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This paper is concerned with a delay-dependent state estimator for neutral-type neural networks with mixed time-

varying delays and Markovian jumping parameters. The addressed neural networks have a finite number of modes, and

the modes may jump from one to another according to a Markov process. By construction of a suitable Lyapunov–

Krasovskii functional, a delay-dependent condition is developed to estimate the neuron states through available output

measurements such that the estimation error system is globally asymptotically stable in a mean square. The criterion

is formulated in terms of a set of linear matrix inequalities (LMIs), which can be checked efficiently by use of some

standard numerical packages.
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1. Introduction

Over the recent decades, various kinds of neu-

ral networks, such as Hopfield-type neural networks,

cellular neural networks, Lotka–Volterra neural net-

works, Cohen–Grossberg neural networks, and bidi-

rectional associative memory neural networks have re-

ceived significant interest due to their extensive appli-

cations in signal processing, pattern recognition, static

image processing, associative memory, and combinato-

rial optimization. For examples, refer to Refs. [1]–[3].

The problem of stability analysis of neural networks

has been the central focus of numerous research activi-

ties. Numerous sufficient conditions for different types

of stability, such as complete stability, asymptotic sta-

bility, and exponential stability, have been obtained

for neural networks.[4−18]

Moreover, time delay is a natural phenomenon

that is commonly encountered in various real

systems.[19−21] Practically, such phenomena always

appear in the study of existence of time-delays in neu-

ral network models. This indicates that time-delays

are dependent on the past state. In fact, many prac-

tical delay systems can be modelled as differential

systems of neutral-type, whose differential expression

concludes not only the derivative term of the current

state but also concludes the derivative of the past

state, such as partial element equivalent circuits and

transmission lines in electrical engineering, controlled

constrained manipulators in mechanical engineering,

population dynamics, see refer to Ref. [22] and the

references therein. In many cases, it has been shown

that the existing neural network models cannot char-

acterize the properties of the neural reaction process

precisely due to the complicated dynamic properties

of the neural cells in the real world. Consequently it is

natural and necessary that systems can contain some

information about the derivative of the past state to

further describe and model the dynamics for such com-

plex neural reactions.[23]

Since the neuron states are not often fully avail-

able in the network outputs in many applications, the

neuron state estimation problem becomes important

for many applications to utilize the estimated neu-

ron state.[24−28] Wang et al.[24] firstly investigated the

state estimation problem for continuous-time neural
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networks with time-varying delay through available

output measurements and derived some sufficient con-

ditions for the existence of the desired estimators. Es-

pecially, further studies on the delay-dependent state

estimation problem for neural networks with neutral

delay or time-varying delays have been extensively in-

vestigated in recent years.[24−28]

On the other hand, systems with Markovian jump

parameters, which are driven by a continuous-time

Markov process, have been widely used to model

many practical systems where they may experience

abrupt changes in their structure and parameters.[29]

It should be noted that only a few papers have

dealt with the state estimation of neural networks

with time-varying delays and Markovian jumping

parameters.[30,31] To the best of the authors’ knowl-

edge, the state estimation of neural networks of neu-

tral type with mixed time-varying delays and Marko-

vian jumping parameters has not yet been investi-

gated. This motivates the research work.

Based on the above discussions, an LMI approach

for the state estimation problem for neural networks

of neutral type with mixed time-varying delays and

Markovian jumping parameters is considered. By con-

structing a new Lyapunov–Krasovskii functional and

employing some analysis techniques, sufficient condi-

tions for the network are derived in terms of LMIs,

which can be easily calculated by MATLAB LMI con-

trol toolbox. Numerical examples are given to illus-

trate the effectiveness of the proposed method.

Notations: Throughout this paper, Rn and

Rn×m denote, respectively, the n-dimensional Eu-

clidean space and the set of all n ×m real matrices.

