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The accuracy of the Earth’s gravitational field measured from the gravity field and steady-state ocean circulation
explorer (GOCE), up to 250 degrees, influenced by the radial gravity gradient V., and three-dimensional gravity
gradient V;; from the satellite gravity gradiometry (SGG) are contrastively demonstrated based on the analytical error
model and numerical simulation, respectively. Firstly, the new analytical error model of the cumulative geoid height,
influenced by the radial gravity gradient V.. and three-dimensional gravity gradient V;; are established, respectively.
In 250 degrees, the GOCE cumulative geoid height error measured by the radial gravity gradient V. is about 2/2
times higher than that measured by the three-dimensional gravity gradient V;;. Secondly, the Earth’s gravitational
field from GOCE completely up to 250 degrees is recovered using the radial gravity gradient V.. and three-dimensional
gravity gradient V;; by numerical simulation, respectively. The study results show that when the measurement error
of the gravity gradient is 3x10712/s2, the cumulative geoid height errors using the radial gravity gradient V,, and
three-dimensional gravity gradient V;; are 12.319 cm and 9.295 cm at 250 degrees, respectively. The accuracy of the
cumulative geoid height using the three-dimensional gravity gradient V;; is improved by 30%-40% on average compared
with that using the radial gravity gradient V., in 250 degrees. Finally, by mutual verification of the analytical error
model and numerical simulation, the orders of magnitude from the accuracies of the Earth’s gravitational field recovery
make no substantial differences based on the radial and three-dimensional gravity gradients, respectively. Therefore,
it is feasible to develop in advance a radial cold-atom interferometric gradiometer with a measurement accuracy of
10713 /5210715 /s? for precisely producing the next-generation GOCE Follow-On Earth gravity field model with a high
spatial resolution.
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1. Introduction

The Earth’s static and time-varying gravitational
field can reflect the spatial distribution, movement,
and change of materials on and inside the Earth, and
can dominate the undulation and change of the geoid.
Therefore, investigations on the fine structure and
time-variable characteristics of the Earth’s gravita-
tional field are not only a requirement of geophysics,
geodesy, astronomy, space science, etc., but also pro-

vide important information for resource exploration,
environmental protection and disaster monitoring.
Since the Italian physicist Galileo first surveyed
gravity at the end of the 16th century, many inter-
national scholars have carried out extensive gravity

studies.[1—28]

Instead of using the twin gravity recov-
ery and climate experiment (GRACE) satellites to de-
termine the Earth’s medium-long-wavelength gravita-

tional field, the European Space Agency (ESA) suc-
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cessfully used the dedicated satellite gravity gradiom-
etry (SGG) mission from the gravity field and steady-
state ocean circulation explorer (GOCE) to precisely
map the Earth’s medium-short-wavelength gravita-
tional field. The GOCE satellite was launched in 2009
and it was designed to be almost circular with an ec-
centricity of 0.001, near polar with an inclination of
96.5° and to have a sun-synchronous orbit. During a
20-month flight mission, the orbital altitude descends
from 250 km to 240 km.?732 GOCE exploits the
satellite-to-satellite high/low tracking (SST-HL) asso-
ciated with the SGG, and except for accurately track-
ing the low-orbit GOCE satellite with a measuring
precision of 1 cm using the high-orbit global position-
ing system (GPS) and the global navigation satellite
system (GLONASS),!33 the second-order derivatives
of the geopotential are highly accurately measured by
the space-borne gradiometer with a measurement ac-
curacy of 3x107'2/s? located at the satellite’s cen-
tre of mass.?*3% GOCE uses the drag-free control
(DFC) technique: firstly, the linear acceleration of the
satellite’s centre of mass and the angular acceleration
of the satellite flatform induced by non-conservative
forces (e.g. atmospheric drag, solar radiation pres-
sure, Earth’s albedo, orbit altitude, and attitude con-
trol forces, etc.) are determined by the gradiome-
ter; secondly, the non-conservative forces acting on
the satellite are precisely compensated by the drag-
free ion thruster (DFIT) associated with the attitude
data of the satellite platform.?®) Because the influ-
ence of the non-conservative force is efficiently de-
ducted from the SGG observations, the accuracy of
the Earth’s gravitational field recovery is highly im-

