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Reconstructing a complex field from a series of its
near-field diffraction patterns*
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We propose a method for reconstructing a complex field from a series of its near-field diffraction patterns. This

method is based on the paraxial Fresnel diffraction equation without making further approximations. Numerical sim-

ulations are presented showing that a complex field can even be reconstructed with moderate qualities from its two

near-field diffraction patterns and almost exact reconstructions can be obtained when three or more diffraction patterns

are used. We also show by numerical simulation that the correct diffraction distances can be recovered in case only

coarsely measured values are available. This method may be applied to phase imaging of weak-absorption objects.
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1. Introduction

X-ray phase imaging is an important technique for
investigating weak-absorption samples.' =19 To de-
tect the phase distribution of the X-ray introduced by
the sample, one may either use an interferometer(!!:12
or let the X-ray wave propagate to certain distances
and then try to extract the phase information from
the diffraction patterns. The process is usually called
phase retrieval or phase recovery.['3l When the Fresnel
number is not too big (it is usually limited to several
tens or smaller), Fraunhofer coherent diffraction imag-
ing (CDI)[**~17] or the Fresnel CDI method!'8=2! can
be used to reconstruct the object field from a sin-
gle diffraction pattern. However, when the Fresnel
numbers are bigger in the case of near-field diffrac-
tion imaging of larger objects, it is usually difficult to
perform Fraunhofer or Fresnel CDI.[?2l Various meth-
ods for this problem have been developed. For phase
retrieval from a single near-field diffraction pattern
one may use the algorithms developed by Cheng et

al.,?»24 where weak phase object approximation is
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used, or those by Li et al.,2?225] which deal with the
more general cases but requires oversampling of the
diffraction pattern. For phase retrieval from multiple
near-field diffraction patterns, both linear and non-
linear ones are available. Since multiple diffraction
patterns are used, oversampling is not required in any
of these methods.

transport-of-intensity equation method (TIE),[26-31]

Linear methods may include the

the astigmatic imaging method,[*? the composite lin-
ear method,3l and the holography method.[?* The
linear methods are easy to solve and have had many
successful applications but in principle they assume
weak phase objects or/and slow phase variation in or-
der to drop the nonlinear terms in the equations. The
Allen
et al. demonstrated that by iteratively propagating

nonlinear methods have no such limitations.

the waves between the object and diffraction planes
and applying the diffraction intensity constraints one
can reconstruct the object field from three or more

5.[35,36]

diffraction pattern: Zhang et al. demonstrated

a phase retrieval method that an arbitrary com-
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plex field can be reconstructed from three or more
of its Fresnel diffraction patterns collected with an
aperture-plane phase plate transversely shifted to dif-
ferent positions.[?”] Liu et al. proposed a quantitative
phase imaging method from its diffraction images us-
ing structured illumination.®®! It was also shown that
a complex sample can be reconstructed from a series
of its de-focused images using polychromatic X-ray
illumination. 3]

In this paper we propose an iterative algorithm
for directly reconstructing an arbitrary complex field
from a series of its near-field diffraction patterns. In
the iterations, one does not get the phase distribu-
tions of the diffraction fields but simply tries to find
optimal object fields to fit the diffraction patterns col-
lected by the pixelated detectors. Compared with
other non-linear methods mentioned above, this one
has the advantage that the sampling rate need not be
great enough to sample the phase of the diffractive
fields since one does not use the diffractive fields to
propagate them to the object plane or other diffrac-
tion plane(s).

The rest of the paper is arranged as follows. Sec-
tion 2 describes the theory, followed by numerical sim-
ulations in Section 3. The conclusion is given in Sec-
tion 4.

2. Theory

For the sake of simplicity, we only present the
theory in the one-dimensional (1D) form, but the ex-
tension to the two-dimensional (2D) form is straight-
forward. Under the paraxial approximation, the ob-
ject field E(m;0) and the diffraction field E(p; z) at a
distance z from the object plane are related by

