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The complex variable meshless local Petrov Galerkin

method of solving two-dimensional potential problems∗
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Based on the complex variable moving least-square (CVMLS) approximation and a local symmetric weak form,

the complex variable meshless local Petrov–Galerkin (CVMLPG) method of solving two-dimensional potential problems

is presented in this paper. In the present formulation, the trial function of a two-dimensional problem is formed with a

one-dimensional basis function. The number of unknown coefficients in the trial function of the CVMLS approximation

is less than that in the trial function of the moving least-square (MLS) approximation. The essential boundary conditions

are imposed by the penalty method. The main advantage of this approach over the conventional meshless local Petrov–

Galerkin (MLPG) method is its computational efficiency. Several numerical examples are presented to illustrate the

implementation and performance of the present CVMLPG method.
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1. Introduction

Most engineering problems and various physical

problems may boil down to partial differential equa-

tions. The potential problem is one of the most

important partial differential equations in engineer-

ing mathematics because it is related to gravitational

fields, electrostatics fields, steady-state heat conduc-

tions, and many other areas.[1] Well-known potential

problems include the Laplace or Poisson equations in

a given domain with a boundary condition. However,

when the boundary conditions or material properties

of the discussed models are too complex, their analyti-

cal solutions are usually difficult to obtain. Therefore,

for many decades, researchers have made considerable

efforts to develop efficient numerical methods to solve

these problems.

The finite element method (FEM) has been one of

the well-established numerical solutions for engineer-

ing problems over the past a few decades. However,

it also has limitations, the reliance of the FEM on a

mesh leads to complications for some kinds of prob-

lems, especially extremely large deformation, dynamic

fracturing, and explosion problems. In addition, mesh

generation can be a very time-consuming and burden-

some task especially when a re-meshing is required in

the computing process.

Over the past twenty years, meshless or element

free methods have been developed as alternative nu-

merical approaches by eliminating disadvantages ex-

isting in the FEM. Meshless methods each require

only a set of nodes to scatter the problem domain

and construct the approximate functions. So mesh-

less methods can be used to solve many engineering

problems that cannot be solved by conventional nu-

merical methods based on meshes or elements. In

recent years, meshless methods have become impor-

tant methods in computational mechanics.[2,3] Dur-

ing the last two decades, several meshless methods

of seeking approximate solutions of partial differen-

tial equations have been proposed, which include the

element-free Galerkin (EFG) method,[4,5] the mesh-

less local Petrov–Galerkin (MLPG) method,[6−8] the

reproducing kernel particle method (RKPM),[9,10] and

the complex variable meshless method.[11,12]

The main difference between the meshless meth-

ods is the way the shape function is formulated. The

moving least-square (MLS) approximation is an im-

portant method to form the shape function in the

meshless methods.[13] The advantages of the MLS
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approximation are as follows: (i) the approximation

function is continuous and smooth in the entire prob-

lem domain; (ii) it is capable of producing an approx-

imation with the desired order of consistency. How-

ever, in practical numerical processes, the computa-

tional cost of the MLS approximation is quite bur-

densome, and sometimes this method can form an ill-

conditioned system of equations.[14,15]

To overcome the shortcomings of the MLS

method, a new approximation technique, a complex

variable moving least-square (CVMLS) approximation

in which the trial function of a two-dimensional (2D)

problem is formed with a one-dimensional (1D) ba-

sis function has been developed by Liew et al.[16] and

Cheng et al.[17] In the CVMLS approximation, the

number of unknown coefficients is less than that in the

trial function of the MLS approximation. Therefore

fewer nodes are needed in the meshless method, which

are formed from the CVMLS approximation than

those from the MLS approximation with no loss of

accuracy. Hence, under the same numerical accuracy,

the meshless method based on the CVMLS approx-

imation has a greater computational efficiency. The

complex variable meshless method was developed on

the basis of the CVMLS, and was then applied to 2D

elasticity,[18,19] fracture problems,[20] and elastic large

deformation problems.[21] Based on the CVMLS ap-

proximation and the boundary element-free method,

a complex variable boundary element-free method of

2D elastodynamic problems was proposed.[12] On the

basis of reproducing kernel particle method, the com-

plex variable reproducing kernel particle method was

developed and applied to 2D elasticity and transient

heat conduction problems.[22,23] Based on the CVMLS

approximation and the finite cover theory, the com-

plex variable meshless manifold method (CVMMM)

