
Chin. Phys. B Vol. 21, No. 10 (2012) 104103

Linear theory of a dielectric-loaded rectangular

Cerenkov maser with a sheet electron beam∗

Chen Ye (陈 晔)a)b)†, Zhao Ding(赵 鼎)b), Liu Wen-Xin(刘文鑫)b), Wang Yong(王 勇)b),

and Wan Xiao-Sheng(万晓声)a)b)

a)Key Laboratory of High Power Microwave Sources and Technologies, Institute of Electronics, Chinese Academy of

Sciences, Beijing 100190, China

b)Graduate University of Chinese Academy of Sciences, Beijing 100049, China

(Received 6 January 2012; revised manuscript received 9 April 2012)

A three-dimensional model of a dielectric-loaded rectangular Cerenkov maser with a sheet electron beam for the

beam-wave interaction is proposed. Based on this model, the hybrid-mode dispersion equation is derived with the Borgnis

potential function by using the field-matching method. Its approximate solution is obtained under the assumption of a

dilute electron beam. By using the Ansoft high frequency structural simulator (HFSS) code, the electromagnetic field

distribution in the interaction structure is given. Through numerical calculations, the effects of beam thickness, beam

and dielectric-layer gap distance, beam voltage, and current density on the resonant growth rate are analysed in detail.
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1. Introduction

Research on Cerenkov masers dates from the late

1940s. Since then, a series of far-reaching achieve-

ments has been made. As a novel type of high power

microwave source, the Cerenkov maser is well known

for its high power and high frequency coherent radi-

ation and a wide tunable working frequency range,

which shows promising prospects in radar, communi-

cation systems, plasma heating, material sciences, and

so on.[1−10]

As one of the most essential members of the

Cerenkov maser family, the rectangular Cerenkov

maser (RCM) is characterized by the beam-wave inter-

action between the electromagnetic fields in a planar

slow-wave structure and a sheet electron beam. Com-

pared with the cylindrical Cerenkov maser, the focus-

ing of the beam in the RCM can be realized by using

periodic permanent magnets because of the smaller

space-charge force in the sheet beam. In the RCM,

the total beam current can be enhanced by enlarg-

ing the beam size instead of increasing the beam cur-

rent density which can lead to reduced interaction effi-

ciency and less stable beam confinement. Usually, the

RCM adopts dielectric-loaded or metal-grating slow-

wave structure as its interaction structure. In contrast

to the metal-grating RCM, the arc discharge problem

caused by the high current density can be avoided in

the dielectric-loaded RCM. Meanwhile, the RCM can

operate in an ultra-broad frequency band that is able

to reach the one-octave level when a thick enough di-

electric liner is used.[11] However, sometimes dielec-

tric breakdown problem occurs if the device works in

a state of high current density, which will eventually

result in the pulse shortening in operation.

Significant experimental work on the dielectric-

loaded RCM has been performed since the 1980s. The

output power is at the 100-kW level for oscillators and

10-MW level with a pulse of 100 ns for amplifiers. In

1988, Walsh et al.[12] first did the dielectric-loaded

Cerenkov maser work in the far-infrared frequency

band. In 1990, Garate et al.[13] obtained a growth

rate of 11 dB over the interaction length of 21 cm for

the X-band dielectric-loaded Cerenkov maser. Subse-

quently, in the early 2000s, Calsten[14] put forward a

conceptual design of the RCM that was applied in a

low-frequency communication system, and according

to the PIC simulation, he obtained 1.2-dB/cm gain

at 28.7 GHz using the sheet electron beam (140 kV,
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15 A), and an interaction efficiency of about 15%–25%.

In the present paper, a three-dimensional beam-

wave interaction theory in the dielectric-loaded RCM

is established. The dispersion equation in the RCM is

derived by solving an equivalent multilayer field prob-

lem for the sheet beam linearly interacting with the

hybrid modes. Its approximate solution can be ob-

tained under a low current density limit. Numerical

results show the influences of the principal structural

and electrical parameters on the resonant growth rate,

which will be a useful reference for designing the RCM.

2. Model and formula

Figure 1 shows a three-dimensional (3D) model

of the dielectric-loaded RCM with a relativistic sheet

electron beam, which consists of a rectangular waveg-

uide of height b and width a with double dielectric

layers. d1 and d2 are defined as the thickness of the

top and bottom dielectric layers, respectively. A sheet

electron beam interacts with the guided waves in the

structure, and the beam is immersed in a strong ax-

ial magnetic field that constrains electron motion only

along the z axis. The drift velocity of the beam υ0 is

constant, and t denotes the beam thickness. All the

derivations in this paper are based on this model.
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Fig. 1. Model of the dielectric-loaded RCM. (a) 3D

model, (b) longitudinal section view, (c) tansverse section

view.