[N/2]—1

> Em0)T.(p-m) (1)

m=—|N/2|

E(p;z) =

with the transfer function 7, (s) defined as

—1/2 Yz : N2\ 2
T.(s) =z /_1/2 daexp [17r<4NF) (s —a) }
2)
In the above derivations, we show the sampling inter-
val on the diffraction plane to be the same as that on
the object plane. Here |x| and [z] denote the floor
and ceiling of z, N is the number of object pixels,
i = (=1)"2, Ngp = a®/(42)) the Fresnel number with
A the wavelength and a the size of the object. Note
that while m takes only integer values, p and s can

take continuous values. Given that the diffractive in-
tensity |E(p; z)|” can be effectively measured, one may
use Egs. (1) and (2) to iteratively propagate the wave
fields between the object and image planes and apply
the diffraction intensity constraints to reconstruct the
object. However, practical experiments cannot mea-
sure the diffractive intensity at ideal points but in-
tegrated intensities over finite-sized pixels. While it
is possible to obtain the diffractive intensity at ideal
points directly from integrated intensities in the case
of far-field diffraction,*”) no similar method has yet
been found to exist in the case of near-field diffraction.
Indeed, we may expect this effect to be neglected if the
sampling of the diffraction pattern is dense enough.
However, to do so larger detectors would be needed
and the photon counts would be lower. An alterna-
tive solution to this problem was demonstrated, that
the object may be reconstructed by simply fitting its
integrated near-field diffraction intensity to the mea-
sured data.[?! In this paper we show that this method
also works in the case of reconstructing an object from
a series of its near-field diffraction patterns.

To proceed, we denote the number of diffraction
images to be Ny, the distances of the diffraction im-
age planes to be z;, k =1,..., Ny, the corresponding
transfer functions Ty, then we have

[N/2]-1

Epiz)= Y.

m=—|N/2]

E(m;0)Tk(p—m).  (3)

The integrated diffraction intensity collected by pixel
q at the distance 2y, denoted by I°*P(q; zi), is

(g n) = i Igacl) @)
with
1 [(L—1)/2] I 2
R R S M - SR | T
I=—|(L—-1)/2]

where L is an integer. We here define the integrated
intensity collected by each pixel to be the limit of av-
eraging the intensities at points within the pixel so
that discrete convolution can be used to speed up the
calculation as indicated by Egs. (3) and (5). To re-
construct the object from the measured diffraction in-

tensities, we define the objective function!®!

Ny
D= Z.ukaa (6)
k=1
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where pj are real weighting factors and Dy, is defined

as
[N/2]-1 )
De= Y {2 D] = [17%(g; )] 2}
g=—|N/2

(7)
From Egs. (5)—(7), we see that D is a function of
E(m;0) and its minimum corresponds to the solution
of the equations

1 [(L-1)/2]
I 2
l=—|(L-1)/2]
[N/2]-1 z ?
X Z E(m;0)Ty, (f —l—q—m)
m=—|N/2]
= I""(g; 2k). (8)

If L is sufficiently large, then the solution of Eq. (8) or,
equivalently, the minimization of D will converge to
the original object function. To minimize D, the fol-
lowing equations can be iteratively applied until con-

vergence is reached!?’]

B (m:0) = BV (m;0) — GV (m),  (9)

where the superscripts are iteration numbers, € is a
real number and has the meaning of the searching step
size and GU)(m) is defined by

Ny
GO (m) =3 Gy (m) (10)
k=1

| ey e
Gz(f)(m)=z > >, AW <Z+Q§Zk)

l==(L-1)/2] ¢=—[N/2]

l
xT,;*(Z—i—q—m), (11)
/1 1P (g ) 1/2
A [ 2 . =1 | DR
(5 vmo) = {1~ [ty
x EU) <% +q;zk) ) (12)

where EU) (I/L + q;2;) can be calculated from
EU)(m;0) using Eq. (3) and IYW(g;z,;L) from
EU) (I/L + ¢; z) using Eq. (5).

3. Numerical simulations

To demonstrate how our method works, we per-
formed numerical simulations. Figures 1(a) and 1(b)

show the phase and magnitude distribution of the
complex object characterized by 128 x 128 pixels. Four
diffraction images with Ny = 150,200, 300,400 were
calculated using Egs. (2), (4), and (5) from the ob-
ject zero-padded to a size of 130 x 130 and it turned
out that I(g; zx; L) converges when L > 1024. Then
Poisson noise was added to the images assuming an
average photon count of 400 per pixel for each image
and we finally get I®P(q; i) (Figs. 1(c)-1(f)). To re-
construct the object from the diffraction images, the
iteration can be carried out simply following Eqs. (9)—
(12). In each reconstruction, we started from the ini-
tial object E(®(m;0) = 1 and ran the iteration for
1000 cycles with L = 1, ¢ = 0.02, and then with
L =10, € = 0.1, until convergence was obtained.
was set to be 1 in all cases. To monitor the iteration,

the normalized reconstruction error is defined as

Ny
R(J) — D(J)/Z Lk Zlexp(q; Zk)~

k=1 q

(13)

