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Improved frequency standard via weighted graph states*
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We study the spin squeezing property of weighted graph states, which can be used to improve sensitivity in inter-

ferometry. We study the time evolution of spin squeezing under local decoherence acting independently on each qubit.

Based on the analysis, the spin squeezing of the weighted graph states is somehow robust in the presence of decoherence

and the decoherence limit in the improvement of the interferometric sensitivity is still achievable. Furthermore, one can

obtain the optimal improvement of sensitivity by tuning the weighted of each edges of the weighted graph state.
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1. Introduction

Quantum correlations have attracted much inter-
est as intriguing manifestations of nonclassical phe-
nomena and they have also found many promis-

ing applications such as achieving interferometricl!—4

and spectroscopic!®

sensitivities beyond the standard
quantum noise limit using squeezed states and entan-
gled states. The spin squeezed states are quantum cor-
related statesl! with reduced fluctuations in one of the
collective spin components, with possible applications
in atomic interferometers and high-precision atomic
clocks. Entanglement is based on the superposition
principle combined with the Hilbert space structure,
while squeezing is originated from another fundamen-
tal principle of quantum mechanics, i.e., the uncer-
tainty principle. Therefore, it is interesting and im-
portant to study their relationship. It is found that
spin squeezing is closely related to and implies quan-
tum entanglement. In this paper we will study their
different robustness to the quantum noise and deco-
herence.

In the absence of decoherence, the squeezed un-
certainty of a transverse spin component directly im-
proves the sensitivity in interferometry,® enabling the
improvement factors of up to N/3 for one-axis twist-
ing and N1/ for two-axis twisting with N particles.!”!
Maximally entangled states can also improve interfer-
ometric sensitivity by a factor of N1/2 treating N par-
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ticles as a single quantum object. The phase evolution
of an object consisting of N particles is N times as fast
as that of a particle itself, or an equivalently deBroglie
wavelength is shortened by a factor of N, giving the
standard quantum limit for an object ~ 1.[8!

In the presence of decoherence, a Greenberger—
Horne—Zeilinger (GHZ) type maximally entangled
state with zero spin squeezing parameter does not
provide higher resolution.[*?) Whereas a partially en-
tangled state with a high symmetry, which is actu-
ally a spin squeezed state, gives an improved sensi-
tivity. Thus in the presence of decoherence the spin
squeezing results in the improvement of interferome-
try sensitivity. The aim of this paper is to find the
spin squeezed states which are robust to decoherence.
Graph states proved to be very robust against many

(10=12] Tn this paper we will study a

sources of noise.
special kind of graph state and combine the robustness
of the spin squeezing property of these states with a
scheme capable of improving interferometric sensitiv-

ity.
2. Spin squeezing and pairwise

entanglement

We consider an ensemble of N two-level particles
with a lower (upper) state |}) (|1)). Adopting the
nomenclature of spin-1/2 particles, we introduce the
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total angular momentum (i.e., Bloch vector)

N
=35, 1)

=1
where

1 1
Si=zol=5 (M-, u). @

At this point, it is convenient to introduce the follow-
ing two kinds of spin squeezing parameters!®:13]

(AJM) NZ

mn, g oo (9

2
gl - N ’ 2 4<J>2

Here, the minimization in the first equation is over all
directions denoted by n, , perpendicular to the mean
If &3 < 1 is satisfied,
the spin squeezing occurs and the N-qubit state is en-

spin direction n = (J)/|(J)|.

tangled.

Although we cannot say that the squeezed state
via the parameters &7 is entangled, it is indeed closely
related to quantum entanglement. For an arbi-
trary symmetric multi-qubit state, spin squeezing im-

plies pairwise entanglement.
(14]

Due to the exchange
symmetry,!'4) the expectation value (J2 ) can be writ-

ten as

(Ja)=N+NN-1)(8],, @5, ). (4)

The spin squeezing parameter £; can be rewritten as

G=4+4(N—-1)(S}, ®Sk ). (5)

The above equation shows that spin squeezing is
equivalent to the negative pairwise correlation (S7, . ®
sk <0

It is known that the spin squeezing manifested
by €2 < 1 leads to an improvement in frequency
measurement.*° Generally speaking, an interferome-
ter is quantum mechanically described as a collective,
linear, rotation of an input state by an angle ¢:

Pout (QD) ei¢Jn Pin e_inn . (6)