proved. Since Eotvosl®7]

designed the first gradiome-
ter (E6tvos torsion balance) at the beginning of the
20th century, the gradiometers have developed from
monoaxial rotation to triaxial orientation, from room
temperature to low temperatures (below 4.2 K) and
from torsion and electrostatic suspension to supercon-
duction and cold-atom interferometry, and the mea-
surement accuracy of the gradiometer has also been in-
creasingly improved.[*® Due to the sharp signal atten-
uation (Re/r)! of the Earth’s gravitational field with
the increase of orbital altitude, the Earth’s medium-
long-wavelength gravitational field is measured just
through the perturbation analysis of the satellite or-
bit. However, the SGG may directly determine the
second-order derivatives of the geopotential, and the

spherical harmonic coefficients are enlarged [? times.

Accordingly, the SGG can greatly suppress the sig-
nal attenuation effect of the geopotential with an in-
crease of the orbital altitude and precisely map the
Earth’s medium-high-frequency gravitational field.!3%!
The GOCE satellite was originally planned to be
launched in 2004 by the ESA. However, due to the
actual measuring accuracy of the space-borne triaxial
electrostatically suspended gradiometer being lower
than the expected measuring accuracy of 3x10712/s?
and the inherent difficulty in developing the SGG sys-
tem, the planned launching time of the GOCE satellite
has been put off at least 6 times.

Because the GOCE mission plans to end by
2013 and greatly improving the measurement accu-
racy of the Earth’s medium-short-wavelength gravita-
tional field is urgently required by the interdisciplinary
fields of geodesy, geophysics, etc., many international
research institutes are promoting the next-generation
SGG mission from GOCE Follow-On at present. A
lot of scholars closely follow the hotspots and develop-
ment trends of the international SGG mission, and ac-
tively throw themselves into the required demonstra-
tion and payload development of the next-generation
SGG mission.

ments of the satellite orbit determination in the next-

Due to the lower accuracy require-

generation SGG mission, the ultra-precise measure-
ment of the space-borne gradiometer is very important
for accurately developing a high-degree Earth grav-
ity field model with high spatial resolution. Because
the cold-atom interferometric gradiometer is highly
sensitive to the Earth’s mass distribution,*°=42 the
highly-accurate and high-resolution measurement of
Earth’s gravitational field from GOCE Follow-On will
be achieved by the space-borne cold-atom interfero-
metric gradiometer.

At present, a lot of scholars have carried out
extensive and in-depth studies on the theory and
methodology of recovering the Earth’s gravitational

field using the SGG principle.[*3~49]

However, com-
parative research of the one-dimensional and three-
dimensional SGG have not yet been conducted in
depth. Differently from previous studies, we con-
trastively demonstrate the influence of the radial and
three-dimensional gravity gradients on the accuracy
of the Earth’s gravitational field from GOCE com-
pletely up to 250 degrees based on the new analytical
error model and the numerical simulation in this pa-
per, respectively. We propose to develop in advance a

one-dimensional space-borne cold-atom interferomet-
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ric gradiometer for the next-generation GOCE Follow-
On mission in China for properly reducing the diffi-
culty in developing the cold-atom interferometric gra-
diometer and avoiding the waste of manpower, ma-
terial resources, and financial resources. This study
can provide not only the theoretical and calculational
basis for the optimal design of the future cold-atom
interferometric gradiometer in China, but also some
reference for the development direction of the next-
generation lunar and planetary (e.g. Mars) gravity

gradiometry missions in the solar system.

