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A Compton scattering image reconstruction algorithm
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Compton scattering imaging is a novel radiation imaging method using scattered photons. Its main characteristics

are detectors that do not have to be on the opposite side of the source, so avoiding the rotation process. The reconstruc-

tion problem of Compton scattering imaging is the inverse problem to solve electron densities from nonlinear equations,

which is ill-posed. This means the solution exhibits instability and sensitivity to noise or erroneous measurements.

Using the theory for reconstruction of sparse images, a reconstruction algorithm based on total variation minimization

is proposed. The reconstruction problem is described as an optimization problem with nonlinear data-consistency con-

straint. The simulated results show that the proposed algorithm could reduce reconstruction error and improve image

quality, especially when there are not enough measurements.
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1. Introduction

Radiation imaging technology has been widely

used in industrial, medical, and many other fields.

It traditionally uses transmitting photons, such as

in radiography and computed tomography (CT).[1,2]

A novel radiation imaging method using scattered

photons is Compton scattering imaging, which was

proposed by Lale[3] and developed by a number of

researchers.[4,5] The main characteristics of Compton

scattering imaging are that detectors do not have to be

on the opposite side of the source and so there is no ro-

tation process. Thus Compton scattering tomography

allows massive objects and one side accessible objects

to be imaged. This technique can be used in histori-

cal exploration,[6] nondestructive testing,[7] landmine

detection,[8] human head imaging,[9] mammographic

screening,[10,11] and so on.

Lale, the pioneer of Compton scattering imag-

ing, regarded radiation attenuation as being negligi-

ble because he used a high energy beam. Battista and

Bronskill[4] proposed a pixel-by-pixel rectilinear scan-

ning approach, which allowed for progressive correc-

tion for attenuation by the previously evaluated den-

sities of the foregoing pixel along the incident beam.

However the error of the previously evaluated densi-

ties will affect the following densities.

Farmer and Collins et al.[5] utilized the famous

Compton scattering kinematics equation relating to

the energy and angle of single scattered photons to fix

on the scattered position. They used a pencil beam

collimator and measured the energy spectrum of the

scattered photons with a wide-angle collimated germa-

nium detector. A new model using a fan beam collima-

tor was proposed by Kondic et al.[12] The attenuation

coefficients of the incident beam and scattered beam

are considered as unknown quantities, together with

the unknown electron densities, then a linear problem

with 3N2 unknowns was formulated. Hussein et al.[13]

dealt with this problem as a nonlinear problem with

N2 unknowns.[13]

In Compton scattering image reconstruction, the

number of independent measurements is usually not

equal to the number of unknown densities. The im-

ages reconstruction problem is ill-posed, so a solution

is sensitive to noise or erroneous measurements. The

common way to deal with an ill-posed problem is reg-

ularization techniques, which make a compromise be-

tween the maximum fidelity to the measurements and
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some prior knowledge about the solution.[14] There is

a whole theory of regularization methods in the lit-

erature to deal with such problems. The most com-

mon methods used in Compton scattering image re-

construction are truncated singular value decomposi-

tion (TSVD), Tikhonov–Miller (TM) type of regular-

ization, and a probabilistic expectation maximization-

maximum likelihood (EM-ML) method.[15]

Recently Candes et al.[16] developed a novel algo-

rithm for the exact recovery of an image from sparse

samples of its discrete Fourier Transform (DFT).[16]

The exact recovery depends on the fact that there ex-

ists some representation of the image which provides

sparse coefficients. Medical images often vary rapidly

only at the boundaries of internal organs, so images

themselves are not sparse but their gradient is usually

sparse.[17,18] Such a representation of an image is to

minimize the l1 norm of the image gradient magni-

tude, namely the total variation (TV) of the image.

Sidky and Pan[19] proposed an image reconstruction

method by constraining the total variation minimiza-

tion in CT, and it has turned out that their method

can reconstruct the image exactly using fewer mea-

surements. This reconstruction method based on TV

minimization was widely studied.[20−24]

2. Forward model of Compton

scattering imaging

A schematic plot of the Compton scattering imag-

ing system model is provided in Fig. 1. A fan beam

monoenergetic ray is used for irradiating the entire ob-

ject. Suppose that the energy of photons is E0 and the

source emits N0 photons at point A. Photons scatter

within the object, and the the scattered photons are

then collected with a high-purity germanium (HPGe)

detector at C. Considering the single scattered pho-

tons only, and denoting the fluence at scattering en-

ergy E as Ψ(E), Compton scattering kinematics pro-

vides the following formulas,

E =
E0

1 + α(1− cos θ)
, (1)