The goal is to estimate ¢ with a sensitivity overcoming
the shot-noise limit dp = 1/4/N.[19]

Spin squeezed states are many-body states show-
ing pairwise entanglement and reduced uncertainty in
This
reduction in the measurement uncertainty, achieved

the collective spin moment in one direction.

without violating the minimum uncertainty principle
by a redistribution of the quantum fluctuations be-
tween noncommuting variables, can be exploited to
perform metrology beyond the Heisenberg limit. The

degree of squeezing of a spin ensemble is evaluated
by the squeezing parameter £3. When spin squeez-
ing is instead used in the context of quantum limited
metrology, the squeezing parameter should measure
the improvement in signal-to-noise ratio for the mea-

sured quantity ¢ and the phase sensitivity is

sp= 2 (7)

VN

This definition is associated to Ramsey-type experi-

(16] in which an external magnetic field is mea-

ments,
sured via the detection of the accumulated phase ¢
due to the Zeeman interaction and the phase uncer-
tainty for a product state is ~ /N, and for a GHZ-
type maximally entangled state is ~ NN in the absence
of decoherence. In the limit of large spin numbers,
using the one- and two-axis squeezing operators, the
optimal squeezing parameters are £ ~ 32/3/(2N?/3)

(Ref. [7]) and &3 ~ (1+2v/3)/(2N),[1718] respectively.

3. Spin squeezing property of
weighted graph states

We consider an N spin-1/2 system with pairwise
interactions described by an Ising-type Hamiltonian

A=Y 1106
3.k

The weighted graph statel1911 is obtained by the evo-

k)(I-6.) @ (I-67). (8)

lution of the above Hamiltonian

) = exp (—ift) [+)° (9)
Hexp {iif(j, k)t]
7.k

X exp Lllif(j,k)t (6 + &g)}

< oxp [~ Jis oo 10°
1. ..

= [Jexp {411”(3, k)t]
jk

X Hexp [1f i,k a +03)}
12}

< I[ex [ Liy
LR
7.k

U’Hexp [—1f (4, k
jok

k)té! 0]] )N

ot 145"

where |4+) = (1) + 1)) /v/2. If we choose the evo-
lution time to satisfy f(j,k)t = mm with m be-
ing an integer, the state |¢;) is a product state. If
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fU, k)t = (2m+1)7/2, |¢;) becomes a graph state.
And for 0 < f(j,k)t < 7/2, |¢) is a weighted graph
state with spin squeezing parameter £, < 1.

In this paper we only consider two kinds of
the simplest weighted graph states: weighted cluster
states and weighted full-connected graph states. For
the weighted cluster state we have the form

) = [ exp [— Lt (- 49)
% (n&gﬂ)} 4)EN (10)

If we make our case further simpler by assuming
f; = f for each qubit j of the weighted cluster state
and ft = «, the spin squeezing parameter takes this
form

1 + cos? psin® (a/2) + sin 2¢sin a

S cos* (a/2) (11)

with the mean spin direction
n = (cos a, sin(—a), 0) , (12)
the orthogonal direction
n, = (—cos¢sin(—a),cospcosa,sing), (13)

and ¢ € [0,27]. The spin squeezing parameter is in-
dependent of the number of the qubits IV and can be
optimized to be &min = 0.7312 with respect to o and ¢
shown in Fig. 1. It is clear that with the proper choice
of a and ¢ the weighted cluster state can be used to
improve the phase sensitivity.

1.00

0.95

0.90
wp

0.85

0.80

0.75

Fig. 1.
weighted cluster state 2 as a function of a.

Simulation of spin squeezing parameter for

For the weighted fully-connected graph state, we
have the form

[thr) = xp | — ia H—&g
ge P[ o (=6l
® (11—&5)] R (14)

The spin squeezing parameter of the weighted fully-
connected graph state with the same weight o takes

this form
9 lf(Nfl)[\/AQJrBQ—A]/ZL
&= cos2N—2 ¢ ’ (15)
where

A=1-cos™?(2a), B=4sinacos™ ?a. (16)

The mean spin direction for the weighted fully-
connected graph state is

n = (cos (Na),sin(—Na),0), (17)
and the orthogonal direction is then
n, = (—cos¢gsin(—Na),cosgcos (Na),sing). (18)

The minimum spin squeezing parameter with respect
to a is obtained & oc 1/N'/3 as shown in Fig. 2.
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Fig. 2. The In-In plot of the spin squeezing parameter for
weighted fully connected graph state 2 versus the number
of the qubits IV optimized with respect to o.