was presented.[24,25] The CVMLPG approach to solv-

ing problems in elasto-statics was developed, using a

local symmetric weak form and shape functions from

the CVMLS approximation.[26]

In the present paper, the CVMLPG approach to

solving 2D potential problems is developed and nu-

merically implemented. In the presented method a lo-

cal symmetric weak form and shape functions from the

CVMLS approximation are used. In the presented for-

mulation, the trial function of a 2D problem is formed

with a 1D basis function. The penalty formulation

is used to impose the essential boundary conditions

in the presented approach. The presented CVMLPG

method is promising as it reduces the computational

time of the conventional MLPGmethod. The formula-

tions of the CVMLPG method are given together with

some numerical examples to demonstrate the applica-

bility of the present method.

2. Complex variable moving

least-square approximation

In the CVMLPGmethod, CVMLS approximation

is employed for the construction of the shape function.

Let ũ(z) be the function of the field variable de-

fined in the domain Ω. The approximation of ũ(z) at

point z is denoted as uh(z), and the trial function is

uh(z) = uh
1 (z) + iuh

2 (z) =
m∑
j=1

pj(z)aj(z)

= pT(z)a(z), z = x1 + ix2 ∈ Ω, (1)

where pj(z) are monomial basis functions, aj(z) are

the coefficients of the basis functions, and m is the

number of terms in the basis.

The local approximation at point z is described

as

uh (z, z̄) =
m∑
j=1

pj(z̄)aj(z) = pT(z̄)a(z), (2)

where z̄ is the point in the local domain of z.

To accurately obtain the local approximation of

the function ũ(z), the difference between local approx-

imation uh(z) and function ũ(z) must be minimized

by a weighted least-square method.

Define the quadratic form as

J =
n∑

I=1

w(z − zI)
[
uh(z, zI)− ũ(zI)

]2
=

n∑
I=1

w(z − zI)
[ m∑
j=1

pj(zI)aj(z)− ũ(zI)
]2
, (3)

where zI (I = 1, 2, . . .., n) are the nodes with domains

of influence which cover the point z and w(z − zI) is

a weight function with a domain of influence.

ũ(zI) = u1(zI) + iu2(zI). (4)

Equation (3) can be rewritten in a vector form as

J = (Pa− ũ)TW (z)(Pa− ũ), (5)

where ũ is the vector that collects the nodal param-

eters of the field variables for all of the nodes in the
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support domain, and it is expressed as

ũ = (ũ(z1), ũ(z2), . . . , ũ(zn))
T = Qu, (6)

with

Q =



1 i 0 0 0 0 · · · 0 0

0 0 1 i 0 0 · · · 0 0

0 0 0 0 1 i · · · 0 0
...

...
...

...
...

...
. . .

...
...

0 0 0 0 0 0 · · · 1 i


n×2n

, (7)

u = (u1(z1), u2(z1), u1(z2), u2(z2), · · · ,

u1(zn), u2(zn))
T, (8)

P =


p1(z1) p2(z1) · · · pm(z1)

p1(z2) p2(z2) · · · pm(z2)
...

...
. . .

...

p1(zn) p2(zn) · · · pm(zn)


n×m

, (9)

W (z)=


w(z − z1) 0 · · · 0

0 w(z − z2) · · · 0
...

...
. . .

...