2. New analytical error models

In the Earth-fixed frame (EFF), the spherical har-
monic expansion of the Earth’s disturbing potential is
defined as

L I+1 1
T(r,0,)\) = C;%M Z <Re> Z(C’lm cos mA

r
¢ =2 m=0

+ Spn sin mA) Py, (cos 0), (1)

TZZ (Ta 97 )\) = TTT (T, 97 )\)7

Twy(ra 07 /\) = Tyw (’I“, 07 /\) =

1
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1 1
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where GM represents the product of the Earth’s mass
M and the universal gravitational constant G; R,
shows the Earth’s mean radius; r = \/m
is the geocentric radius of the satellite, and xz,y, z are
three scalar components of the orbital position vec-
tor 7; 0 and A\ are the geocentric colatitude and lon-
gitude; Py, (cosf) denotes the normalized Legendre
polynomials of degree | and order m; L is the max-
imum spherical harmonic degree; (Cjp,, Sp) are the
estimated normalized geopotential coefficients.

The second-order derivatives of V (r, 8, \) with re-

spect to x,y, z are represented as

T:r:v Txy Twz
0T
8177834: TW Tyy Tyz ’ <2)

where the second-order derivatives of the Earth’s dis-
turbing potential are the traceless symmetrical ten-
sors, Ty + Tyy + 15, = 0. Therefore, only five of
the nine gravity gradients are independent. The nine
tensors of the SGG are expressed as

1 1
Tpo(r,0,)) = ;Tr(r7 0, + ﬁng(r, 0, ),

r2 gin? BT/\/\ (r,6,2),
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where the first-order derivative of the Earth’s disturbing potential with respect to r,6, A are denoted as
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the second-order derivatives of the Earth’s disturbing potential with respect to 7,6, A are given as
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the zero-order, first-order, and second-order derivatives of the Legendre function are expressed as
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where The cumulative geoid height errors are defined as
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The analytical formula of the radial gravity gra-
dient by a combination of Egs. (3) and (5) are shown

as

_ B R3 r 143
(Clmvslm) = 47TC;M <R> (l+1)71(l—|—2)71

X //Tzz?lm(ﬁ,)\)dm (7)

where T, is the radial gravity gradient calculated by
the discrete numerical integration. The Earth’s sur-
face is equably plotted out by A# and A\, and the
mean radial gravity gradients TZZ’M within each grid
are obtained, where ¢ and j are the longitude and lat-
itude labels of the grid. Therefore, equation (7) can
be modified into

(Clm» Slm) =

RZ, r +3 B B
yPelVE <R> I+ r1+2)7!

X Z Tzz ‘ij / Ylm(07 )\)dO'ij, (8)
i, oij

where do;; = sin0dfdA.

where 6C;,,, and 85y, are the accuracies of the geopo-
tential coefficients.

Because a large amount of data can effectively re-
duce the observation noise, if the number of the radial
gravity gradient T, of the global uniform distribution
is Ny and the errors of T, meet the random features
of normal distribution, the variance of the geopoten-
tial coefficients is proportional to 1/Ny. By combining
Egs. (8) and (9), based on the orthonormality of the
spherical harmonic function

2

1 _
— / Tim (6, \) sin 0dodr| =1
™

Tij

l
and > = 20+ 1, the analytical error model of the cu-
m=0

mulative geoid height influenced by the radial gravity

gradient T, is expressed as

O'N(T )

g
R oy
“GM/R3
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(1 +1)%(1+2)2 \ Re No’
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where o, is the measurement accuracy of the gravity
gradient.

The analytical formulas of the horizontal gravity
gradients T, (,,) by a combination of Egs. (3), (4),
and (5) are denoted as

(CZn13Shn)

Rg, r I+3 B B
= 47TGM<R> I+ m—1-1)""

X //Tmz(yy)Ylm((g,/\)dU.

