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Multiferroic phase transitions in manganites RMnQOg:
A two-orbital double exchange simulation®
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The semi-quantum two-orbital exchange model is used to investigate the effect of small rare-earth ion substitution

on orthorhombic RMnOg3 with A-type antiferromagnetic order, using the Monte Carlo algorithm, exact diagonalization,

and zero-temperature optimization approaches. It is revealed that the substitution results in a rich multiferroic phase

diagram where the coexisting A-type antiferromagnetic phase and spiral spin phase, pure spiral spin phase, coexisting

spiral spin phase, the E-type antiferromagnetic phase, and the pure E-type antiferromagnetic phase emerge in sequence.

The multiferroic phase transitions modulate substantially the electric polarization, which is consistent qualitatively with

recent experiments.
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1. Introduction

The coexistence of frustrated spin order and fer-
roelectric (FE) polarization (P) is commonly referred
to as multiferroic behaviour.!=3] Due to the inter-
coupling between the spin order and electric order
which allows the electric control of spin moment and
the magnetic control of polarization P, multiferroics
have attracted attention and promise a number of
technological applications.[*~1% The ABOs-type per-
ovskite manganites (RMnOs, R represents a rare
earth species) each with an orthorhombic structure,
have been the most often visited classes of multiferroic
compounds, especially since the discovery of ferroelec-
tricity in systems of spiral (cycloidal) spin order.[1*=13]
For RMnQg, the magnetic ground state is intrinsically
related to the R-site ionic radius which controls the
distortion of the MnQOg octahedron. When the R-site
is occupied by a large species, e.g. La, Pr, Nd, and
Sm, the A-type antiferromagnetic (AFM) order (4-
phase) is preferred. It will be replaced by the spiral
spin ordered phase (S-phase) when the R-site is occu-
pied with Th and Dy. If even smaller ions (Ho to Lu)
take the R-site, the ground state comes to the E-type
AFM order (E-phase) on the assumption that it has
an orthorhombic symmetry rather than a hexagonal
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structure. 114181 A sketch of the magnetic phase di-

agram for RMnOj is shown in Fig. 1(a) for reference.
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Fig. 1. (a) A sketch of the magnetic phase diagram for
orthorhombic RMnOg3 manganites, where rg is the R-site
ionic size, symbols A, S, and E, denote the A-phase, S-
phase, and E-phase respectively. (b) The RMnOs ionic
configuration without oxygen ions.
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Recent experiments revealed that those mangan-
ites with either an S-phase or an FE-phase exhibit
nonzero P below the specific spin ordering tempera-
ture (T'), and polarization P is induced by the specific
spin order. For the S-phase, the underlying mecha-
nism is conceptually described by the asymmetrical
exchange model based on the inverse Dzyaloshinskii—
Moriya (DM) interaction,!'®2% while that for the FE-
phase can be explained by the symmetric exchange
striction mechanism.[2122 Nevertheless, a substantial
challenge to these multiferroics is the low Curie point
(Trg) and small P, while no sufficient magnetization
is available due to their AFM nature. An alternative
method to improve these properties is appealing.

First, it is desirable to extend the S-phase re-
gion into the A-phase region via proper modula-
tion of the R-site ionic radius by such a substitu-
tion that additional multiferroics can be synthesized.
Typical examples to illustrate this approach include
Smy_,Y,MnO3 (z = 0.4 ~ 0.5) and Eu;_,Y,MnO3
(03 <z < 0.5).[23*26] Second, it is noted that the
S-phase is more favourable than the E-phase because
of magnetoelectric (ME) control.'® Thus, it is pre-
dicted that a RMnOg with an F-phase offers a po-
larization much larger than that generated from a S-

phase.[18:22]

This immediately allows a suggestion that
a system with a S-phase plus an F-phase may offer
both a large P and a remarkable ME response.!'8:27]
For Eug.1Y0.0MnOs3, a fairly large P ~ 800 pC/m?
and remarkable response of P to the external magnetic
field h were revealed,!'® which we argue here arises
from the S-phase and E-phase coexistence. Neverthe-
less, a comprehensive theory on the spin ordered phase
transitions appears to not yet be available, which is,
however, of special significance.

In this work, we focus on the semi-quantum two-
orbital double exchange (TO-DE) model, which is
specifically suited to manganites, in order to cap-
ture the physics for the spin ordered phase transi-
tions across the A-phase, S-phase, and E-phase by a
substitution approach,® and thus to understand the
multiferroic behaviours. We address three issues: (i)
whether it is accessible to obtain the S-phase in the A-
phase; (ii) whether the S-phase and E-phase co-exist
in a well-controlled manner; (iii) how the P in such
a state of coexistence is modulated. While the clas-
sical Mochizuki-Furukawa model was used to inves-
tigate these issues,'®17] the present quantum model
may have a comprehensive insight into the physics of
multiferroic phase transitions, including the electronic
structure.

