corresponding cited values.

Elements Al Mo Co Ta Ru A% Cr Re
Do/m?s™1  9.03x107% 4.32x10™% 297x107* 5.13x10™% 2.38x107* 2.10x10~™* 2.00x107* 2.35x10~%
Q/eV 2.93 3.13 2.92 3.08 3.13 3.14 2.85 3.50

Q/kJ 282.68 301.68 282.18 297.19 302.28 302.51 274.91 337.50
Do /m?.s~1138] 2.48x10~4
Q/kJ38] 304.40
Do/m2-s7133]  752%x107%  7.04x1075 2.94x10~% 6.71x107° 2.79x107° 4.33x10~* 3.28x1076
Q/kJ[33] 284.00 267.59 284.17 267.73 282.13 287.00 278.82
Dg/m2.s=113] 1.98x1076 3.90x10~4 2.18x10~7
Q/kJBI 226.30 312.16 245.03
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For the 8 elements calculated in this study, the
diffusion coefficients correlate with their atomic num-
bers except for Ta, that is, the lighter the solute atom,
the greater its diffusion coeflicient in Ni is. For exam-
ple, the atomic number increases in the order Al, Cr,
Co, Mo, Ru, W, Re, and the diffusion coefficients de-
crease in this order, too.

4. Conclusions

The diffusion process in a Ni-based superalloy is
important for comprehensively evaluating the regular-
ity of influencing properties of the superalloys. A the-
oretical approach is used to predict the diffusion co-
efficients of alloying elements (Al, Mo, Co, Ta, Ru,
W, Cr, Re) in Ni. The correlation factors from the 5-
frequency model for impurity diffusion in an FCC lat-
tice are computed with the first-principles DFT meth-
ods. Alis predicted to be the fastest diffusion impurity
in Ni, and Re is the slowest diffusion impurity in the
eight impurities under study. The diffusion coefficients
are sorted in the following order: Da; > D¢y > Dgo >
D+, > Dy > Dry > Dw > Dge above 700 K. The
calculated diffusion coefficients are in good agreement
with the experimental results. The total diffusion acti-
vation energy (@) and pre-exponential factor (Dy) are
obtained by fitting the obtained diffusion coefficients.
It is found that there is a positive correlation between
the atomic size of the solute and the E; value (the
jump energy of the Ni atom that results in the rota-
tion of the solute-vacancy pair). The value of Es—F
(E5 is the solute diffusion energy) and the correlation
factor also show a positive correlation. A large atom
in the same series has a low diffusion activation energy
and a large diffusion coeflicient.
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