The superscript T denotes the transposition and the

notation X ≥ Y (respectively, X > Y ), where X and

Y are symmetric matrices, means that X − Y is pos-

itive semi-definite (respectively, positive-definite). In

is the n×n identity matrix. | · | is the Euclidean norm

in Rn. Moreover, let (Ω,F , P ) be a complete prob-

ability space with a filtration {Ft}t≥0 satisfying the

usual conditions. That is the filtration contains all P -

null sets and is right continuous. Denote LP
F0

([−h̄, 0]
the family of all F0-measurable C([−h̄, 0];Rn)-valued

random variables ξ = {ξ(θ) : −h̄ ≤ θ ≤ 0} such

that sup−h̄≤θ≤0 E|ξ(θ)|P < ∞, where E stands for

the mathematical expectation operator with respect

to the given probability measure P . The notation ∗
always denotes the symmetric block in one symmetric

matrix.

2. Problem description and pre-

liminaries

As discussed in the previous section, neural net-

works of neutral type with Markovian jumping pa-

rameters are more appropriate to describe a class of

neural networks with finite state representation, where

the network dynamics can switch from one to another

with the switch law being a Markov law. Based on the

following models (1)–(6), we now introduce the neural

networks of neutral type with time-varying delays and

Markovian jumping parameters.

Let {r(t), t ≥ 0} be a right-continuous Markov

process on the probability space which takes values

in the finite space S = {1, 2, . . . , N} with generator

Γ = (γij) (i, j ∈ S) given by

P (r(t+△) = j|r(t) = i)

=

γij∆+ o(∆), i ̸= j,

1 + γii∆+ o(∆) i = j,
(1)

where ∆ > 0, lim∆t→0(0(∆)/∆) = 0 and γij is transi-

tion rate from mode i to mode j satisfying γij ≥ 0 for

i ̸= j with γii = −
∑N

j=1,j ̸=i γij , i, j ∈ S.

In this paper, the following neural networks of

neutral type with mixed time-varying delays and

Markovian jumping parameter are considered:

ẋ(t) = −A(r(t))x(t) +B1(r(t))g(x(t))

+B2(r(t))g(x(t− τ(t)))

+B3(r(t))

∫ t

t−r(t)

g(x(s))ds

+E(r(t))ẋ(t− σ(t)) + J(r(t)),

y(t) = C(r(t))x(t) +D(r(t))f(t, x(t)), (2)

where x(·) = [x1(·), x2(·), . . . , xn(·)]T ∈ Rn is neu-

ron state vector; y(·) is the output of the networks;

A(r(t)) = diag{a1(r(t)), . . . , an(r(t))} > 0 describes

the rate with which each neuron will reset its po-

tential to the resting state in isolation when discon-

nected from the networks and external inputs; the

matrices B1(r(t)), B2(r(t)), E(r(t)), and B3(r(t))

represent the connection weight matrices, the dis-

cretely and neutral delayed connection weight matri-

ces, and distributively delayed connection weight ma-

trix, respectively. The matrices C(r(t)) ∈ Rm×n and

D(r(t)) ∈ Rm×m are the output weighting matrices.

g(x(·)) = [ g1(x1(·)), . . . , gn(xn(·))]T ∈ Rn denotes the

neuron activation function; τ(t), σ(t), and r(t) denote

the discrete time-varying delays, neutral time-varying
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delays and the distributed time-varying delays, respec-

tively, and satisfy

0 ≤ h1 ≤ τ(t) ≤ h2, 0 < σ(t) ≤ σ̄,

0 < r(t) ≤ r̄, τ̇(t) ≤ µ <∞, σ̇(t) ≤ η < 1,

in which h1, h2, σ̄, r̄, µ, and η are constants. J(r(t)) =

[J1(r(t)), . . . , Jn(r(t))]
T ∈ Rn is an external input vec-

tor and f : R × Rn → Rm is the neuron-dependent

nonlinear disturbances on the network outputs which

is assumed to satisfy the following underlying Assump-

tion A.

