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Spatiotemporal chaos synchronization of an uncertain

network based on sliding mode control∗
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The sliding mode control method is used to study spatiotemporal chaos synchronization of an uncertain network.

The method is extended from synchronization between two chaotic systems to the synchronization of complex network

composed of N spatiotemporal chaotic systems. The sliding surface of the network and the control input are designed.

Furthermore, the effectiveness of the method is analysed based on the stability theory. The Burgers equation with

spatiotemporal chaos behavior is taken as an example to simulate the experiment. It is found that the synchronization

performance of the network is very stable.
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1. Introduction

Theoretical study of complex network synchro-

nization is marked by the groundbreaking work of

Winfree,[1] and a breakthrough has been made on the

basis that small-world and scale-free network mod-

els were built by Watts,[2] Barabási and Albert,[3]

and the characteristics of the network were studied

as well. A complete synchronization method was

proposed by Pecora and Carroll[4] in 1998 for the

continuous-time coupling network, which attracted

further attention to complex network synchronization.

Together with the theoretical study of complex net-

work synchronization, the unique advantage of net-

work synchronization in many applied areas is also

found, such as in information and communication,

physics, computer, and the Internet, thus the study of

complex network synchronization has a wider range

of practical value. So far, many effective network

synchronization schemes for random network, small-

world network, scale-free network, and a variety of

regular networks have been developed, and complete

synchronization,[5−11] phase synchronization,[12−15]

and generalized synchronization[16,17] of complex net-

works have been achieved.

The state equations of network nodes basically

focused on continuous or discrete temporal chaos sys-

tems in the network synchronization reported. While

in reality, the systems show chaos behaviors not only

in time evolution but also in spatial evolution. There-

fore, it is more practical to take spatiotemporal chaos

systems as nodes of complex networks. Further-

more, the topological structure or parameters in the

state equation of the network node are often uncer-

tain in an actual network connection. Therefore, the

network synchronization of uncertain spatiotemporal

chaos would be more practical.

Sliding mode control method is widely used in

the synchronization of two discrete or continuous

chaotic systems because of its simple operation, ro-

bustness, and relatively mature synchronization tech-

nology. However, the synchronization of chaotic sys-

tems with multiple interrelated, that is, the synchro-

nization of complex networks using sliding mode con-

trol method is less reported. Sliding mode control

method is used to study spatiotemporal chaos syn-

chronization of uncertain network in the paper. The

method is extended from the synchronization between

two chaotic systems to that of a complex network

composed of N spatiotemporal chaotic systems first.

Sliding surface of the network and the control input

are further designed based on stability theory. The
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Burgers equation with spatiotemporal chaos behav-

ior is taken for example to simulate experiment. It

is found that the synchronization performance of the

network is very stable.

2. Spatiotemporal chaos behavior

of the Burgers equation

The Burgers equation is a universal equation with

many practice physics processes, such as turbulence,

fluid flow, and heat-transfer, which can show rich spa-

tiotemporal chaotic behaviors. It is also used to de-

scribe many natural phenomena, such as the transport

migration process of sediment and pollutant in rivers

and lakes, the diffusion of the pollutant concentrations

in the atmosphere and coastal temperature diffusion,

which all obey the Burgers equation.

The form of one-dimensional Burgers equation is

described as follows:[18]

∂x(r, t)

∂t
= −k

∂x(r, t)

∂r
+∇2x(r, t), (1)

where k is a system parameter and x(r, t) is system

variable, and ∇2 = ∂2/∂r2.
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Fig. 1. Evolution of maximum Lyapunov exponent with

parameter k.

For one-dimensional Burgers equation, the max-

imum Lyapunov exponent is calculated to determine

the divergence and convergence of system trajectories,

and the dynamical behavior of the system is deter-

mined in this way. The system size is taken as L = 100

in simulation, and periodic boundary conditions are

taken as x(r, t) = x(r + L, t). The evolution of the

maximum Lyapunov exponent of the system with pa-

rameter k is shown in Fig. 1. It is seen that posi-

tive region of Lyapunov exponent exists, which shows

that the system is in spatiotemporal chaos when the

parameter is in the region. The parameter is taken

as k = 4 when the Lyapunov exponent is positive,

and the spatiotemporal evolution of the correspond-

ing state variables is shown in Fig. 2.
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Fig. 2. Spatiotemporal evolution of state variable x(r, t).