Choosing the z axis as the longitudinal direction,

the electromagnetic mode in this structure is a hybrid

mode that simultaneously includes the z axial field

components, Ez and Hz, which can be represented by

the superposition of the normal TE and TM modes in

a perfect metal waveguide. However, the hybrid mode

discussed here can be simply expressed as a transverse

magnetic mode along the y direction, TMylq, where

l is defined as the x-direction wave-number and q is

defined as the mode sequence number.[15] For a self-

consistent analysis, the electron motion equations and

Maxwell equations must be combined to obtain a solu-

tion. As shown in Fig. 1, the whole structure is divided

into five regions. Regions 1, 2, 3, 4, and 5 are defined

as the regions −d2 < y < 0, 0 < y < δ, δ < y < δ + t,

δ + t < y < b− d1 − d2, and b− d1 − d2 < y < b− d2,

respectively.

By linearizing Lorentz-force equations and

Maxwell equations, beam region 3 can be replaced by

the equivalent dielectric layer with an effective per-

mittivity constant as follows:[16,17]

⇒
ε=


1 0 0

0 1 0

0 0 1 + χb

 , (1)

where χb = −ω2
p/{γ3(ω − υ0β)

2} reflects the elec-

tron polarization response to the perturbing field com-

ponent Ez. ωp =
√
(e2n0)/(γm0ε0) represents the

plasma frequency, e, n0, m0, β, γ, and υ0 denote one

charge electric quality, electron density, electron rest

mass, propagation constant, relativistic factor, and

drift velocity of the beam, respectively. Hence the

field solution can be reduced to an equivalent multi-

layer field problem.

Based on the above analysis, the Borgnis poten-

tial function U can be expressed by using the method

of variable separation as

Uyi = (A+
i e jkiy +A−

i e−jkiy)

× sin
[
kx

(
x+

a

2

)]
e−jωt+jβz, (2)

where ki (i = 1–5) represent the y direction propaga-

tion constants in regions 1, 2, 3, 4, and 5, respectively;

A+
i and A−

i (i = 1–5) separately denote the forward

and backward amplitude constants; kx is defined as

the x-direction propagation constant; β denotes the z-

direction propagation constant; other parameters can

be written as

k1 = kd, k2 = −jk0, k3 = −jkb, k4 = −jk0, k5 = kd,

kb =

√
k2x + β2 −

(ω
c

)2

√
k2x +Θβ2

k2x + β2
,
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kd =

√(ω
c

)2

εr − k2x − β2,

k0 =

√
k2x + β2 −

(ω
c

)2

, kx =
lπ

a
, l = 1, 2, . . . ,

Θ =

1 + χb, in the region 3,

1, in other regions,

χb =
−ω2

p

γ3(ω − ν0β)2
,

where kd, k0, and Θ being the intermediate variables,

and εr representing the relativistic dielectric constant.

According to the corresponding relations between

the Borgnis potential function and the electromag-

netic field components, Ez and Hx can be expressed

as

Ezi =
jβ

k2x +Θβ2

∂Uyi

∂y
, (3)

and

Hxi =
−ωεΘβ

k2x +Θβ2
Uyi. (4)

Hence, the electromagnetic field components in re-

gions 1, 2, 3, 4, and 5 can be expressed as

Ez1 =
−βkd
k2x + β2

(A+
1 e jkdy −A−

1 e−jkdy) sin
[
kx

(
x+

a

2

)]
e−jωt+jβz, (5a)

Ez2 =
jβk0

k2x + β2
(A+

2 ek0y −A−
2 e−k0y) sin

[
kx

(
x+

a

2

)]
e−jωt+jβz, (5b)

Ez3 =
jβkb

k2x + (1 + χb)β2
(A+

3 ekby −A−
3 e−kby) sin

[
kx

(
x+

a

2

)]
e−jωt+jβz, (5c)

Ez4 =
jβk0

k2x + β2
(A+

4 ek0y −A−
4 e−k0y) sin

[
kx

(
x+

a

2

)]
e−jωt+jβz, (5d)

Ez5 =
−βkd
k2x + β2

(A+
5 e jkdy −A−

5 e−jkdy) sin
[
kx

(
x+

a

2

)]
e−jωt+jβz, (5e)

Hx1 =
−ωε0εrβ

k2x + β2
(A+

1 e jkdy +A−
1 e−jkdy) sin

[
kx

(
x+

a

2

)]
e−jωt+jβz, (6a)