Assumption A The neuron activation func-

tion g(·) and the neuron-dependent nonlinear distur-

bances f(·) in Eq. (2) are bounded and there exist four

constant matrices ϕ− = diag{ϕ−1 , ϕ
−
2 , . . . , ϕ

−
n }, ϕ+ =

diag{ϕ+1 , ϕ
+
2 , . . . , ϕ

+
n }, ψ− = diag{ψ−

1 , ψ
−
2 , . . . , ψ

−
m},

and ψ+ = diag{ψ+
1 , ψ

+
2 , . . . , ψ

+
m}, such that[31]

ϕ−l ≤ gl(a)− gl(b)

a− b
≤ ϕ+l , (3)

ψ−
r ≤ fr(a, x(a))− fr(b, x(b))

x(a)− x(b)
≤ ψ+

r (4)

for all a, b ∈ R, a ̸= b, l = 1, 2, . . . , n and r =

1, 2, . . . ,m.

For the delayed neural networks (2), we construct

the full-order state estimation as follows:

˙̂x(t) = −A(r(t))x̂(t) +B1(r(t))g(x̂(t))

+B2(r(t))g(x̂(t− τ(t)))

+B3(r(t))

∫ t

t−r(t)

g(x̂(s))ds

+E(r(t)) ˙̂x(t− σ(t)) + J(r(t))

+K(r(t))(y − ŷ),

ŷ(t) = C(r(t))x̂(t) +D(r(t))f(t, x̂(t)), (5)

where x̂(t) is the estimation of the neuron state, ŷ(t) is

the output of the estimation of the neuron state and

K(r(t)) ∈ Rn×m is the estimator gain matrix to be

designed later.

Notice that the Markov process {r(t), t ≥ 0} takes
values in the finite space S = {1, 2, . . . , N}. For con-

venience, each possible value of r(t) is denoted by i,

i ∈ S in the sequel. Then we have

A(i) = Ai, B1(i) = B1i, B2(i) = B2i,

B3(i) = B3i, E(i) = Ei,

J(i) = Ji, K(i) = Ki, C(i) = Ci, D(i) = Di.

Define the error e(t) = x(t) − x̂(t), and ϕ(t) =

g(x(t))− g(x̂(t)), ψ(t) = f(t, x(t))− f(t, x̂(t)). Thus,

the error-state system is given by

ė(t) = −(Ai +KiCi)e(t) +B1iϕ(t)

+B2iϕ(t− τ(t)) +B3i

∫ t

t−r(t)

ϕ(s)ds

+Eiė(t− σ(t))−KiDiψ(t). (6)

Obviously, e(t) is bounded and continuously differen-

tial on [−h̄, 0], where h̄ = max{h2, σ̄, r̄}.
From Assumption A, we obtain the following in-

equalities

[ϕl(t)− ϕ−l el(t)]
T[ϕl(t)− ϕ+l el(t)] ≤ 0,

l = 1, 2, . . . , n,

[ψr(t)− ψ−
r er(t)]

T[ψr(t)− ψ+
r er(t)] ≤ 0,

r = 1, 2, . . . ,m.

Let e(t; ξ) be the trajectory of system (6) under the

initial condition e(θ) = ξ(θ) on {−h̄ ≤ θ ≤ 0} in

L2
F0

([−h̄, 0],Rn). It is obvious that the system (6)

admits a trivial solution e(t; 0) = 0.

In order to derive our main results, the following

definition and lemma are introduced.

Definition 1[31] For error-state system (6) and

every ξ ∈ L2
F0

([−h̄, 0],Rn), the trivial solution is

asymptotically stable in the mean square if, for ev-

ery network mode,

lim
t−→∞

E|e(t; ξ)|2 = 0.

Lemma 1[32] (Jensen’s inequality) For any con-

stant matrices M ∈ Rm×m, scalar γ > 0, vector func-

tion ω : [0, γ] → Rm such that the integrations con-

cerned are well defined, then

γ

∫ γ

0

ωT(s)Mω(s)ds

≥
(∫ γ

0

ω(s)ds
)T

M
(∫ γ

0

ω(s)ds
)
.

