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Epidemic spreading on a scale-free network

with awareness™

Lu Yan-Ling(&#E¥4)®), Jiang Guo-Ping(# 7)), and Song Yu-Rong(‘4 1 %%)P)

a) College of Computer, Nanjing University of Posts and Telecommunications, Nanjing 210004, China

b)

College of Automation, Nanjing University of Posts and Telecommunications, Nanjing 210004, China

(Received 4 March 2012; revised manuscript received 3 June 2012)

This paper presents a modified susceptible-infected-recovered (SIR) model with the effects of awareness and vac-

cination to study the epidemic spreading on scale-free networks based on the mean-field theory. In this model, when

susceptible individuals receive awareness from their infected neighbor nodes, they will take vaccination measures. The

theoretical analysis and the numerical simulations show that the existence of awareness and vaccination can signifi-

cantly improve the epidemic threshold and reduce the risk of virus outbreaks. In addition, regardless of the existence

of vaccination, the awareness can increase the spreading threshold and slow the spreading speed effectively. For a given

awareness and a certain spreading rate, the total number of infections reduces with the increasing vaccination rate.
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1. Introduction

With the
[1.2)

development of complex network
theory, epidemic spreading has become a hot
research topic and attracted a lot of academic
attention and interest. Many epidemic mod-
els have been studied, including the susceptible-
infected (SI) model,>=¢ the susceptible-infected-
susceptible (SIS) model,"=% and the susceptible-
infected-removed (SIR) model.l'*='2 The dynamical
behavior of epidemics on scale-free (SF) networks has
been studied by many researchers. Some network
models with power-law degree distributions were pre-
sented to describe the disease transmission dynamics.
For example, Bai and Zhou!* investigated epidemic
spreading with two major immunization strategies of
the ST model on a scale-free network. The spreading
of epidemics with nonlinear infectivity on scale-free
networks was studied based on the SIS modell™ and
the SIR model,['¥] respectively. In this paper, we con-
centrate mainly on the spreading behavior of the SIR
model on scale-free networks.

In particular, many susceptible individuals are
aware of the potential risks of becoming infected and

change their behavior to reduce the possibility of in-
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fection. Many researchers have attempted to study
the impact of individually behavioral changes in re-
sponse to awareness of disease.'®~17) For example,
Funk et al.'% introduced awareness on the homoge-
neous network to investigate how the spread of aware-
ness affects the spread of a disease. It is known that
epidemic spreading on scale-free networks is difficult
to control and a virus can spread with a small in-
fection rate. Therefore, immunization strategies have
always been adopted as an effective control strategy.
The most basic immunization strategies are random
immunization,!'8 targeted immunization,!'?! and ac-
quaintance immunization.2?! In this model, we will
take vaccination measures for susceptible nodes that
can receive awareness.

In this paper, susceptible nodes who are aware
of the risks of becoming infected can send awareness
to their susceptible neighbor nodes. In other words,
susceptible nodes can receive awareness from their in-
fected neighbor nodes. When a susceptible node re-
ceives awareness, it will take vaccination measures. In
this study, we will investigate the variety of the epi-
demic threshold between the modified model and the
standard model and analyze the effects of awareness
and vaccination on epidemic spreading.
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The organization of this paper is as follows. In
Section 2, the modified SIR model with awareness
and vaccination on scale-free networks is presented.
In Section 3, we analyze the modified SIR model and
deduce the mathematical expression of the epidemic
threshold. Some numerical simulations are performed
in Section 4. Finally, Section 5 concludes this study.