Hx2 =
−ωε0β

k2x + β2
(A+

2 ek0y +A−
2 e−k0y) sin

[
kx

(
x+

a

2

)]
e−jωt+jβz, (6b)

Hx3 =
−ωε0(1 + χb)β

k2x + (1 + χb)β2
(A+

3 ekby +A−
3 e−kby) sin

[
kx

(
x+

a

2

)]
e−jωt+jβz, (6c)

Hx4 =
−ωε0β

k2x + β2
(A+

4 ek0y +A−
4 e−k0y) sin

[
kx

(
x+

a

2

)]
e−jωt+jβz, (6d)

Hx5 =
−ωε0εrβ

k2x + β2
(A+

5 e jkdy +A−
5 e−jkdy) sin

[
kx

(
x+

a

2

)]
e−jωt+jβz. (6e)

By applying the boundary conditions of the tangent

electric field components in the planes y = −d2 and

y = b − d2, and the continuous conditions of the

tangent field components, the hybrid-mode dispersion

equation can be derived through complicated alge-

braic operations as

D(ω, kz, χb) =
kb(Ψ1 + 1) +Θk0(Ψ1 − 1)

kb(Ψ1 + 1)−Θk0(Ψ1 − 1)

−kb(Ψ2 + 1) +Θk0(Ψ2 − 1)

kb(Ψ2 + 1)−Θk0(Ψ2 − 1)
e−2kbt

= 0, (7)

where

Ψ1 =
εrk0 − kd tan(kdd2)

εrk0 + kd tan(kdd2)
e2k0δ,

Ψ2 =
εrk0 − kd tan(kdd1)

εrk0 + kd tan(kdd1)
e2k0∆,

The analytic solution of Eq. (7), i.e., the complex

propagation constant when the working frequency is

kept unchanged, can be obtained by solving the tran-

scendental equation numerically. However, under the

assumption of a dilute electron beam, an approximate

solution can be easily obtained. In the dielectric-

loaded RCM, there exist the guided surface-wave and

the space-charge wave simultaneously. According to

the coupling mode theory, the coupling between the

two waves becomes strong when their phase velocities

are close to each other,[18] which is commonly known

as the synchronous condition. The coupled fields are

hence modified from the fields of an uncoupled guided

surface-wave. Since the beam is dilute (i.e. χb ≪ 1),

the field modification due to the coupling is moder-

ate. Based on this point, Eq. (7) is expanded around

χb = 0 and the resonant point (ωres, βres) by using the

Taylor series, as follows:
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D(ω, β, χb) = D(ω, β, χb)
∣∣
(ωres,βres,χb=0) + δβ

∂D(χb = 0)

∂β

∣∣∣ (ωres,βres) + χb
∂D

∂χb

∣∣∣ (ωres,βres,χb=0). (8)

Through algebraic operations, the resonant growth rate (i.e., the imaginary part of δβ) is obtained as

δβ =

 (ωp/γ)
2 1

υ2
o

∂D(β, χb)

∂χb

∂D(β, χb)

∂β


1/3

, (9)

where

∂D (βres, χb)

∂χb

∣∣∣∣
χb=0

=

F
∂E

∂χb
− E

∂F

∂χb

F 2
−

H ∂G
∂χb

−G
∂H

∂χb

H2
e−2k0t +

√
k2x + β2 −

(ω
c

)2 β2t e−2k0t

k2x + β2

G

H
,

∂D (βres, χb = 0)

∂β
=

∂Ψ1

∂β
− ∂Ψ2

∂β
e−2k0t +

2t e−2k0tβ

k0
Ψ2,

E = 2k0Ψ1,
∂E

∂χb
=

∂kb
∂χb

(Ψ1 + 1) + k0(Ψ1 − 1), F = 2k0,
∂F

∂χb
=

∂kb
∂χb

(Ψ1 + 1)− k0(Ψ1 − 1),

G = 2k0Ψ2,
∂G

∂χb
=

∂kb
∂χb

(Ψ2 + 1) + k0(Ψ2 − 1), H = 2k0,
∂H

∂χb
=

∂kb
∂χb

(Ψ2 + 1)− k0(Ψ2 − 1),

∂kb
∂χb

=
1

2

√
k2x + β2 −

(ω
c

)2 β2

k2x + β2
.