4. Evolution of spin squeezing of
weighted graph states in the

presence of decoherence

For a system consisting of N two-level particles,
we would be interested in the effect of decoherence
on the spin squeezing properties of this system. We
consider as a decoherence model individual coupling
of each of the qubits to a thermal bath, where the
evolution of the k-th qubit is described by the map
&1, with Pauli operators 6; (j = 0,1,2,3) acting on
qubit k. We would be interested in the evolution of
a given weighted graph state ¢) of N qubit under this
decoherence model. That is, the initial state v suffers
from decoherence and evolves in time to a mixed state

p(t) given by

p(t) = &E1E - - En he) (U] (19)
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Disregarding a physical description in terms of
an underlying interaction between the system and its
environment, we will in the following also consider de-
coherence due to individual noise processes of the par-
ticles described by some Pauli channel:

3

> pi(t)5;x6;

Jj=0

£x = (20)

with x being a density matrix for a single-qubit state
and ijo p;j(t) = 1. These noise channels are par-
ticles of interest in quantum information theory, es-
pecially in the study of fault-tolerance of quantum
computation. This class contains for example: (i) for
po = (1+3p)/4 and p1 = p2 = p3 = (1 —p)/4 the
above depolarizing channel; (ii) for pg = (1 + p)/2,
p1 =p2 =0, and p3 = (1 — p)/2 the above dephasing
channel; (iii) for pp = (1 + p)/2, p2 = p3 = 0, and
p1 = (1 — p)/2 the bit-flip channel.[']

Entangled states are known to decay more rapidly
due to decoherence than product states, so that in
practice the improvement in sensitivity is often coun-
terbalanced by the need to reduce the interrogation
time. In particular, if the system is prepared in
the GHZ-type maximally entangled state, the sen-
sitivity improvement is completely lost in the pres-
ence of some classes of decoherence such as dephas-
ing, as the system is N-times more sensitive both to
the signal and the noise. A partially entangled state
with spin squeezing robust to decoherence, such as

a weighted graph state, can instead provide an ad-
vantage over product states or GHZ-type maximally
entangled states.

Let us now examine the same situation in a realis-
tic experimental scenario,®! where decoherence effects
are inevitably present. The main type of decoherence
in a spin ensemble is dephasing due to processes that
cause random phase changes while preserving the pop-
ulation in the spin states. Important mechanisms that
result in dephasing effects are collisions, stray fields,
and laser instabilities. We model the time evolution of
the density operator for the spin ensemble p(t) in the
individual dephasing channel by the following master
equation

= fto] 135 ot

where the reference system is the standard system

9p(t)

i’ —p(t)]. (21)

M\Q

used in phase sensitivity and it is defined as
N
=3 Z

For the weighted cluster state, we can easily eval-

l>

(22)

uate the modified main spin direction in the presence
of dephasing as

n’ = (cos (At — a),sin (At — a),0), (23)
and the modified orthogonal direction is
|
n'| = (—cos ¢sin (At — ), cos ¢ cos (At — a) ,sin @) . (24)
Then the spin squeezing parameter of the weighted cluster state under the dephasing evolves
14+ e 2 cos? ¢sin (a/2) + e~ sin (2¢) sin (25)

&(t) =

e~ 27 cos* (a/2)

In Fig. 3, with dephasing the spin squeezing parameter of the weighted cluster state still holds (< 1) for small

29t < 0.42.

For the weighted fully-connected graph state, we consider the same dephasing channel. The modified mean

spin direction and the orthogonal direction are calculated as

n' = (cos (At — Na),sin (At — Na),0), (26)
n'| = (—cos ¢sin (At — Na),cos ¢ cos (At — Na) ,sin¢) .
Then the spin squeezing parameter of the weighted fully-connected graph state evolves to
1 1 B?
1+-e (N -1 <A—) ——e (N -1) ——e
4 ( ) VA2 + B2 4 ( ) VA2 + B2 (27)

() =

e—27t cpg2N—-2 o
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Fig. 3. The spin squeezing parameter of the weighted
cluster state {2 as a function of 2yt optimized with re-
spect to a.