3. Main results

In this section, we shall establish our main cri-

terion based on linear matrix inequality (LMI) ap-

proach. For representation convenience, we introduce

the following notations:

L1 = diag{ϕ−1 ϕ
+
1 , ϕ

−
2 ϕ

+
2 , . . . , ϕ

−
n ϕ

+
n , },

L2 = diag
{ϕ−1 + ϕ+1

2
,
ϕ−2 + ϕ+2

2
, . . . ,

ϕ−n + ϕ+n
2

}
,

L3 = diag{ψ−
1 ψ

+
1 , ψ

−
2 ψ

+
2 , . . . , ψ

−
n ψ

+
n , },

L4 = diag
{ψ−

1 + ψ+
1

2
,
ψ−
2 + ψ+

2

2
, . . . ,

ψ−
n + ψ+

n

2

}
.

100205-3



Chin. Phys. B Vol. 21, No. 10 (2012) 100205

Theorem 1 For given scalars h2 > h1 ≥ 0, σ̄, r̄,

η < 1, and µ < ∞, the equilibrium point of error-

state system (6) is globally asymptotically stable in

the mean square, if there exist positive definite matri-

ces Pi = PT
i = diag{P1i, P2i, P3i} > 0, Ql = QT

l > 0,

(l = 1, 2, . . . , 5), Rk = RT
k > 0, (k = 1, 2, 3, 4),

Tb = TT
b > 0, (b = 1, 2, 3), diagonal matrices U > 0,

V > 0, W > 0, and any matrix Xi such that the

following LMI holds

Ξ14×14,i < 0, (7)

where

Ξ1,1,i = Q1 +Q2 +Q3 − P1iAi −AT
i P1i −XiCi − CT

i X
T
i − 1

σ̄
R2 −

1

h2
R3 − 4h22T1

− 4(h2 − h1)
2T2 − 4σ̄2T3 − L1U − L3W +

N∑
j=1

γijP1j ,

Ξ1,2,i =
1

h2
R3, Ξ1,5,i = P1iEi, Ξ1,6,i =

1

σ̄
R2, Ξ1,7,i = −AT

i P1i − CT
i X

T
i , Ξ1,8,i = P1iB1i + L2U,

Ξ19,i = P1iB2i, Ξ1,10,i = −XiDi + L4W, Ξ1,11,i = P1iB3i, Ξ1,12,i = PT
2i + 4h2T1, Ξ1,13,i = 4(h2 − h1)T2,

Ξ1,14,i = 4σ̄T3, Ξ2,2,i = −(1− µ)Q1 −
1

h2
R3 −

1

h2 − h1
(R3 +R4)− L1V − 1

h2 − h1
R4,

Ξ2,3,i =
1

h2 − h1
R4, Ξ2,4,i =

1

h2 − h1
(R3 +R4), Ξ2,9,i = L2V, Ξ3,3,i = −Q2 −

1

h2 − h1
R4, Ξ3,13,i = PT

3i,

Ξ4,4,i = −Q3 −
1

h2 − h1
(R3 +R4), Ξ4,12,i = −PT

2i, Ξ4,13,i = −PT
3i, Ξ5,5,i = −(1− η)Q4, Ξ5,7,i = ET

i P
T
1i,

Ξ6,6,i = − 1

σ̄
R2, Ξ7,7,i = Q4 + σ̄R2 + h2R3 + (h2 − h1)R4 + h42T1 + (h22 − h21)

2T2 + σ̄4T3 − P1i − PT
1i,

Ξ7,8,i = P1iB1i, Ξ7,9,i = P1iB2i, Ξ7,10,i = −XiDi, Ξ7,11,i = P1iB3i, Ξ8,8,i = Q5 + r̄R1 − U,

Ξ9,9,i = −(1− µ)Q5 − V, Ξ10,10,i = −W, Ξ11,11,i = −1

r̄
R1,

Ξ12,12,i = −4T1 +
N∑
j=1

γijP2j , Ξ13,13,i = −4T2 +
N∑
j=1

γijP3j , Ξ14,14,i = −4T3,

and other entries of Ξ are 0.

