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The effects of self-fields on the electron trajectory in a
two-stream free electron laser with a helical wiggler

and an axial guiding magnetic field*
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A theory for the two-stream free-electron laser (TSFEL) with a helical wiggler and an axial guide magnetic field

is developed. In the analysis, the effects of self-fields are taken into account. An analysis of the two-stream steady-state

electron trajectories is given by solving the equation of motion. Numerical calculations show that there are seven groups

of orbits in the presence of self-fields instead of two groups reported in the absence of self-fields. The stability of the

trajectories is studied numerically.
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1. Introduction

The free-electron laser (FEL) is a high-intensity,
continuously tunable source of coherent electromag-
netic radiation. The radiation is generated by the pas-
sage of a relativistic electron beam through a spatially
periodic wiggler magnetic field.l' =6 A uniform axial
magnetic field is often employed to collimate the rel-
ativistic electron beam in the transverse direction. It
is known that the self-electric and self-magnetic fields
generated by charge and current densities of the elec-
tron beam have significant effects on the operation of
an FEL. Self-fields can produce chaos in FELs, par-
ticularly in the vicinity of gyro resonance.’~1% The
first-order self-magnetic field generated by the wiggler-
induced transverse velocity has been calculated by
Freund et al.'!] Recently, more exact calculations of
self-fields and analysis of their effects on electron or-
bits have been published.'2:13]

McNeil et al.'4 studied a model of the FEL am-
plifier operating with two-electron beams of different
energies. Bekefi and Jacobs!™ have shown that the
amplitudes of the electromagnetic and space-charge
waves are considerably affected by the two-stream in-
stability due to the prebunching of electron beams.
Also, the effects of two-stream instability on the
growth rate of FELs with a helical wiggler have been
investigated recently by Mehdian and Abasi.['6] Liu et
al.l'] have investigated the effects of two-stream in-
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stability on the growth rate of an FEL with a helical
wiggler and an axial magnetic field. Finally, the effects
of self-fields on gain and electron trajectories in a free
electron laser with an electromagnetic wave wiggler
and axial magnetic field has been investigated.!'®!

The purpose of the present paper is to investigate
the effects of self-fields on electron trajectory in a two-
stream free-electron laser with a helical wiggler and an
axial guiding field. The rest of the paper is organized
as follows. In Section 2, the analyses of single-particle
trajectories of TSFEL in the presence of an axial guid-
ing field and self-field are given. The numerical results
and conclusions are given in Section 3.

2. Single particle orbits

The physical configuration consists of a two-
stream relativistic electron beam propagating through
a helical wiggler in the presence of the axial-guide
magnetic field, B = Bpé, and

By, = By(éycoskyz + éysinkyz), (1)
is the idealized helical wiggler magnetic field with am-
plitude By, and wavelength Ay, = 27/ky, .

The beam equilibrium self-electric and self-
magnetic fields, respectively, are

2
E, = —2r Z enp, (Téy + yéy), (2)

=1
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2
By, = By, = QWZ enbiﬁ“i(yéw — zéy).
i=1

The relativistic equations of motion for an elec-
tron with rest mass m and charge —e moving with
velocity v in the combined field are
d(my; Vi)

d¢

Using the normalized conditions 7 = kyct and x =

1
- —e[Es + -V x (By + Boés + By,) |- (4)

kwX, where x represents the transverse displacement
X1, = kw|rcoskyz + ysinkyz], (5)
X2; = kw|—zsinkyz + ycoskyz]. (6)

With the aid of Eqgs. (1)-(6) the normalized constant
transverse velocity of each beam is given by

ﬂwOi: 2 2 I’ (7)
20, Bz0, + (Z ngﬂzoqz)ﬂn - w}i - 301-

i=1 i=1
where

eBy eBy

Qwi = 727 0; 72’
mryikwc myikyc
and
9 2me?ny,
Wy, =

P omeyo, k23
denote the normalized wiggler frequency, normalized
cyclotron frequency, normalized beam frequency re-
spectively. Since energy is a constant for motion of
the steady-state trajectory, we require that f3,, and
B, are related via

—2 2 2 2

Yo, =1- xi Py T Pz

2 2 .
—1-p2 -6, i=1,2 (8)

For convenience, we shall work in the coordinate frame
which rotates with the wiggler defined by the basis
vectors:

€1 = €3 o8 kywz + €y sinkyz, (9a)
€y = —éysinkyz + é, coskyz, (9b)
€z = &, (9¢)
v = 0161 + V282 + V363 = V| + V). (9d)

In this coordinate frame, the substitution of the ide-
alized wiggler model into the Lorentz force equation
yields

dpgq,
4By, = Avix1, + Biifo;, (10a)
dr
dfs.
% = Ayix2, — B1iB1, — 2w, B3, (10Db)
T
s, 2
dﬁ? _ (;wiﬂzoi)(ﬂh)ﬂi +X2,52,)
+‘Qwi52i' (].OC)

The stability of orbits can be determined by small

perturbations about the steady-state orbits. To inves-
tigate the orbital stability, we assume that

X1; = O0X1:s X2 = Xw0; T 0X2;, B, = 081, + Buwo,,

ﬁ%za&“&f:w&+mm_mm=—%@-um

The orbit equations for each of the streams are

d
dféﬁli = Ay,0x1, + B1,682,,
-

20;