2. The SIR model with awareness

For the SIR epidemic model on scale-free net-
works, each individual is represented by a node of the
network and the edges are the physical interactions
between individuals along which the infection spreads.
Let Sk (t), Ir(t), and Ry (t) be the densities of suscep-
tible, infected and recovered nodes of degree k at time
t. At each time step, each susceptible node is infected
with probability v if it is connected to an infected
individual. On the other hand, the infected node re-
covers and becomes immune node with probability 4.
Therefore, A = v/§ (without lack of generality, we set
0 = 1) is considered as an effective spreading rate. If
a susceptible node has ki, ¢ infectious neighbors, then
the total probability that the node becomes infected
is 1 — (1 — \)kint,

These variables satisfy the following normaliza-
tion condition:

Ik(t) + Sk(t) + Rk(t) =1. (1)

Global quantities are accordingly expressed by the
average over the various degree classes as

S(t) =" P(k)Sk(t),
k

I(t) =Y P(k)Ix(t),
k

R(t) = > _ P(k)Rx(t). (2)
k

When susceptible individuals are aware of the
potential risks of becoming infected, they will send
awareness to their susceptible neighbor nodes. In
other words, susceptible nodes can receive awareness
from its infected neighbor nodes. Generally, the higher
the degree a node has, the higher the feasibility of
awareness is.21:221 Let k¢ be the total number of
infected neighbor nodes of susceptible nodes of de-
gree k. The awareness in the susceptible part of the
population g(p, k) can be supposed to be g(p, kint) =
1 — (1 — p)kmt. the probability generating function

of awareness within susceptible nodes, where the de-
cay constant p € (0,1). The awareness of suscepti-
ble nodes varies with the total numbers of infected
neighbor nodes. An example of awareness function

9(p, king) is shown in Fig. 1.
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Fig. 1. Awareness function g(p, kin¢) for different p.

Generally, susceptible nodes can make some re-
sponses to reduce their susceptibility when receiving
awareness. In this paper, susceptible nodes can re-
ceive awareness from infected neighbor nodes and take
vaccination measures with probability p € (0,1). In
our model, the vaccinated fraction only works for the
susceptible nodes.

We define )\ as a variable as follows:

In summary, the differential equations for mod-
ified SIR model based on the mean-field theory are
given as

dl(’;t(t) = —Li(t) + AL = g(p, k)] (1 — wkSk(t)O(1),
diﬂt(t) _ _)\[1 _ g(p, k)}(l — p)kSk(t)@(t)»
%kt(t) — Ik(t)7 (4)

where 0 < O(t) < 1 denotes the average probability
of any given link point to an infected node. Consider-
ing the non-homogeneity of an uncorrelated scale-free
network, O(t) satisfies the relation

o(t) = @ S kPWILD, (5)

where (k) = Zk: kEP(k).

When g(p, k) = 0, u = 0, the mode becomes the
classical SIR model on the scale-free network.
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3. Theoretical analysis of the epi-
demic threshold

The initial conditions of the above equations are
R(0) = 0, Ix(0) = I?, and Si(0) = 1 — I. In the
general case, I,g is very small, then I,g = (), so we can
obtain S;(0) = 1. Under these approximately initial
conditions, Egs. (3)—(5) can be directly integrated re-
spectively as

Sk(t) = exp {—A(l = w1 = g(p, k)]k/ot Q(U)du} ;

Defining an auxiliary function ¢(t) to represent
the value of integration in Eq. (6), we have

t
o(t) = [ ewdu
0
1 t
= — kP(k / I, (u)du
1
= — P .
“»§;k<MRuﬂ (7)
Calculating the time derivative of function ¢(t), we
can obtain
de(?)

G %ka(k)fk(t)
p

% ST kP(k)[1 — S(t) — Ri(t)]
k

= 1= 75 SEPIRIS() - o). (8)
k

In the steady state, I;(c0) = 0. We can obtain

im 324 _ . )

t—oo dt

We can derive from Eq. (7) to Eq. (9) that

1
p(c0) = 1— W Ek: kP(k)Sy(o0)

1
= 1—®Xk:kP(k)

X exp [=A(L = p)[1 = g(p, k)]kp(o0)]
= F(p(o0)). (10)

Obviously ¢(c0) = 0 is a trivial solution of
Eq. (10). For an epidemic outbreak, there must be

a non-zero solution of ¢(c0), satisfying

dF(p(o0))

T0(o0) > 1. (11)

(o0)=0

That is,

(k[1 — g(p, k)])

A AV (12)
(k)

Further simplifying Eq. (12), we have

(21— )

L >1. (13)
(k)

Define R(c0) as the infection degree of epidemic in

the steady state and let A. be the epidemic threshold
of scale-free network. From Eq. (13), we can obtain

AL —p)

AL = p)

the mathematical expression of the epidemic threshold

as follows:
_ 1 (k)
A = T R = ey (4
where
(k) = > _kP(k), (K*(1=p)™) = D _k*(1 = p)" P(k).
k k

If A > A, the epidemic will break out and spread,
and reach a special steady state at last; otherwise, the
infection will die out gradually.