As we mentioned in Section 2, the spin squeezed
state can be used to improve the frequency standards.
In the absence of decoherence, using the product state
with IV qubits, the phase sensitivity dp o< 1/ VN, and
using the N-qubit maximally entangled state such as
GHZ state the phase sensitivity can be improved to
be dp o« 1/N. In the presence of decoherence (for
example dephasing), one will obtain the same accu-
racy for frequency standards for either product states
and GHZ states as dp 1/\/]V That means there
is no improvement even with the maximally entan-
gled multi-qubit states. However with one of the
weighted graph states, i.e., weighted fully-connected
graph states, the sensitivity is reduced in the pres-
ence of decoherence but our scheme remains superior
over several reference schemes with states such as GHZ
states and product states because of the robustness of
the spin squeezing property. For example, by opti-
mizing with respect to the weights, the spin squeez-
ing parameter of the weighted fully-connected graph
state is obtained numerically £3 oc 1/N?-38 with the
dephasing rate satisfying 2yt = 1 as shown in Figs. 4
and 5. Thus the phase sensitivity d¢ oc 1/N®69 fol-
lows a power law on the number of the particles not a
constant.

< © 0 © 0 O00ONOCANNR

A A A Adasassa

Xk A K ohdekx

9

10

11

100306
(<]
—2F o
X
X
—3f
—_4F
E{' A
—5F A . ]
A AAAA
—6F 2 lna i ]
x In~yt
-7t o In¢ ]
7 8 9 10 11
InN

Fig. 5. (colour online) The In—In plot of the spin squeez-
ing parameters &2 of the weighted fully-connected graph
state versus the number of the qubits N and In—In plots
of the corresponding parameters o and ~yt.

5. Conclusion

We have studied the spin squeezing property of
weighted graph states and shown that the spin squeez-
ing can be provide a significant gain in the frequency
standard. In the presence of decoherence the ability of
improving sensitivity is due to the robustness of spin

squeezing against decoherence. Based on the anal-

ysis, in the presence of decoherence, when N is large
enough, the setup with the maximally entangled states
and product states all collapse, while the scheme with
weighted graph states still survive without any mea-
surement optimization. Furthermore, one can obtain
the optimal improvement of sensitivity via the joint
measurement.

References

[1] Caves C M 1981 Phys. Rev. D 23 1693
[2] Yurke B 1986 Phys. Rev. Lett. 56 1515
[3] Kitagawa M and Ueda M 1991 Phys. Rev. Lett. 67 1852
[4] Ulam-Orgikh D and Kitagawa M 2001 Phys. Rev. A 64
052106
[5] Wineland D J, Bollinger J J, Itano W M, Moore F L and
Heinzen D J 1992 Phys. Rev. A 46 R6797
[6] Cappellaro P and Lukin M D 2009 Phys. Rev. A 80 032311
[7] Kitagawa M and Ueda M 1993 Phys. Rev. A 47 5138
(8] Jacobson J, Bjort G, Chuang I and Yamamoto Y 1995
Phys. Rev. Lett. 74 4835
[9] Huelga S F, Macchiavello C, Pellizzari T, Ekert A K, Ple-
nio M B and Cirac J I 1997 Phys. Rev. Lett. 79 3865
[10] Biregel H J and Raussendorf R 2001 Phys. Rev. Lett. 86
910
[11] Hein M, Diir W and Briegel H J 2004 Phys. Rev. A 69
062311

InN

Fig. 4. (colour online) The In—In plots of the spin squeez-
ing parameters &2 of the weighted fully-connected graph
state versus the number of the qubits N with different de-
coherence rate v: 2yt = 0 (yellow diamonds), 2yt = 0.25
(red stars), 29t = 0.5 (blue triangles), 2yt = 0.75 (green
crosses), 2yt = 1 (black circles).

[12]
[13]
[14]
[15]
(16]

[17]
(18]

100306-5

Rosenkranz M and Jaksch D 2009 Phys. Rev. A 79 022103
Agarwal G S and Puri R P 1994 Phys. Rev. A 49 4968
Wang X and Sanders B C 2003 Phys. Rev. A 68 012101
Pezzé L and Smerzi A 2009 Phys. Rev. Lett. 102 100401
Ramsey N F 1963 Molecular Beams (London: Oxford Uni-
versity Press)

André A and Lukin M D 2002 Phys. Rev. A 65 053819
Stockton J K, Geremia J M, Doherty A C and Mabuchi
H 2003 Phys. Rev. A 67 022112