3. Simulation and numerical cal-

culation

As an example, a sheet electron beam interacting

with the TMy10 mode in the dielectric-loaded RCM is

investigated by using the above beam-wave interaction

theory. A rectangular waveguide of width 22.86 mm

and height 10.16 mm is adopted. The thicknesses of

the top and bottom dielectric layer are taken to be

3 mm and 4 mm, respectively. The gap distance be-

tween the beam and the bottom dielectric layer is kept

unchanged at a value of 0.4 mm. The working fre-

quency, the beam voltage, the current density, and

the beam thickness are taken to be 20 GHz, 35 kV,

15 A/cm2, and 1 mm, respectively.

Figure 2 shows a simulation model of the

dielectric-loaded RCM with the input and output ta-

pers of dielectric layer depth. In Fig. 2, the model is

divided into five sections, including the input smooth

waveguide, the input taper, the dielectric-loaded slow-

wave structure, the output taper, and the output

smooth waveguide from the left to the right ends. Fig-

ure 3 shows the cold dispersion curve of the TMy10

mode. Figures 4 and 5 show the field intensity distri-

butions of the electric field component Ez in planes

xoy and yoz, respectively. In Fig. 6, the dotted line

corresponds to the result obtained from the ansoft

HFSS code, and the dashed line represents the numer-

ical result, where x = 0 mm and z = 20 mm. The nor-

malized amplitudes of the electric field component Ez

of the TMy10 mode for y = −4 mm and y = 6.16 mm

approach to zero, which satisfy the boundary condi-

tions of the tangent electric field component, and the

amplitude reaches a peak value for y = −0.4 mm.

Based on the analysis for Figs. 4, 5, and 6, it can

be proved that the electromagnetic waves propagate

along the surface of the dielectric layer in the RCM.

The maximum amplitude of the Ez appears around

the dielectric layer surface, and gradually decreases

with the increase of distance on the y axis.

dielectric layer
vacuum

waveport3

x

y

Fig. 2. (colour online) Simulation model of the dielectric-

loaded RCM.
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Fig. 3. Cold dispersion curve of the TMy10 mode.
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Fig. 5. (colour online) Field intensity distribution of the

Ez in plane yoz.
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As shown in Fig. 7, the resonant growth rate, G,

decreases with the rise of the gap distance between the

beam and the bottom dielectric layer, for the beam

thickness of 1 mm, the top dielectric-layer thickness

of 3 mm and the bottom dielectric-layer thickness of

4 mm. In fact, it is the increase of the gap distance

that reduces the coupling between the guided waves

and the space-charge waves. In Fig. 8, the gap dis-

tance, δ, is kept unchanged at a value of 0.4 mm,

the resonant growth rate rises markedly with the in-

crease of beam thickness when the thickness is less

than 0.5 mm, this rise slows down when the beam

thickness is more than 0.8 mm, and then tends to a

saturated value with a further increase of beam thick-

ness. This result shows that the electromagnetic wave

energy mainly distributes around the surface of the

dielectric layer, and drops quickly with the increase of

distance on the y axis. Figure 9 shows that the res-

onant growth rate rises with the increase of current

density, Jb, where the relative dielectric constant εr

takes a value of 10. Based on the analysis for Figs. 7,

8, and 9, it can be found out that a resonant growth

rate of 0.3613 dB/cm is obtained at a working fre-

quency of 20 GHz for a beam voltage of 35 kV and

current density of 15 A/cm2.
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Fig. 7. Resonant growth rate versus the gap distance

between the beam and the bottom dielectric layer.
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Fig. 8. Resonant growth rate versus beam thickness.
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Fig. 9. Resonant growth rate versus current density.

By solving the cold dispersion equation and the

1D space-charge equation, the relationship at the syn-

chronization point between the bottom dielectric layer

thickness, d2, and the beam voltage, Vb, is derived
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for the top dielectric-layer thickness, 3 mm. Substi-

tuting this relationship into formula (9), the resonant

growth rates at different synchronization points can be

obtained. Figure 10 denotes that the resonant growth

rate increases rapidly with the rise of the beam voltage

when the voltage is smaller than 50 kV, this growth

slows down when the voltage is larger than 50 kV and

approaches to a peak value, and then decreases with

the further increase of beam voltage.
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Fig. 10. Resonant growth rate versus beam voltage at

synchronization points.

4. Conclusion

A 3D model of the dielectric-loaded RCM for the

beam-wave interaction is proposed. The hybrid-mode

dispersion equation is obtained by solving the equiv-

alent multi-layer field matching problem. Moreover,

the resonant growth rate at the operating point under

the assumption of the dilute electron beam is investi-

gated. Through simulation and numerical calculation,

the influence of the principal working parameters on

the resonant growth rate is analysed. It is worth point-

ing out that a resonant growth rate of 0.3613 dB/cm

can be obtained at a working frequency of 20 GHz for

the beam voltage of 35 kV and the current density of

15 A/cm2.
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