2. Model and methods

For simplification, we start from the TO-DE
model in a two-dimensional (2D) Lx L (12x12) square
lattice on the z—y plane under the periodic bound-
ary conditions, which represent the Mn ionic plane of
RMnOg3 in an orthorhombic structure. The Hamilto-

nian for the TO-DE model is given by[1%:2]

H=— Y thyjclcs+> J5FS: -8
(ij),08 (i5)
+Y T TRS S+ A (Qaitai + Q3iTi)

[és]

+3 2@+ @3, (1)

where the first term on the right-hand side of the
above expression is the DE kinetic energy of an
eg electron, a = |22 — ¢?) and B = [322 — r?)
are the two Mn-e, orbitals; c;fag(cjﬁa) is the cre-
ation (annihilation) operator for the e, electron car-
rying spin o on site i; 2;; = cos(6;/2)cos(6;/2) +
sin(6;/2) sin(6;/2) exp[—i(P; — P;)] with §; and D; be-
ing the angles of the ta, spin S; in the spherical coordi-
nates. If the actual hopping amplitudes ¢, ; are taken
into account the different overlaps between the orbits
along the = axis and y axis of the lattice are: t, =
the = 3thy = 3ty = 3to/4, ths = th, = —ths =
—t5, = V/3to/4, and tg (~ 0.2 eV-0.5 eV) is chosen as
the energy unit. The second and third terms on the
right-hand side in Eq. (1) are the superexchange inter-
actions between the NN and NNN ty, spins along the
b axis. We choose (Jip, J41)=(0.08, 0.005) and (JZ,
JEY=(0.097, 0.011), where the superscripts A and E
refer to the A-phase and FE-phase, respectively. In-
tentionally, for a lattice randomly doped with smaller
ions at the R-site, one considers the R-O layer neigh-
bouring to the MnOy plane as shown in Fig. 1(b).
It is easy to obtain JAF = (nngjJiy + nnk ) /4
and ijb = (nnng J5 + nnnlE] JE) /2, which are deter-
mined mainly by the four NN and two NNN R-site
cations respevtively,?”) where nn and nnn denote the
numbers of NN and NNN R-site cations. The sub-
stitution level is thus defined as z = }_,; nn5/4L2.
The fourth term on the right-hand side in Eq. (1)
is the electron—phonon coupling arising from the in-
teraction between the e, electron and the MnOg oc-
tahedra distortion, and A is the coupling constant
with Qg; and Qs3; scaling the (z%-4?) and (322-r?)-
type Jahn—Teller distortions, respectively. We choose
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M@z = 1.5 and Q3 = —|Q2|/V3 without los-
ing the generality.'®) The orbital pseudospin opera-
tors are T, = Za(cﬁwciﬁg + ciﬁgciw) and 1, =
Zg(ciagciaa
hand side of Eq. (1) is the elastic energy of the

- C}LBJCiga). The last term on the right-

phonons. Typically, the temperature chosen for run-
ning the simulation is 7' = 0.002 for the ground state.
In order to identify the spin phase, we evalu-
ate spin configuration in real space and calculate the
spin structure factor C(k) = >_,.(S; - S;)explik -
(r; — 7;)]/L* in the momentum space. the inverse
DM mechanism and the symmetric exchange striction
(double-exchange) mechanism contribute to the po-
larization P, i.e. it is generated by the S-phase and
E-phase, respectively. They can be expressed as

1
PDM o< ﬁ <Z|eij X (Sl X SJ)|> R
T

(if)

POE % <21m> @)
(i) T

where e;; denotes the unit vector connecting sites 4

and 5,['%2% and r;; denotes the oxygen displacement

between the i-th and j-th Mn ions, and the (--)r

represents the averaging of thermal configuration. Ide-

PPM 5 dominant in the S-phase and related to

ally,
the spin—orbit coupling, while in the E-phase the Mn
ion displacements are staggered in the +—+— pattern
along the z axis and y axis and PPP is independent
of the spin-orbit coupling.[2!:22]

The Monte Carlo (MC) procedure of the to, spin
is employed for the present calculation. At each MC
step, the fermionic sector of the Hamiltonian is exactly
diagonalized.['527] The initial 15000 MC steps are dis-
carded for equilibration and the subsequent 5000 MC
steps are retained for data collection. Finally, the data
are submitted to the zero-T' optimization to confirm

the ground state.