(11)

By a combination of Egs. (9) and (11), based on
the orthonormality of the spherical harmonic function,
the analytical error models of the cumulative geoid
height, influenced by the horizontal gravity gradient

Ty, and Ty, are indicated as

UN(JQZ)
~ ~ Ty
~ gN(ij)’v‘Re(;A[/RB
L 20 +1 r 2
l; A1+ 131 +2)(20 + 3) (Re) No’
9(20 + 1)

(12)

As illustrated in Fig. 1, the dashed and solid lines
represent, respectively, the GOCE cumulative geoid
height errors up to 250 degrees from the radial grav-
ity gradient T, (see Eq. (10)) and horizontal gravity
gradient T;; (see Eq. (12)) based on the analytical
error model method with a measurement error of a
space-borne gradiometer, 3x10712/s%, an orbital alti-
tude of 250 km, an observation duration of 60 days
and a sampling interval of 5 s. The result shows that

the influence of the radial gravity gradient T, on the
accuracy of the Earth’s gravitational field recovery is
greater than that of the horizontal gravity gradient

Toa(yy)-
the most dominating component in the nine gravity

Therefore, the radial gravity gradient T, is

gradient tensors.

o 100 T
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Fig. 1. GOCE cumulative geoid height errors from ra-
dial gravity gradient 7%, and horizontal gravity gradient

T:z(yy) Pased on the analytical method.

As shown in Eq. (2), three diagonal tensors
Tyrw, Tyy, and T, are the main components in the
nine gravity gradients, and the influence of the non-
diagonal tensors on the accuracy of the Earth’s grav-
itational field can be ignored with respect to those
of the diagonal tensors. Therefore, by a combina-
tion of Egs. (3), (4), (5), and (9), based on the or-
thonormality of the spherical harmonic function, the
analytical error model of the cumulative geoid height
influenced by the three-dimensional gravity gradients
Tij = (Tyw, Tyy, Ts2) are given as

The mean ratio of the influence of the radial
gravity gradient 7, to the influence of the three-
dimensional gravity gradient 7;; on the cumulative

geoid height error is expressed as

Mean [on (T..)/on (Tij)] = V2. (14)

3. Numerical simulation
In the Earth-centred inertial (ECI) frame, the

(13)

21 +1 2(143) 1
8(I+1)3(1 +2)(21 + 3) <Re> No’
9(20 + 1) }

observation equation of the satellite is established as

Yix1 = Akxn - Tnxi, (15)

where yrx1 denotes the SGG observations, k rep-
resents the number of the SGG observation points;
Apxn shows a design matrix with m rows and n
columns, n = L? + 2L — 3; &, x1 expresses the es-

timated geopotential coefficients.
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The specific processes for mapping the Earth’s
gravitational field from GOCE completely up to 250
degrees using the time-space-wise approach are shown
in Ref. [50]. As illustrated in Fig. 2, firstly, the four
equidistant and regular reference spherical surfaces 71,
9, T3, and 74 with the centre of the sphere located at
the geocenter are designed and the orbit of the GOCE
satellite is located between the second and third refer-
ence spherical surfaces. The gridding is equably plot-
ted out by the longitude and latitude on each reference
spherical surface. Secondly, the SGG data are rapidly
derived from the Fast Fourier Transform (FFT) on
each reference spherical surface and are transformed
from the reference spherical surfaces to the satellite or-
bit (the space-wise approach). Finally, equation (15)
is solved at the satellite orbit, and the geopotential
coefficients are fitted by the least-squares procedure

(the time-wise approach).

1
~

\
reference spheres "y
AG(0.175°)XAX(0.175°) \

0«
Earth 71 =06583 km

-~ -
i

orbital altitude H =250 km

Fig. 2. Schematic diagram of the Earth’s gravitational
field determined from GOCE using the time-space-wise
method.

Table 1. Numerical simulation parameters of the GOCE
orbit.

Parameters Indexes
Reference model EGM2008
Orbital altitude 250 km

Orbital inclination 96.5°
Orbital eccentricity 0.001
Observation duration 60 days
Sampling interval 5s

We firstly simulate the ephemerides of the GOCE

satellite using numerical integration formulas of the

9th-order Runge-Kutta linear single-step method as-
sociated with the 12th-order Adams—Cowell linear
multi-step method. The parameters of the numerical
simulation from the GOCE orbit are listed in Table 1.