Ψ(E) =
N0

|B −A|2
fi(B −A;E0)P (E0;E)ρ(B)

× ∆A

|C −B|2
fo(C −B;E)k(E), (2)

where E0 and E are the energy of the incident pho-

tons and the energy of the scattered photons, respec-

tively, θ is the angle of scattering, α is the ratio of

E0 to the energy corresponding to the rest mass of

the electron, |B − A|2 is the square of the distance

between the source and the scattered point, fi and

fo are the attenuations for the incident and scattered

pathways, respectively, ρ(B) is the electron density of

the scattered point, P is the probability of Compton

scattering from E0 to E, |C−B|2 is the square of the

distance between the scattered point and the detector,

∆A is the area of the detector aperture and k(E) is

the detector efficiency evaluated at energy E. From

Klein–Nishina formula, P is given by

P (E0;E) =
r2e
2

(E0

E
+

E

E0
− sin2 θ

)( E

E0

)2

=
r2e
2

[
cos2 θ + α(1− cos θ)

+
1

1 + α(1− cos θ)

]
×
[ 1

1 + α(1− cos θ)

]2
, (3)

where re is the classical radius of the electron.

In Compton scattering tomography, the source is

usually a γ source with high energy. The contribu-

tion of the photoelectric effect to photon attenuation

is small compared with that of Compton scattering,

so the photoelectric effect is negligible. fi and fo can

be given by

fi(E0) = exp
[
−
∫ B

A

ρ(l)× σ(E0)dl
]
, (4)

fo(E) = exp
[
−
∫ C

B

ρ(l)× σ(E)dl
]
, (5)

where σ(E0) and σ(Ei) are the attenuation coefficients

of the incident beam and the scattered beam, respec-

tively, ρ(l) is the electron density at position l along

the radiation path.

source
detector

A

B

θ

C

Fig. 1. The Compton scattering imaging system model.

If the object is made into a square grid of N ×N

pixels, the detected spectrum is segmented into M
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discrete energy regions, with respectively Ei (i =

1, 2, . . .M), then expression (2) can be expressed as

Ψ(Ei) =
N2∑
j

aijρj (6)

with

aij = δij
N0

|B −A|2
fi(B −A;E0)P (E0;Ei)

× ∆A

|C −B|2
fo(C −B;Ei)k(Ei), (7)

where the subscript j refers to the j-th pixel, δij is a

delta function whose value is equal to one when the

scattered photons from pixel j contribute to the en-

ergy spectrum Ei of the detector, otherwise it is set

to be zero. In the matrix notation, expression (6) can

be written as

Ψ = A(ρ)ρ, (8)

where matrix A is called the system matrix, which is

the forward mapping of the electron densities to the

measurements. This is for a single detector element,

then, other elements will just add similar rows to the

matrix.

From expression (1), we can obtain the relation-

ship between the scattered angle and energy of the

scattered photons, which is shown in Fig. 2. In Comp-

ton backscatter imaging, the ray source and detectors

are located on the same side of the object, so many of

the scattered angles are greater than 90◦, and the en-

ergies of scattered photons change slowly. This means

that photons collected by the detector are from a nar-

row range of the energy spectrum. The energy spec-

trum range and the energy bin determine the number

of measurements, so only a few measurements can be

obtained in Compton backscatter imaging.
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Fig. 2. Relationship between scattered angle and the en-

ergy of scattered photons.

3. Compton scattering image re-

construction by TV minimiza-

tion

The reconstruction problem of Compton scatter-

ing imaging is an inverse problem to solve electron

densities from the nonlinear equation (8). Generally,

the process of solving this inverse problem is to es-

timate a set of electron densities that accord with

the measured data best. The unweighted least-square

solution that is obtained from a minimization of the

residual between the measurements and its model pre-

dictions, has maximum fidelity to the measured data.

When the measured data are contaminated by noise,

the unweighted least-square solution has maximum fi-

delity to the noise as well, so this solution is not what

we want.

To deal with an ill-posed problem, we can add

prior knowledge about the solution to stabilize it. The

underlying image function of a medical image is often

almost a piecewise constant, so the gradient of an im-

age is often sparse. Using this prior knowledge about

the solution, we introduce the TV minimization ob-

jective function, and then the reconstruction problem

of Compton scattering imaging can be described as

follows:

argmin||ρ||TV

subject to (s.t.) A(ρ)ρ = Ψ , (9)

where

∥ρ∥TV =
∑
i,j

√
(ρi,j − ρi−1,j)2 + (ρi,j − ρi,j−1)2, (10)

where, ρi,j is the electron density of position (i, j).