0 0 · · · w(z − zn)


n×n

.(10)

The minimization condition requires

∂J

∂a
= A(z)a(z)−B(z)ũ = 0, (11)

which results in the equation system

A(z)a(z) = B(z)ũ, (12)

where matrices A(z) and B(z) are

A(z) = PTW (z)P , (13)

B(z) = PTW (z). (14)

From Eq. (12), we can obtain

a(z) = A−1(z)B(z)ũ. (15)

The expression of the local approximation uh(z) is

thus

u
h
(z) = Φ(z)ũ =

n∑
I=1

ΦI(z)ũ(zI)

= uh
1 (z) + iuh

2 (z). (16)

Therefore we have

uh
1 (z) = Re[Φ(z)ũ] = Re

[ n∑
I=1

ΦI(z)ũ(zI)
]
, (17)

uh
2 (z) = Im[Φ(z)ũ] = Im

[ n∑
I=1

ΦI(z)ũ(zI)
]
, (18)

where Φ(z) is defined as the shape function of the

CVMLS, and

Φ(z) = (ϕ1(z), ϕ2(z), . . . , ϕn(z))

= pT(z)A−1(z)B(z). (19)

This is the CVMLS approximation.

3. CVMLPG method of solving

2D potential problems

Consider a Poisson’s equation for a problem gov-

erning the potential u in a 2D domain Ω bounded by

contour Γ (Γ = Γu ∪ Γt),

∇2u = p(x), in Ω, (20)

u = ū, x ∈ Γu, (21)

q =
∂u

∂n
= q̄, x ∈ Γt, (22)

where p(x) is a given source function, u is an unknown

function, and n is the unit outward normal to the

boundary Γ , ū and q̄ are the prescribed values of the

function u and its normal derivative over the bound-

ary Γ .

The use of the CVMLS approximation produces

shape functions that do not possess the Kronecker

delta function property. This implies that essential

boundary conditions cannot be imposed directly. In

this paper, we impose essential boundary conditions

by using penalty factors. Now, consider the problem

stated in Eqs. (20)–(22). We introduce a penalty fac-

tor α to impose the essential boundary conditions.

Using the local weighted residual method, the

generalized local weak form of Eq. (20) can be ob-

tained as∫
Ωq

vI(∇2u− p(z))dΩ − α

∫
Γqu

vI(u− ū)dΓ

= 0, (23)

where vI is the test function with compact support

of node zI , Ωq denotes the local domain of zI , Γqu

denotes the essential boundaries, α is a penalty pa-

rameter (factor) which is assigned to the constant of

a large positive number.

By the subsection integration and the divergence

theorem, Eq. (23) can be written as∫
Γq

vIniu,idΓ −
∫
Ωq

(vI,iu,i + vIp)dΩ

−α

∫
Γqu

vI(u− ū)dΓ = 0, (i = 1, 2). (24)

The boundary Γq of the integral sub-domain Ωq
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can be separated as follows:

Γq = Γqi ∪ Γqt ∪ Γqu, (25)

where Γqi is part of the internal boundary of Ωq where

no boundary condition is specified, Γqt is the natural

boundaries which intersect with Ωq.

Γu

Γt

Γqi

Γqt

Γqu

Ωq

Fig. 1. Boundary conditions of sub-domain.

Equation (24) can also be rewritten as∫
Γqi

vIniu,idΓ +

∫
Γqt

vIniu,idΓ +

∫
Γqu

vIniu,idΓ

−
∫
Ωq

(vI,iu,i + vIp)dΩ − α

∫
Γqu

vI(u− ū)dΓ

= 0. (26)

In order to simplify Eq. (26), weight function vI is

used as a Heaviside step function

vI(z) =

c, z ∈ Ωq,

0, z /∈ Ωq,
(27)

where c is an arbitrary constant (c is chosen to be 1

in this paper).