3. Results and discussion

Prior to considering the mixture of the A-phase
and the E-phase, we first look at the pure A-phase
and E-phase. At x=0, the ground state is in the A-
phase where all the in-plane spins align in the ferro-
magnetic order. For x = 1.0, a pure E-phase is ob-
tained with an up-up-down-down spin order along the
x axis or the y axis, and it consists of ferromagnetic
zigzag chains where the two neighbouring chains are

antiparallel to the spin alignment.® Then we focus
on the smaller ion substitution at the R-site for the
A-phase, which leads to more than the simple coexis-
tence of the A-phase and E-phase but a sequence of
spin ordered phase transitions. Several pictures of the
spin configurations for various = (z = 0.1, 0.5, 0.6,
and 0.7) are shown in Fig. 2. It is identified that the
spin order is sensitive to the substitution. A low level
(x = 0.1) is sufficient to partially destroy the A-phase
(Fig. 2(a)). Instead of the expected appearance of the
local E-phase due to the substitution, we observe the
local S-phase in coexistence with the A-phase. This
surprising outcome indicates that the S-phase, which
is an ingredient for P generation, can be induced by
the substitution with small R ions. Furthermore, the
phase coexistence is indeed possible by means of such
a substitution, while it is challenging to its detection

experimentally.
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Fig. 2. Mn spin structures for (a) z = 0.1 with a coexist-

—~
(¢
~

ing A-phase and S-phase, (b) z = 0.5 with a pure S-phase,
(¢) © = 0.6 with a coexisting S-phase and E-phase, and
(d) z = 0.7 with a pure E-phase.

With z increasing, the S-phase increases in its
volume fraction in parallel with a suppressed A-phase
until  ~ 0.35, beyond which the whole lattice is oc-
cupied with the S-phase evidenced with one example
shown in Fig. 2(b) at « = 0.50. The value of = further
increasing up to 0.6 leads to the appearance of the F-
phase as shown in Fig. 2(c) for z = 0.6, and the whole
lattice is filled with the E-phase at x > 0.7 as shown
in Fig. 2(d).
substitution with a smaller species can lead to a se-

Therefore, one understands that R-site

quence of the A-phase plus the S-phase, pure S-phase,
S-phase plus E-phase, and pure E-phase.

To further confirm these phase transitions, a spin
structure factor C(k) is evaluated and shown in Fig. 3.
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At x = 0.1, a peak of C(k) appears at k = (0,0), in-
dicating an in-plane FM order. The other two main
peaks at k = £7(1,1)/12 correspond to the S-phase
with a spiral periodicity of 12 along the x axis and
y axis respectively, confirming the coexistence of the
A-phase and the S-phase. At = = 0.5, the peak
at k = (0,0) disappears completely, indicating that
no more A-phase appears, while only two peaks at

k = +m(1,1)/6 for the S-phase are available. For
x = 0.6, there are at least ten visible peaks ap-
pearing respectively at k = +7(3,2)/12, £7(2,3)/12,
+7(1,1)/6, £7(1,3)/12, and +n(1,1)/4. The first
eight peaks refer to the S-phase and the last two peaks
feature the E-phase. Figure 3(d) shows the C'(k) for
the pure E-phase with two peaks at k = £7(1,1)/4.

C(k)

Clk)

Fig. 3. Calculated C(k) spectra for (a) z = 0.1, (b) z = 0.5, (¢) x = 0.6, and (d) = = 0.7, respectively.

To achieve the ferroelectricity, it is necessary to
check the electronic structure in response to the sub-
stitution. The calculated densities of states (DOSs)
for all these samples and evaluated band gap A are
presented in Fig. 4. While the DOS spectra shows not
much difference for these substitution levels, the band
gap A is irrelevant to z until z ~ 0.55 (A ~ 1.75tg =
0.35 eV-0.875 eV), beyond which A is observed to
rapidly increase up to A ~ 1.82tg = 0.364 eV-0.91 eV
for the E-phase (r = 1.0). No anomaly is identified
The A ~ z de-
pendence is quite reasonable for manganite, and one
sees that the A-phase in the 2D lattice is in-plane FM-
ordered while the E-phase prefers to align in the direc-

for the phase coexistence regime.

tion anti-parallel to the diagonal direction. Referring
to the TO-DE model, the AFM order obviously has
the biggest gap with respect to the in-plane FM order,
which is consistent with the present simulation result.

The S-phase can be viewed as a superposition of the
FM alignment and AFM alignment.