Defining B = A(ρ), expression (9) can then be ex-

pressed as

argmin||ρ||TV

s.t.

Bρ = Ψ ,

B = A(ρ).
(11)

In Eq. (11), the problem can divide into two alternate

steps:

(i) solving the following sub-problem, ρ(i) is ob-

tained as

argmin ||ρ||TV

s.t. B(i−1)ρ = Ψ ; (12)

(ii) calculating the matrix B(i) = A(ρ(i)), where

the superscript i means the i-th iteration.

We can rewrite Eq. (12) as

argmin
{
||ρ||TV +

1

2
µ · ∥Bθ − Ψ∥22

∣∣∣ ρ− θ = 0
}
. (13)

The task of solving problem (13) is to find an

(ρ∗,θ∗,λ∗) ∈ Ω,[25,26] such that
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||ρ||TV − ||ρ∗||TV + (ρ− ρ∗)T(−Iλ∗) ≥ 0,

1

2
µ · ∥Bθ − Ψ∥22 −

1

2
µ · ∥Bθ∗ − Ψ∥22 + (θ − θ∗)T(Iλ∗) ≥ 0, ∀(ρ,θ,λ) ∈ Ω,

(λ− λ∗)T(ρ∗ − θ∗) ≥ 0,

(14)

where Ω = X × Y × Rn, X,Y ⊂ Rn are given closed convex sets.

For given (θ,λ), ρk+1 is the solution of the following problem (i.e. Eq. (15)):

ρk+1 = argmin
{
||ρ||TV − (λk)T(ρ− θk) +

1

2
β · ∥ρ− θk∥22|ρ ∈ X

}
. (15)

Use λk and the obtained ρk+1, θk+1 is the solution of the following problem (i.e. Eq. (16)):

θk+1 = argmin
{1

2
µ · ∥Bθ − Ψ∥22 − (λk)T(ρk+1 − θ) +

1

2
β · ∥ρk+1 − θ∥22|θ ∈ Y

}
, (16)

λk+1 = λk − β(ρk+1 − θk+1). (17)

The sub-problems (15) and (16) are separately solved.

The method of solving these two problems can be

found in Ref. [25].

4. Numerical simulations

To demonstrate this new algorithm for Comp-

ton scattering image reconstruction, the proposed

algorithm is compared with the unweighted least-

square method and the EM-ML method. We pro-

vide in Fig. 3 the schematic plot of the Compton

backscatter imaging system model used in this sim-

ulation. In this model, the source is collimated as

a fan beam, the energy of the incident photons is

662 keV, and two detector arrays are symmetrically

located around the incident beam. The distance be-

tween the two neighbouring detectors is 20 mm, the

size of detector is 2 mm×2 mm, and the vertical and

source

detector 

array

object

detector 
array

fan 

beam

Fig. 3. System model used in this paper.

horizontal distances between the source and the near-

est detector cell are 100 mm and 0 mm, respectively.

The horizontal and vertical distances between the

source and the centre of the object are 64 mm and

0 mm, respectively, and the object is a 32×32 Shepp–

Logan phantom, so the number of unknown electron

densities is 1024.

The measured data are generated by Eq. (8). In

order to perform simulations in the presence of noise,

we incorporate an additive noise component depen-

dent on the projections into the measurements,[27]

such that

Ψ ′ = Ψ +N(µ, σ2) ∗ Ψ , (18)

where Ψ ′ means the measurements including noise,

N(µ, σ2) means a Gaussian function which has a mean

µ and a variance σ2. In this work, µ = 0 and σ = 0.01.

Image quality is evaluated by the root mean

square error (RMSE), which is defined as

RMSE =

√
(ρ′ − ρ)T(ρ′ − ρ)

N
, (19)

where ρ′ and ρ (column vector) are the electron densi-

ties of the real image and the electron densities of the

reconstructed image, respectively, and N is the total

number of pixels in the image.

In this study, the detector arrays are arranged at

the same side of the source, so the imaging situation is

worse because detectors can collect only the backscat-

ter photons. The photons collected by detectors have

a narrow energy range, so the measurements are fewer.

For the first step, we use 25 detectors for each

detector array, so the total number of detectors is 50.