Next, we want to analyze the specific mathemat-
ical expression of the epidemic threshold in the BA
scale-free network by using a continuous k approxi-
mation, which allows a practical substitution of a se-

ries with integrals.!'?]

The full connectivity distribu-
tion can be obtained as P(k) = 2m2k~3, where m is
the minimum number of connections at each individ-

ual node. We can obtain

(k) = / " kP(E)dk = 2m, (15)
(k%) = /OO k*P(k)dk, (16)

oo

(1= ) = [ R Pk

m

< /OO E*P(k)dk = (k*).  (17)

m

Furthermore, we have

LW

T (k21— o)
(k)

2 (1 = p)Fr)

(k)

> W (18)

Ae =

>

Statistically speaking, a virus can easily survive
and cause an outbreak in an infinitely scale-free net-
work no matter how weak its spreading capability is
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when the susceptible nodes do not receive awareness.
In the standard SIR model, \. = (k)/(k?). Formula
(18) shows that the presence of awareness and the ap-
plication of vaccinations can significantly increase the
epidemic threshold of the network.

Finally, the number of infections is obtained as

R(sc) = 3" P(k) [1 - Si(o0)]
k
= 3" P(k)[1 - exp[-A(L - p)
k

x (1= p)Fnkp(00)]]
< ZP(k) [1 —exp(=Akp(o0))].  (19)
k

In the standard SIR model, R(co) =
2m?2 Y k73 [1 — exp(—=Mkg(c0))]. Formula (19) shows

k
that the number of infectious is much smaller than
that in the classical SIR model.

4. Simulation results and discus-
sion

In this section, we perform the simulations on N-
node BA networks"! to verify our analysis. The pa-
rameters of generating a BA network are N = 1000,
mo = m = 3, and (k) = 6. For each simulation, the
infected node is randomly chosen at the beginning.

For all susceptible nodes, we choose the awareness

function as

(20)

1- (1 - P)ki“fa pEe (Oa 1),
g(p; kint) =
p=0,

)

where kins is the number of infected neighbor nodes.

In Fig. 2, p = 0,u = 0 (circles) corresponds
to no awareness, and p = 0.4, = 0 (forks) corre-
sponds to no vaccination. Both awareness and vacci-
nation exist when p = 0.4, u = 0.4 (stars). Through
the theoretical analysis, we can obtain the spread-
ing threshold \. = (k)/(k?), (k)/(k%*(1 — p)*mt) and
(B[ = 1) (K3(1 — p)kue)], respectively.

Figure 2 shows that the numerical simulation is
approximately consistent with the theoretical analy-
sis. That is to say, the awareness and the vaccination
have effect on the spreading threshold, which demon-
strates that the proposed SIR model with awareness
is reasonable. Compared with the classical SIR model
with g(p, k) = 0, u = 0, the presence of awareness and
the applying of vaccination can significant increase A.

of the network, thereby reducing the risk of virus out-
breaks. Furthermore, we can see that the presence of
awareness affects the epidemic threshold regardless of
the application of vaccination in Fig. 2.
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Fig. 2. The relations between R(co) and A for three dif-

ferent cases on the BA network.