Moreover, the gain matrix of state estimator is

given by

Ki = P−1
1i Xi.

Proof Choose the Lyapunov–Krasovskii func-

tional for system (6) as

V (e(t), i) = V1(e(t), i) + V2(e(t), i) + V3(e(t), i)

+V4(e(t), i), (8)

where

V1(e(t), i) = ζT(t)Piζ(t),

V2(e(t), i) =

∫ t

t−τ(t)

eT(s)Q1e(s)ds

+

∫ t

t−h1

eT(s)Q2e(s)ds

+

∫ t

t−h2

eT(s)Q3e(s)ds

+

∫ t

t−σ(t)

ėT(s)Q4ė(s)ds

+

∫ t

t−τ(t)

ϕT(s)Q5ϕ(s)ds,

V3(e(t), i) =

∫ 0

−r̄

∫ t

t+θ

ϕT(s)R1ϕ(s)dsdθ

+

∫ 0

−σ̄

∫ t

t+θ

ėT(s)R2ė(s)dsdθ

+

∫ 0

−h2

∫ t

t+θ

ėT(s)R3ė(s)dsdθ

+

∫ −h1

−h2

∫ t

t+θ

ėT(s)R4ė(s)dsdθ,

V4(e(t), i) = 2h22

∫ t

t−h2

∫ t

θ

∫ t

λ

ėT(s)T1ė(s)dsdλdθ

+2[h22 − h21]

∫ t−h1

t−h2

∫ t

θ

∫ t

λ

ėT(s)T2ė(s)dsdλdθ

+2σ̄2

∫ t

t−σ̄

∫ t

θ

∫ t

λ

ėT(s)T3ė(s)dsdλdθ,

where

ζT(t) =
[
eT(t)

∫ t

t−h2

eT(s)ds

∫ t−h1

t−h2

eT(s)ds
]
.
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Let L be the weak infinitesimal generator of the random process {e(t), t ≥ 0}. Then, for each r(t) = i, i ∈ S,

it can be shown that

L V (e(t), i) = L V1(e(t), i) + L V2(e(t), i) + L V3(e(t), i) + L V4(e(t), i)

+ 2ėT(t)P1i

[
− (Ai +KiCi)e(t) +B1iϕ(t) +B2iϕ(t− τ(t))

+B3i

∫ t

t−r(t)

ϕ(s)ds+ Eiė(t− σ(t))−KiDiψ(t)− ė(t)
]
, (9)

where

L V1(e(t), i) = 2


e(t)∫ t

t−h2
e(s)ds∫ t−h1

t−h2
e(s)ds


T 

P1i 0 0

0 P2i 0

0 0 P3i




ė(t)

e(t)− e(t− h2)

e(t− h1)− e(t− h2)


+

N∑
j=1

γijζ
T(t)Pjζ(t),

L V2(e(t), i) ≤ eT(t)Q1e(t)− (1− µ)eT(t− τ(t))Q1e(t− τ(t)) + eT(t)Q2e(t)

− eT(t− h1)Q2e(t− h1) + eT(t)Q3e(t)− eT(t− h2)Q3e(t− h2)

+ ėT(t)Q4ė(t)− (1− η)ėT(t− σ(t))Q4ė(t− σ(t))

+ϕT(t)Q5ϕ(t)− (1− µ)ϕ(t− τ(t))Q5ϕ(t− τ(t),

L V3(e(t), i) ≤ r̄ϕT(t)R1ϕ(t)−
∫ t

t−r(t)

ϕT(s)R1ϕ(s)ds

+ ėT(t)(σ̄R2 + h2R3 + (h2 − h1)R4)ė(t)