The evaluated polarization components, PPM and
PPE_each as a function of z are presented in Fig. 5(a),
in which it is noted that they are not comparable in
value. Due to the limit lattice size, the simulation data
are scattered and thus the configuration averaging is
performed over quite a big number of samples. The
dependences of PPM and PPF on z are evident. It is
noted that the A-phase has no P (PPM < 0.06 and
PPE = (), while the S-phase contributes to PPM, ex-
plaining the rapid increase of PPM with z increasing
until z ~ 0.35. Afterwards, PPM begins to fall down,
accompanied with the appearance of non-zero PPE
since the E-phase grows from the S-phase at > 0.6.
PPE increases steeply with z increasing and becomes
saturated at x > 0.7.
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Fig. 4. (a) Calculated DOSs for z = 0, 0.1, 0.5, 0.6, 0.7,
and 1.0, respectively, and (b) evaluated energy gap A(z).
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Fig. 5.
polarization components, PPM and PPE (normalized by

(a) Evaluated multiferroic phase diagrams and

their maximal values respectively), each as a function of
x. Here symbols A, S, and E denote the A-phase, S-
phase, and E-phase respectively. (b) Measured polariza-
tion data on Eui—;Y;zMnOg cited from Ref. [25] (square
dots) and Ref. [18] (circle dots), and measured data on
Y1_yLuyMnO3 cited from Ref. [18] (up-triangle dots). It
is noted that a one-to-one quantitative correspondence be-
tween z and y/z makes no sense and only a qualitative
comparison is shown here.

To sum up the simulated results, one may pro-
pose a low-T multiferroic phase diagram as plotted in
Fig. 5(a).
transitions of the magnetic ground state from the A-

This phase diagram illustrates clearly the

phase to the A-phase plus S-phase to the S-phase to

the S-phase plus E-phase to the E-phase, in sequence,
with the substitution level (z) increasing. This conse-
quence is easy to understand if one considers the NN
and NNN interactions in the substituted lattice. In
our model, the substitution is done by replacing the
smaller JAF and J2P values which favour the A-phase
with larger JAF and J?® values which favour the E-
phase. This treatment corresponds to a realistic case,
taking Sm;_,Y,MnOg for example, where a substitu-
tion of larger Sm>*+ with smaller Y37 leads to a more
serious local MnQOg octahedron distortion in RMnQOg
manganite, characterized by a gradual decrease of the
Mn—-O-Mn bond angle away from 180°. It is noted
that the E-phase always has smaller Mn—O-Mn bond
angle than the A-phase.

Finally, we compare qualitatively our simulated
results with recent experimental data, while it should
be noted that no complete set of data covering the
whole composition range for one system is available.
In Fig. 5(b) the polarization component data for
Eu;—yYyMnO3 and Y;_,Lu,MnOs versus the sub-
stitution level z,825 are plotted, in which it is
noted that the substitution levels y and z are not
in one-to-one correspondence with x in our simula-
tion (Fig. 5(a)). For Eu;_,Y,MnO3 where EuMnOs3
favours the A-phase and YMnO3 favours the E-phase,
alow y (y < 0.3) results in the S-phase, accompanied
with polarization P ensuing and increasing rapidly
with 3.12%] A coexisting A-phase plus S-phase between
the pure A-phase and pure S-phase was confirmed for
Nd;—,Y,MnO3 (0.4 < y < 0.55) by neutron powder-
diffraction.?? For Smg¢Y4MnOs, Smg5Yo5MnOs3,
and Eu;_,Y,MnO3 (0.3 < y < 0.5), the substitu-
tion covers the intermediate range, the measured po-
larization can be nearly completely suppressed by a
magnetic field of several Tesla, indicating the pure

[23-25] These results are

S-phase in these materials.
roughly consistent with the simulated PPM(z). Nev-
ertheless, at high y (y ~ 0.9) for Eu;_, Y,MnOg, the
measured P increases with y increasing and particu-
larly it cannot be completely suppressed with a finite
magnetic field, '8 suggesting the coexistence of the S-
phase and the FE-phase, while it is known that the
E-phase is robust against a magnetic field unless the
field is very high. This behaviour fits qualitatively
to PPE(x).
lated PPE(z) remains roughly unchanged against z.

For the pure E-phase state, the simu-

Indeed, the data on Y;_,Lu,MnO3 show nearly no
z-dependence of the measured P, which is consistent
with the simulated PPF(z) at a high value of z.['%]
Certainly, the above comparison is qualitative and
these multiferroic phase transitions need additional
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checks. In addition, the over-simplified treatments in
our simulations should be mentioned. First, the third
NN interactions, smaller than the NN and NNN inter-
actions, are neglected. Second, for computability con-
siderations, the effect from the magnetic R-site ions
is excluded. The 2D model cannot distinguish the
ab-cycloidal order from the bc-cycloidal order which
is available in multiferroic manganites. However, the
main conclusion here remains unchanged in the sense
that the major physical ingredient is captured.

4. Conclusions

In the present paper, the multiferroic phase tran-
sitions in orthorhombic RMnOs associated with the
substitution of small rare-earth ion into the A-phase
are investigated in the framework of a semi-quantum
TO-DE model.
transitions of the spin order from the A-phase to the

The substitution leads to successive

coexisting A-phase and S-phase to the pure S-phase
to the coexisting S-phase and E-phase to the pure F-
phase, accompanied with corresponding modulation
of the electric polarization. Our simulations explain
qualitatively recent experiments on various multifer-
roic manganites.
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