Fig. 1. Panels (a) and (b) show the phase and magni-
tude distributions of the test object.
from 0 to m and the magnitude from 0.1 to 1. Panels
(c), (d), (e), and (f) show the near-field diffraction mag-
nitudes [I(g; 2)]'/? of the object for Ny = 150, Ny = 200,
Np = 300, and Ng = 400, respectively. Each image has a
size of 130 x 130, the same as the zero-padded object.

The phase varies

In all our simulations, the iterations converged
within 5000 steps (Fig. 2). We first used two diffrac-
tion images (Figs. 1(d) and 1(f)) and reconstruction
with moderate qualities was obtained when the cor-
rect Fresnel numbers were used (Figs. 2(a) and 2(b)).
We tried different sets of two images and similar re-
sults were obtained. When three or four diffraction
images were used, the reconstructions were improved
as one would expect (Figs. 2(c)-2(f)).
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Fig. 2. (colour online) Panels (a) and (b) show the reconstructed phase and magnitude using diffraction images in
Figs. 1(d) and 1(f). Panels 2(c) and 2(d) show the reconstructions using Figs. 1(c), 1(d), and 1(f). Panels (e) and (f)
show the reconstructions using all the four diffraction images in Figs. 1(c)-1(f). Panel (g) shows the convergence of the

normalized reconstruction errors in the reconstruction iterations using the correct Fresnel numbers.

4
— N¢ = (136.3, 208.9, 396.3) (e)

T

o
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S
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Tteration for recovering Ny

Fig. 3. (colour online) Panels (a), (b), (¢), and (d) show the reconstructions using the diffraction images in

Figs. 1(c), 1(d), and 1(f) using incorrect and recovered Fresnel numbers, respectively. Panel (e) shows the

convergence of the iteration retrieving the correct Fresnel numbers. The iteration starts with the incorrect
Fresnel numbers NP = (136.3,208.9,396.3) and converges at N} = (149.5,200.3,396.9).

Since the Fresnel numbers may not be accurately
measured in practical experiments, it is important
that the algorithm can deal with such measurement
errors. We developed an efficient method that recov-
ers the correct Fresnel numbers from coarsely mea-
sured values. We denote the Fresnel numbers used in

the reconstructions by a vector N¥ = (..., Np,...),

where £k = 1,...,N;. Once we have an estimate of
Ng, we perform reconstructions following the steps
described above using the Fresnel numbers of Ny and

k= (s Ne k1), Nek + 1, N 141y - - -) getting
a normalized reconstruction error of R and R;. We
define g = Ry — R. Obtaining g for k = 1,..., Ny,

a new estimate of the Fresnel numbers can be calcu-
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lated as NE = N& — (..., g, - -
real number. This procedure can be carried out until

.) - 7, with 7 being a

convergence is reached. We tested this approach using
a set of three diffraction images (Figs. 1(c), 1(d), and
1(f)). The iteration started with a set of randomly
generated Fresnel numbers NE = (136.3,208.9, 396.3)
with an average deviation of about 5% from the cor-
rect values and 7 = 6 x 10%, and it converged within
9 loops arriving at INg = (149.5,200.3,396.9), as in-
dicated in Fig. 3(e). As shown in Fig. 3(a)-3(d), the
reconstructions are much improved when the recov-
ered Fresnel numbers are used. Numerical simulations
were also carried out with different sets of randomly
generated Fresnel numbers and different sets of im-
ages, and correct Fresnel numbers were recovered in
all these tests.

4. Conclusion

In conclusion we have developed a method for re-
constructing a complex field from a series of its near-
field diffraction images. We showed by numerical sim-
ulation that moderate reconstructions can be obtained
with even two diffraction images and almost exact
reconstructions can be obtained when three or four
diffraction images are used. We also showed that even
if the accurate values of the Fresnel numbers are not
known, they can still be recovered using an efficient al-
gorithm. Although the algorithm seems efficient and
robust, we do note that there are still very challeng-
ing and important questions such as the uniqueness
of problem and the convergence property of the algo-
rithm to be answered.
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