−
∫ t

t−σ(t)

ėT(s)R2ė(s)ds−
∫ t

t−h2

ėT(s)R3ė(s)ds−
∫ t−h1

t−h2

ėT(s)R4ė(s)ds,

L V4(e(t), i) = ėT(t)[h42T1 + (h22 − h21)
2T2 + σ̄4T3]ė(t)− 2h22

∫ t

t−h2

∫ t

θ

ėT(s)T1ė(s)dsdθ

− 2(h22 − h21)

∫ t−h1

t−h2

∫ t

θ

ėT(s)T2ė(s)dsdθ − 2σ̄2

∫ t

t−σ̄

∫ t

θ

ėT(s)T3ė(s)dsdθ.

From Lemma 1, we have

−
∫ t

t−r(t)

ϕT(s)R1ϕ(s)ds ≤ −1

r̄

[ ∫ t

t−r(t)

ϕ(s)ds
]T
R1

[ ∫ t

t−r(t)

ϕ(s)ds
]
, (10)

−
∫ t

t−σ(t)

ėT(s)R2ė(s)ds ≤ − 1

σ̄

[
e(t)− e(t− σ(t))

]T
R2

[
e(t)− e(t− σ(t))

]
, (11)

−
∫ t

t−τ(t)

ėT(s)R3ė(s)ds ≤ − 1

h2

[
e(t)− e(t− τ(t))

]T
R3

[
e(t)− e(t− τ(t))

]
, (12)

−
∫ t−τ(t)

t−h2

ėT(s)(R3 +R4)ė(s)ds ≤ − 1

h2 − h1

[
e(t− τ(t))− e(t− h2)

]T
(R3 +R4)

×
[
e(t− τ(t))− e(t− h2)

]
, (13)

−
∫ t−h1

t−τ(t)

ėT(s)R4ė(s)ds ≤ − 1

h2 − h1

[
e(t− h1)− e(t− τ(t))

]T
R4

×
[
e(t− h1)− e(t− τ(t))

]
, (14)

−
∫ t

t−h2

∫ t

θ

ėT(s)T1ėdsdθ ≤ − 2

h22

(∫ t

t−h2

∫ t

θ

ė(s)dsdθ
)T

T1

(∫ t

t−h2

∫ t

θ

ė(s)dsdθ
)

≤ − 2

h22

(
h2e(t)−

∫ t

t−h2

e(s)ds
)T

T1

(
h2e(t)−

∫ t

t−h2

e(s)ds
)
, (15)
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−
∫ t−h1

t−h2

∫ t

θ

ėT(s)T2ėdsdθ ≤ − 2

h22 − h21

(∫ t−h1

t−h2

∫ t

θ

ė(s)dsdθ
)T

T2

(∫ t−h1

t−h2

∫ t

θ

ė(s)dsdθ
)

≤ − 2

h22 − h21

(
(h2 − h1)e(t)−

∫ t−h1

t−h2

e(s)ds
)T

T2

×
(
(h2 − h1)e(t)−

∫ t−h1

t−h2

e(s)ds
)
, (16)

−
∫ t

t−σ̄

∫ t

θ

ėT(s)T3ėdsdθ ≤ − 2

σ̄2

(∫ t

t−σ̄

∫ t

θ

ė(s)dsdθ
)T

T3

(∫ t

t−σ̄

∫ t

θ

ė(s)dsdθ
)

≤ − 2

σ̄2

(
σ̄e(t)−

∫ t

t−σ(t)

e(s)ds
)T

T3

(
σ̄e(t)−

∫ t

t−σ(t)

e(s)ds
)
. (17)

For positive diagonal matrices U > 0, V > 0, and

W > 0, we can obtain from Assumption A that

Υ1 =

 e(t)
ϕ(t)

T  L1U −L2U

−L2U U

 e(t)
ϕ(t)

 ≤ 0, (18)

Υ2 =

 e(t− τ(t))

ϕ(t− τ(t))