Using the Heaviside step function as the weight

function, the local weak form (26) can be rewritten as

∫
Γqi

niu,idΓ +

∫
Γqt

niu,idΓ +

∫
Γqu

niu,idΓ −
∫
Ωq

pdΩ − α

∫
Γqu

(u− ū)dΓ = 0. (28)

Substituting the natural boundary conditions into Eq. (28), we have

−
∫
Γqi

niu,idΓ −
∫
Γqu

niu,idΓ + α

∫
Γqu

udΓ =−
∫
Ωq

pdΩ + α

∫
Γqu

ūdΓ+

∫
Γqt

q̄dΓ. (29)

From the CVMLS approximation (16), the po-

tential at an arbitrary point z in the domain can be

expressed as follows:

u(z) = Re[Φ(z)u] =
n∑

I=1

Re[ΦI(z)]u(zI)

= Φ̃(z)u, (30)

where

Φ̃(z) = (Φ̃1(z), Φ̃2(z), . . . , Φ̃n(z)), (31)

Φ̃I(z) = Re[ΦI(z)], (32)

u = (u(z1), u(z2), . . . , u(zn))
T. (33)

Substituting Eq. (30) into Eq. (29), the resulting sys-

tem equation is obtained as follows:[
−
∫
Γqi

nBdΓ −
∫
Γqu

nBdΓ + α

∫
Γqu

Φ̃dΓ
]
u

= −
∫
Ωq

pdΩ + α

∫
Γqu

ūdΓ +

∫
Γqt

q̄dΓ, (34)

where

n = (nx1 , nx2), (35)

B(z) = (B1(z),B2(z), . . . ,Bn(z)), (36)

BI(z) =

Re[ΦI,1(z)]

Re[ΦI,2(z)]

 . (37)

The matrix form of Eq. (34) is rewritten as

(kI + kα
I )u = fI + fα

I , (38)

where kI is the nodal stiffness matrix for the I-th field

node and expressed as

kI = −
∫
Γqi

nBdΓ −
∫
Γqu

nBdΓ, (39)

kα
I = α

∫
Γqu

Φ̃dΓ , (40)

where fI is the nodal load vector for the I-th field

node and expressed as

fI = −
∫
Ωq

pdΩ +

∫
Γqt

q̄dΓ, (41)

fα
I = α

∫
Γqu

ūdΓ. (42)

Equation (38) involves one point z. We need as many

local domains Ωq as the number of nodes in the global

domain. Using Eq. (38) for all N field nodes in the en-

tire problem domain, we obtain the following discrete

system of equations:

KU = F (43)

Equation (43) is the final equation system of

the complex variable meshless local Petrov–Galerkin

method.
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4. Numerical examples

In this section, numerical examples will be pre-

sented to demonstrate the implementation and the

applicability of the present CVMLPG for 2D poten-

tial problems. The results obtained from these ex-

amples are compared with the existing analytical so-

lutions. In our computation, a regular arrangement

of nodes is used to numerically calculate the system

equation. The linear basis function is used in the

present method.

4.1.Mixed problem of a square

The first example considered is a 2D Laplace

equation with mixed boundary conditions in a rectan-

gular domain as shown in Fig. 1. The Laplace equa-

tion is

∇2u =
∂2u

∂x2
1

+
∂2u

∂x2
2

= 0, x1 ∈ [0, 5], x2 ∈ [0, 10].

And the prescribed boundary conditions are

u(x1, 0) = 0, 0 < x1 < 5,

u(0, x2) = 0, 0 < x2 < 10,

u(x1, 10) = 100 sin(πx1/10), 0 < x1 < 5,

∂u(5, x2)

∂n
= 0, 0 < x2 < 10.

The analytical solution of this problem is

u(x1, x2) =
100 sin(πx1/10) sinh(πx2/10)

sinh(π)
.

Fig. 2. Node arrangement.

In this analysis, a total of 16 × 11 nodes are

used to represent the problem domain as shown in

Fig. 2. The analytical and numerical solutions us-

ing the CVMLPG are plotted in Figs. 3 and 4. It is

evident that the results from the CVMLPG method

accord well with the exact solutions.

0 2 4 6

0

10

20

30

40

50

60
exact solution

CVMLPG

u
 ↼

x

↪ 

↽

x

Fig. 3. Exact and numerical solutions of u at x2 = 8.