(12a)

d
565% = Ali(;X?i - Bliaﬁli - Cli(sﬁ?n’ (12b)

d
56531 = A2l6X11 + B21,6B27;7 (12C)
d
E(SXL = 5/811 + /831'5)(21' + X’LU01‘6637’,3 (12d)
A o, = 66, — .0 (12¢)
dr X2; = 2 3,0X1;5
where
2 2
Ali = Zwi — (Z Wliﬁzoi)ﬁzolw
=1 i=1

2
Agi (Z w{iﬁzoi)ﬁwma
=1
Bli Bin - QOw

2
B2i Qwi + Xw0; (Z Wli- 6201) )
i=1

2
Cr, = X, (D wh Buo. ) + Buo, + Q. (13)
i=1
Differentiating Eqgs. (12b) and (12d) with respect to
time and employing Egs. (11)—(13), we obtain two ho-
mogeneous higher order differential equations as
2

d
(@ + a%i>552i + M?6x1, =0, (14a)

d2
(5 + 03 ) o, + M336s, = 0.

Combining Egs. (14a) and (14b) we obtain

(14b)

da? da?
(ﬁ + O‘%i) (@ + a%i)éﬁ% — M{;M3;602, =0, (15)
where
1. =B} + Bl —A, +0 A 16
Qy; = Do, + 1; 1, + wiﬁwoi + 2in0i7( a)
agi = _Ali + 5301 - AQinOiv (16b)
M121- = 2A1iﬁzi — AliQOi + AgiCh, (16C)
M221 = _Bli - ﬁin - Bzinoi- (16(21)

Assume that all the variables oscillate with the same
frequency w, in the form of

5/827: - 627‘, exp(iwt), (17)
then equation (15) will be
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(a3, + a3;) £/ (0F, + a3)? — 4(a},0d, — MEM3)

W12 =

This equation has two roots for . The stability of the
steady-state two-stream electron trajectory requires
that these roots, w; and Wy, must be real and posi-

tive.

3. Numerical results and conclu-

sions

A numerical study of the steady-state relativistic
two-stream electron trajectories in a helical wiggler in
the presence of self-fields and axial magnetic field is
conducted. The typical dependence of the axial ve-
locity on (29 is obtained by simultaneously solving
Egs. (7) and (8). The electron energy is taken to be
v = 4 and yo = 4.2, the normalized wiggler mag-
netic field and the normalized electron beam frequency
are chosen to be 2,1 = 0.05, and wy; = 0.2, respec-
tively. The normalized axial velocities of two beams,
B.1 (solid line) and 5.5 (dashed line), in the absence
of self-fields for using axial magnetic field are shown
in Fig. 1. As seen in these curves the electron trajec-
tories in the absence of self-field have two distinguish-
able orbits. Figures 2(a) and 2(b) show the curves
of the normalized axial velocity of two-beam, 3., and
B.2, each as a function of the normalized cyclotron
frequency, 291 in the presence of self-fields. The elec-
tron trajectories appearing in the presence of self-field
consist of seven groups rather than two groups shown
in Figs. 1(a) and 1(b).

521, 522

1.0 1.5
Q(Jl

2.0 2.5

Fig. 1.
velocity, B.1 (solid line) and .2 (dashed line), each as

(colour online) Curves of the normalized axial

a function of normalized cyclotron frequency (201 in the
presence of helical wiggler and axial guide field. The cho-
sen parameters are as follows: v1 = 4 and v2 = 4.2, and
21 = 0.05.

. . (18)

Fig. 2. (colour online) Curves of the normalized axial ve-
locity (a) 821 and (b) 8.2 each as a function of normalized
cyclotron frequency 291 in the presence of helical wiggler,
axial guide field, and self-fields effects. The chosen param-
eters are as follows: v; = 4, y2 = 4.2, 2,1 = 0.05, and
wp1 = 0.2.
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Fig. 3. (colour online) Curves of w11 111 and @ar q11 ver-
sus {2p1 corresponding to the groups (I-III) orbits. The
system parameters are chosen to be y; = 4, 79 = 4.2,
251 = 0.05, and wp; = 0.2.

To investigate the stability of the steady-state
two-stream electron trajectory, we find the roots of
Eq. (15), namely @, and @s, through a numerical anal-
ysis. The roots of Eq. (18) (@ and @2) each as a func-
tion of 27 are illustrated for groups (I-III) in Fig. 3.

As seen in this figure in the given range of {241, w1 and
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@ws are real and positive. Therefore, groups (I-1I1) are  for the following regions: {291 < 0.86 and 8, > 0.908

stable, in the given range for {29;. The obtained re-  for group IV; 257 < 0.82 and 3, > 0.92 for group V;
sults for groups (IV-VII) indicate that these groups 201 < 0.78 and B, > 0.921 for group VI; 297 < 0.78
are not completely stable. With the aid of Figs. 4(a)  and 8, > 0.922 for group VII. In the other regions,

and 4(b), it can be seen that these groups are stable  groups (IV-VII) are unstable.
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Fig. 4. (colour online) Curves of (a) @iry_yir and (b) @arv_vir versus £2p1 corresponding to the groups (IV-VII) orbits.
The system parameters are chosen to be y1 =4, v2 = 4.2, £2,,1 = 0.05, and wp; = 0.2.
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