3. Synchronization mechanism

for sliding mode control

Synchronization of complex network with N

Burgers equations (1) as nodes is studied by the ex-

tended sliding mode control method. Thus, system (1)

is written in the following general form of spatiotem-

poral chaotic system first:

∂x(r, t)

∂t
= F (x(r, t))

= f(x(r, t)) + kg(x(r, t). (2)

Obviously, there is f(x(r, t)) = ∇2x(r, t) and

g(x(r, t)) = −∂x(r, t)/∂r, parameter k is assumed to

be uncertain here.

The N spatiotemporal equations (2) are taken as

nodes to construct a complex network, where the state

equation of node i can be described as

∂xi(r, t)

∂t
= f(xi(r, t)) + kg(xi(r, t))

+ ε

N∑
j=1

cijxj(r, t) + ui (i = 1, 2, . . . , N), (3)

where ε is the coupling strength between the nodes of

the network; cij is the matrix element of the coupling

matrix c, whose specific form depends on the connec-

tion type of the network, and it is used to express the

topological structure of the network; ui is the control

input of the network.

Errors between the state variables of spatiotem-

poral chaotic systems at nodes are defined as

ei(r, t) = xi+1(r, t)− xi(r, t) (i = 1, 2, . . . , N − 1). (4)
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Error evolution equation can be further obtained as

follows:

∂ei(r, t)

∂t
= ∆f(xi+1, xi) + k∆g(xi+1, xi)

+ ε

N∑
j=1

ci+1jxj(r, t)

− ε
N∑
j=1

cijxj(r, t) + ui+1 − ui, (5)

where ∆f(xi+1, xi) = f(xi+1(r, t)) − f(xi(r, t)), and

∆g(xi+1, xi) = g(xi+1(r, t))− g(xi(r, t)).

Two basic steps are required to achieve the syn-

chronization of two chaotic systems by sliding mode

control method. One is to choose an appropriate slid-

ing surface, ensuring that it is asymptotically stable.

The second is to design a controller or control input,

and make the controlled system tend towards the slid-

ing surface.

The sliding mode control mechanism mentioned

above is extended to the study of complex network

synchronization. Therefore, for N spatiotemporal

chaotic systems at the nodes of the network, a slid-

ing surface is constructed by the two adjacent ones,

and then N − 1 sliding surfaces can be described as

Si = ei(r, t) + φi, (i = 1, 2, . . . , N − 1), (6)

where φi is the function to be determined whose vari-

ables are the errors between state variables of the spa-

tiotemporal chaotic systems at the nodes. Assume

that the adaptive law of φi is given as

∂φi

∂t
= miei(r, t), (7)

where mi is a real number above zero.

According to the sliding mode control theory,

∂Si/∂t = 0 must be met when the sliding surface

moves, which is equivalent to the following equation

when Eqs. (6) and (7) are taken into account

∂ei(r, t)

∂t
= −miei(r, t). (8)

According to the above equation, when t → ∞, then

ei(r, t) → 0. The sliding surface designed is asymp-

totically stable.

In order to ensure the form of the control input

of the network, the Lyapunov function is constructed

as follows:

V =
1

2

N−1∑
i=1

S2
i +

1

2
(k̂ − k)2, (9)

where k̂ is the identification of the uncertain param-

eter k. The derivative form of V can be further ob-

tained as

∂V

∂t
=

N−1∑
i=1

Si
∂Si

∂t
+ (k̂ − k)

∂k̂

∂t

=
N−1∑
i=1

Si[∆f(xi+1, xi) + k∆g(xi+1, xi)

+ ε
N∑
j=1

ci+1jxj(r, t)− ε
N∑
j=1

cijxj(r, t) + ui+1

−ui +miei(r, t)] + (k̂ − k)
∂k̂

∂t
. (10)

If the parameter identification law is designed into the

following form

∂k̂

∂t
=

N−1∑
i=1

Si∆g(xi+1, xi), (11)

then, equation (10) can be simplified into

∂V

∂t
=

N−1∑
i=1

Si[∆f(xi+1, xi) + k̂∆g(xi+1, xi)

+ ε

N∑
j=1

ci+1jxj(r, t)− ε

N∑
j=1

cijxj(r, t)

+ui+1 − ui +miei(r, t)]. (12)

Take the control input as

ui+1 = ui − η sign(Si)−∆f(xi+1, xi)

− k̂∆g(xi+1, xi)− ε

N∑
j=1

ci+1jxj(r, t)

+ ε
N∑
j=1

cijxj(r, t)−miei(r, t), (η > 0), (13)

then the following equation will be obtained

∂V

∂t
= −η

N−1∑
i=1

|Si| < 0. (14)

According to Lapunov theorem, global synchro-

nization between nodes of the network is realized on

the basis of Eq. (14).