0 2 4 6 8 10

0

20

40

60

80

100
exact solution

CVMLPG

x

u
 ↼


↪ 
x


↽

Fig. 4. Exact and numerical solutions of u at x1 = 4.

4.2.Poisson’s equation with a Dirichlet

problem on a square

The second example considered is a 2D Poisson

equation with Dirichlet boundary conditions on the

square. The Poisson equation is

∇2u =
∂2u

∂x2
1

+
∂2u

∂x2
2

= x1 + x2, x1 ∈ [0, 8], x2 ∈ [−3, 3],

with the boundary conditions being

u(0, x2) = −5

6
x3
2, −3 < x2 < 3,

u(8, x2) = −5

6
(512 + x3

2) + 192x2 + 24x2
2, −3 < x2 < 3,

u(x1, 3) = −5

6
(x3

1 + 27) + 9x2
1 + 27x1, 0 < x1 < 8,

u(x1,−3) = −5

6
(x3

1 − 27)− 9x2
1 + 27x1, 0 < x1 < 8.

The exact solution of this problem is

u(x1, x2) = −5

6
(x3

1 + x3
2) + 3x2

1x2 + 3x1x
2
2.

Figure 5 shows the distributions of nodes. We

employ 40 × 20 nodes in the domain of the prob-

lem. The analytical and numerical results from the
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CVMLPG are both shown in Fig. 6. The results from

the CVMLPG method well match the analytical solu-

tions.

Fig. 5. Node arrangement.
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-40
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40

80
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exact solution

CVMLPG

u
 ↼


↪ 
x


↽

x

Fig. 6. Exact and numerical solutions of u at x1 = 3.

4.3. Laplace’s equation with a Dirichlet

problem on a square

A Dirichlet problem is solved in the third exam-

ple, for which the essential boundary condition is im-

posed on all sides. The Laplace equation is

∇2u =
∂2u

∂x2
1

+
∂2u

∂x2
2

= 0, x1 ∈ [0, 5], x2 ∈ [0, 10],

with the boundary conditions being

u(x1, 0) = −x3
1, 0 < x1 < 5,

u(0, x2) = −x3
2, 0 < x2 < 10,

u(x1, 10) = −x3
1 + 30x2

1 + 300x1 − 1000, 0 < x1 < 5,

u(5, x2) = −x3
2 + 15x2

2 + 75x2 − 125, 0 < x2 < 10.

The analytical solution of this problem is

u(x1, x2) = −x3
1 − x3

2 + 3x2
1x2 + 3x1x

2
2.

The distribution of nodes in numerical example

here is the same as that in Fig. 2. And the numerical

results from the CVMLPG, together with the exact

solution are shown in Figs. 7 and 8. It is again ev-

ident that the present results are in excellent agree-

ment with the analytical solutions.
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-100
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exact solution

CVMLPG

u
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x


↽

x

Fig. 7. Exact and numerical solutions of u at x1 = 4.
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Fig. 8. Exact and numerical solutions of u at x2 = 8.

5. Conclusion

The CVMLPG approach to solving two-

dimensional potential problems, based on a local sym-

metric weak form and the CVMLS, is developed and

numerically implemented in the present work. The

present method possesses the following advantages

over the conventional MLPG.

(i) The trial function of a 2D problem is formed

with a 1D basis function.

(ii) The number of unknown coefficients in the

trial function of the CVMLS approximation is less

than that in the trial function of the MLS approxi-

mation.

The numerical results show that fewer nodes are

needed in the meshless method that is formed from

the CVMLS approximation than those from the MLS

approximation. A comparison between the results

obtained from the CVMLPG method and the corre-

sponding analytical solutions demonstrates that the
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method is both feasible and effective. In essence, the

present method possesses a tremendous potential for

solving linear and nonlinear boundary value problems,

especially for treating those problems with discontinu-

ities and moving boundaries.
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