Reconstruction results with and without noise, when

the energy bin is set to 2 keV, are shown in Figs. 4 and

5, respectively. We define k as the number of global

iterations.
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For Fig. 4, when we use fifty detectors and set

the energy bin at 2 keV, the total number of mea-

surements is greater than the unknown density, and

all of the methods can reconstruct the image with a

low error in the absence of noise. The TV minimiza-

tion algorithm is slightly better. After adding noise to

the measurements, the result of the TV minimization

algorithm shows more advantages than the other two

methods as shown in Fig. 5.

For the second step, we use 20 detectors for each

detector array, so the total number of detectors is 40.

Reconstruction results without and with noise when

the energy bin is set at 2 keV are shown in Figs. 6 and

7, respectively.

In Figs. 6 and 7, the total number of measure-

ments is less than the unknown density. Even with-

out noise, the image quality of the unweighted least-

square method and EM-ML method becomes worse,

but the TV minimization algorithm appears to lead to

more accurate reconstructed images. In the presence

of noise, the proposed algorithm is obviously better

than the other two methods.

(a) (b) (c) (d)

Fig. 4. Reconstruction results without noise for the unweighted least-square method, the EM-ML method, and the

TV minimization algorithm when the number of detectors is 50. (a) The Shepp–Logan phantom. (b) The result

of the unweighted least-square method, k = 20, RMSE = 0.0087. (c) The result of the EM-ML method, k = 20,

RMSE = 0.0047. (d) The result of the TV minimization algorithm, k = 20, RMSE = 0.0032.

(a) (b) (c) (d)

Fig. 5. Reconstruction results with noise for the unweighted least-square method, the EM-ML method, and the TV

minimization algorithm when the number of detectors is 50. (a) The Shepp–Logan phantom. (b) The result of the

unweighted least-square method, k = 20, RMSE = 0.03. (c) The result of the EM-ML method, k = 7, RMSE = 0.0321.

(d) The result of the TV minimization method, k = 7, RMSE = 0.0208.

(a) (b) (c) (d)

Fig. 6. Reconstruction results without noise for the unweighted least-square method, the EM-ML method, and the

TV minimization algorithm when the number of detectors is 40. (a) The Shepp–Logan phantom. (b) Result of the

unweighted least-square method, k = 20, RMSE = 0.0315. (c) Result of the EM-ML method, k = 20, RMSE = 0.0214.

(d) Result of the TV minimization algorithm, k = 20, RMSE = 0.0062.
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(a) (b) (c) (d)

Fig. 7. Reconstruction results with noise for the unweighted least-square method, the EM-ML method, and the

TV minimization algorithm when the number of detectors is 40. (a) The Shepp–Logan phantom. (b) Result of the

unweighted least-square method, k = 20, RMSE = 0.0556. (c) Result of the EM-ML method, k = 7, RMSE = 0.0544.

(d) Result of the TV minimization algorithm, k = 7, RMSE = 0.0282.

For the last step, we use 15 detectors for each de-

tector array, so the total number of detectors is 30.

The number of measurements is fewer than that at

the second step. Reconstruction results without noise,

when the energy bin is set at 2 keV, are shown in

Fig. 8.

In Fig. 8, because the total number of measure-

ments is less than the number of unknown electron

densities, the image qualities of the unweighted least-

square method and the EM-ML method become worse

more rapidly than those at the second step, but the

TV minimization algorithm gives a more accurate im-

age.

Figure 9 shows the accuracies for different solu-

tion methods. We can see that the TV minimization

algorithm is obviously more accurate.

(a) (b)

(c) (d)

Fig. 8. Reconstruction results without noise for the un-

weighted least-square method, the EM-ML method, and

the TV minimization algorithm when the number of de-

tectors is 30. (a) The Shepp–Logan phantom. (b) Re-

sult of the unweighted least-square method, k = 20,

RMSE = 0.0903. (c) Result of the EM-ML method,

k = 20, RMSE = 0.0744. (d) Result of the TV mini-

mization algorithm, k = 20, RMSE = 0.0292.
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Fig. 9. Comparison among density errors for different

reconstruction procedures.

5. Conclusion

Introducing an objective function of TV mini-

mization, a new image reconstruction algorithm is pro-

posed in this paper. This algorithm seeks an image

which has the minimum TV amongst all images that

match the measured data. The simulated results show

that the proposed algorithm can reduce reconstruction

error and improve image quality, especially when the

number of measurements is fewer.
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