4. Simulation results and discus-

sion

The Burgers equation is taken as nodes of the net-

work to test the effectiveness of the synchronization

principle. N = 5 is taken in simulation. The complex

network is constructed by state equation (2), whose
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single node is connected in the way of Eq. (3). The

coupling matrix c in the coupling function which is

used to connect each node can represent an arbitrary

topology network, and a chain and a ring structure of

network are taken for example in simulation.

When synchronization of a chain structure of net-

work simulation is made the coupling matrix is as fol-

lows:

cl =



0 0 0 0 0

1 −1 0 0 0

0 1 −1 0 0

0 0 1 −1 0

0 0 0 1 −1


, (15)

and u1 = 0 is taken in simulation, that is, the first

node of the network is the target system, which means

it is the synchronization state. The remaining control

input ui (i = 2, 3, 4, 5) are chosen to satisfy Eq. (13).

Four sliding surfaces are constructed based on Eqs. (6)

and (7). The coupling strength between the network

nodes is arbitrarily taken as ε = 1, and the parame-

ters are η = 0.01, m1 = m2 = m3 = m4 = 1.5, the

coupling connection is made at any time, such as at

the 5th second, the spatiotemporal evolutions of er-

ror variables of Burgers equations at the nodes of the

chain network are shown in Figs. 3–6.
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Fig. 3. Error spatiotemporal evolution of the chain net-

work at nodes 1 and 2.
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Fig. 4. Error spatiotemporal evolution of the chain net-

work at nodes 2 and 3.
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Fig. 5. Error spatiotemporal evolution of the chain net-

work at nodes 3 and 4.
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Fig. 6. Error spatiotemporal evolution of the chain net-

work at nodes 4 and 5.

It is shown in Figs. 3–6 that after the coupling

connection of the network, all the error signals ei(r, t)

(i = 1, 2, 3, 4) of the Burgers equation at the nodes

approach to zero after a short series of time, which

means complete synchronization of the network is re-

alized.

When ring network synchronization is simulated,

the coupling matrix is as follows:

cr =



−1 0 0 0 1

1 −1 0 0 0

0 1 −1 0 0

0 0 1 −1 0

0 0 0 1 −1


. (16)

Keeping the same principle when the control input

and the sliding surface are selected, all parameters of

the network remain unchanged. The spatiotemporal

evolutions of the error variables of Burgers equations

at the nodes of the ring network are shown in Figs. 7–

10. It is found that the synchronization performance

of the network is still very stable.
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Fig. 7. Error spatiotemporal evolution of the ring net-

work at nodes 1 and 2.
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Fig. 8. Error spatiotemporal evolution of the ring net-

work at nodes 2 and 3.
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Fig. 9. Error spatiotemporal evolution of the ring net-

work at nodes 3 and 4.
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Fig. 10. Error spatiotemporal evolution of the ring net-

work at nodes 4 and 5.

When parameters η and mi are given other val-

ues, the synchronization performance of the network

is still very stable. However the speed of the network

synchronization is influenced by the values of param-

eters η and mi. Furthermore, when the topological

structure of the network is changed and the number

of nodes is given other values, the synchronization sta-

bility of the entire network is not influenced. The sim-

ulation course is not repeated here.

5. Conclusion

The sliding mode control method is used to study

spatiotemporal chaos synchronization of an uncertain

network. The method is extended from synchroniza-

tion between two chaotic systems to the synchroniza-

tion of complex network constituted N spatiotempo-

ral chaotic systems. Sliding surface of the network and

the control input are designed. Furthermore, the effec-

tiveness of the method is analysed based on the stabil-

ity theory. The Burgers equation with spatiotemporal

chaos behavior is taken for example to simulate ex-

periment. It is shown in simulation that the speed of

the network synchronization is influenced by the val-

ues of parameters η and mi, while the stability of the

entire network is influenced by neither the topological

structure of the network nor the number of the nodes

N .
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Lett. 95 188701
[6] Zhao M, Zhou T, Wang B H, Yan G, Yang H J and Bai

W J 2006 Physica A 371 773
[7] Li D, Leyva I, Almendral J A, Sendiña-Nadal I, Buldú J
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