As indicated in Fig. 3, the
represents the accuracy of the Earth gravity field
model GO_CONS_GCF_2_DIR_R1 completely up
to 240 degrees released by the French Centre Na-
tional d’Etudes Spatiales (CNES) using the 2-month
real GOCE observations based on the direct method.
At 240 degrees, the cumulative geoid height error is
8.523 cm. The solid and dashed lines denote the ac-
curacies of the Earth’s gravitational field from GOCE
completely up to 250 degrees based on the radial grav-

intersected line

ity gradient T, and the three-dimensional gravity gra-
dient T;; of the SGG observations, respectively, where
the measurement error of the SGG observations is
3x10712/s2. The statistical results of the cumulative
geoid height errors using the radial gravity gradient
T.,. and the three-dimensional gravity gradient 7;; are
listed in Table 2. The simulated results show firstly,
the cumulative geoid height error is 9.295 cm at 250
degrees using the three-dimensional gravity gradient
T;;, which preferably fits with the Earth gravity field
model GO_CONS_GCF_2_DIR_RL.5Y The cumu-
lative geoid height error is 12.319 cm at 250 degrees
using the radial gravity gradient T,,. Secondly, the
accuracy of the cumulative geoid height by the three-
dimensional gravity gradient T;; is improved by 30%—
40% on average, compared with that measured with

the radial gravity gradient T, at 250 degrees.

=

5 107!

b

15}

-

<

o0

g

T —

5 10 2

o)

&0

o

>

Z

=

2

Z 103

o . . . .

0 50 100 150 200 250
Degree

Fig. 3. A comparison of cumulative geoid height errors
from GOCE between the radial gravity gradient 7>, and
the three-dimensional gravity gradient T;; based on the
numerical simulation method.
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Table 2. Statistics of the cumulative geoid height errors based on different gravity gradients of SGG.

Cumulative geoid height errors (1072 m)

Gravity gradients

Degree 20 Degree 50 Degree 100 Degree 150 Degree 200 Degree 250
GO_CONS_GCF_2_DIR_R1 0.471 1.076 2.570 4.571 6.751 8.523
Three-dimensional gradients T 0.553 1.163 2.253 2.916 4.864 9.295
Radial gradient 7%, 0.701 1.389 2.575 4.059 8.089 12.319

4. Discussion and conclusions

Due to the difficulty in developing the three-
dimensional space-borne cold-atom interferometric
gradiometer with an accuracy of 10713 /s2-10715 /52
in the next-generation GOCE Follow-On mission, we
take the GOCE satellite gravity gradiometry mission
of the ESA as an example and carry out a comparative
study on the influence of the radial gravity gradient
V.. and three-dimensional gravity gradient V;; on the
accuracy of the Earth’s gravitational field completely
up to 250 degrees using the analytical error model and

numerical simulations, respectively.

1.7

——=—analytical method
——numerical method

1.6 1
1.51 1

1.4k 1

Tzz/,I‘ij

1.31 1

1.2 1

1'10 50 100 150 200 250

Degree

Fig. 4. Ratios between the cumulative geoid height er-
ror influenced by the radial gravity gradient 7T, and that
influenced by the three-dimensional gravity gradient T
based on the analytical and numerical methods.

As shown in Fig. 4, the dashed and solid lines
illustrate the ratios of the cumulative geoid height er-
rors influenced by the radial gravity gradient T,, and
three-dimensional gravity gradient 7;; based on the
analytical and numerical methods, respectively. The
obtained results are follows:

(1) In 250 degrees, the accuracy of the cumulative
geoid height from GOCE using the three-dimensional
gravity gradient V;; is about 21/2 times higher than
that using the radial gravity gradient V,, based on

the analytical error models.

(ii) In 250 degrees, the accuracy of the GOCE
Earth’s gravitational field from the three-dimensional
gravity gradient V;; is improved by 30%~40% on av-
erage compared with that from the radial gravity gra-
dient V., from numerical simulations.

(iii) Due to fewer differences between the accu-
racy of the Earth’s gravitational field recovery by the
radial gravity gradient and by the three-dimensional
gravity gradient, we suggest developing a radial space-
borne cold-atom interferometric gradiometer in China
for accurately establishing the next-generation GOCE
Follow-On Earth gravity field model with a high spa-

tial resolution.
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