In Figs. 3 and 4, the awareness parameters are
p = 0.2,0.4,0.6 (circles, forks, stars). Figures 3 and
4 show that the awareness can increase the spread-
ing threshold and slow the epidemic spreading speed
effectively regardless of the existence of vaccination.
Furthermore, we can draw the conclusion that the
epidemic threshold increases with the awareness pa-

rameter p increasing for a fixed vaccination rate.
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Fig. 3. The relations between R(co) and X for different

awareness parameters with no vaccination.
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Fig. 4. The relations between R(co) and X for different
awareness parameters with vaccination.
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In Fig. 5, different vaccination rates are pu =
Ana-
lyzing the curves in Fig. 5, we can also find that

0,0.2,0.4,0.6 (squares, circles, forks, stars).

the accretion of vaccination probability can enhance
the spreading threshold and weaken the outbreak of
a virus when the awareness parameter takes a fixed

value.
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Fig. 5. The relations between R(oo) and A for different
vaccination rates.

Different spreading rates are A = 0.2,0.4, 0.6 (cir-
cles, forks, stars) in Fig. 6. Figure 6 shows that the
total number of infections reduces with the vaccina-
tion rate increasing for given awareness and certain
spreading rate, and with the epidemic spreading rate

reducing.
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Fig. 6. The relations between R(co) and p with different
spreading rates.

5. Conclusion

In this paper, we studied the epidemic spreading
in terms of the mean-field theory on scale-free net-
works, and proposed a modified susceptible-infected-
recovered (SIR) model with awareness. In particular,
many susceptible individuals who are aware of the po-
tential risks of becoming infected can take measures

to reduce the possibility of infection. In this new

model, the susceptible nodes can receive awareness
from the infected neighbor nodes and take vaccina-
tion measures. The theoretical analysis and the sim-
ulation results show that the existence of awareness
and the application of vaccinations can significantly
reduce the risk of virus outbreak, increase the spread-
ing threshold, and slow the spreading speed in the
scale-free networks. Regardless of the application of
vaccinations, the existence of awareness can increase
the spreading threshold. In order to better control the
epidemic spreading on networks, the effects of aware-
ness for epidemic spreading is worthy of further study.

References

[1] Pastor-Satorras R and Vespignani A 2001 Phys. Rev. Lett.
86 3200
[2] Moreno Y, Pastor-Satorras R and Vespignani A 2002 Fur.
Phys. J. B 26 521
[3] Barthelemy M, Barrat A, Pastor-Satorras R and Vespih-
nani A 2004 Phys. Rev. Lett. 92 178701
[4] Bai W J, Zhou T and Wang B H 2007 Physica A 384 656
[5] Vazquez A 2006 Phys. Rev. Lett. 96 038702
[6] Zhou T, Liu J G, Bai W J, Chen G R and Wang B H 2006
Phys. Rev. E 74 056109
[7] Pastor-Satorras R and Vespignani A 2001 Phys. Rev. E
63 066117
[8] Shi H J, Duan Z S and Chen G R 2008 Physica A 387
2133
[9] Wang Y Q and Jiang G P 2010 Physica A 59 6725
[10] Wang Y B, Hu J, Cheng T H and Wang L S 2009 Physica
A 388 2535
[11] Moreno Y, Pastor-Satorras R and Vespignani A 2002 Eur.
Phys. J. B 26 521
[12] May R M and Lloyd A L 2001 Phys. Rev. E 64 66112
[13] Zhang H F and Fu X C 2009 Nonlinear Anal. 70 3273
[14] Chu X W and Zhang Z Z 2010 Physica A 390 471
[15] Gong Y W, Song Y R and Jiang G P 2011 Chin. Phys. B
21 010205
[16] Funk S, Gilad E, Watkins C and Jansen V 2009 PNAS
106 6872
[17] Del Valle S, Hethcote H and Hyman JM 2005 Math.
Biosci. 195 228
[18] Anderson R M and May R M 1992 Infectious Diseases of
Humans: Dynamics and Control (Oxford: Oxford Uni-
versity Press)
[19] Pastor-Satorras R and Vespignani A 2001 Phys. Rev. E
65 036134
[20] Cohen R, Havlin S and Ben-Avraham D 2003 Phys. Rev.
Lett. 91 247901
[21] Zhang H F, Zhang J, Zhou C S, Small M and Wang B H
2010 New J. Phys. 12 023015
[22] Zhang H F, Zhang J, Li P, Small M and Wang B H 2011
Physica D 240 943

100207-5