T  L1V −L2V

−L2V V


×

 e(t− τ(t))

ϕ(t− τ(t))

 ≤ 0, (19)

Υ3 =

 e(t)

ψ(t)

T  L3W −L4W

−L4W W

 e(t)

ψ(t)

 ≤ 0.(20)

Using expressions (10)–(17) in Eq. (9), subtracting

Eqs. (18)–(20) from Eq. (9) and using the relation-

ship P1iKi = Xi, we have

L V (e(t), i) ≤ ξT(t)Ξiξ(t), (21)

where

ξT(t) =
[
eT(t) eT(t− τ(t)) eT(t− h1) e

T(t− h2)

× ėT(t− σ(t)) eT(t− σ(t)) ėT(t) ϕT(t)

·ϕT(t− τ(t)) ψT(t)

×
∫ t

t−r(t)

ϕT(s)ds

∫ t

t−h2

eT(s)ds

×
∫ t−h1

t−h2

eT(s)ds

∫ t

t−σ(t)

eT(s)ds
]
.

Taking the mathematical expectation of both sides of

expression (21), we obtain

E
[
L V (e(t), i)

]
≤ E(ξT(t)Ξiξ(t))

≤ −λmin(−Ξi)E|e(t, ξ)|2. (22)

Therefore, from Definition 1 and using the Lya-

punov stability theory, it is concluded that the error-

state system (6) is globally asymptotically stable in

the mean square. This completes the proof of Theo-

rem 1. �
Remark 1 Park et al.[25−27] discussed state

estimation for neural networks of neutral-type with

time-varying delays for the first time. Different from

those papers, the state estimation problem for neu-

ral networks of neutral type with mixed time-varying

delays and Markovian jumping parameters via LMI

approach has been extended in this paper.

Suppose if we left Markovian jumping parameters

in error-state system (6), we obtain the following sys-

tem

ė(t) = −(A+KC)e(t) +B1ϕ(t)

+B2ϕ(t− τ(t)) +B3

∫ t

t−r(t)

ϕ(s)ds

+Eė(t− σ(t))−KDψ(t). (23)

For system (23), we have the following result.

Corollary 1 For given scalars h2 > h1 ≥ 0,

σ̄, r̄, η < 1, and µ < ∞, the equilibrium point of

error-state system (23) is globally asymptotically sta-

ble, if there exist positive-definite matrices P = PT =

diag{P1, P2, P3} > 0, Ql = QT
l > 0 (l = 1, 2, 3, 4, 5),

Rk = RT
k > 0 (k = 1, 2, 3, 4), Tb = TT

b > 0

(b = 1, 2, 3), diagonal matrices U > 0, V > 0, W > 0,

and any matrix X such that the following LMI holds

Π14×14 < 0, (24)

where

Π1,1 = Q1 +Q2 +Q3 − P1A−ATP1 −XC − CTXT − 1

σ̄
R2 −

1

h2
R3

100205-6
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− 4h22T1 − 4(h2 − h1)
2T2 − 4σ̄2T3 − L1U − L3W,

Π1,2 =
1

h2
R3, Π1,5 = P1E, Π1,6 =

1

σ̄
R2, Π1,7 = −ATP1 − CTXT,

Π1,8 = P1B1 + L2U, Π1,9 = P1B2, Π1,10 = −XD + L4W, Π1,11 = P1B3,

Π1,12 = PT
2 + 4h2T1, Π1,13 = 4(h2 − h1)T2, Π1,14 = 4σ̄T3,

Π2,2 = −(1− µ)Q1 −
1

h2
R3 −

1

h2 − h1
(R3 +R4)− L1V − 1

h2 − h1
R4,

Π2,3 =
1

h2 − h1
R4, Π2,4 =

1

h2 − h1
(R3 +R4), Π2,9 = L2V, Π3,3 = −Q2 −

1

h2 − h1
R4,

Π3,13 = PT
3 , Π4,4 = −Q3 −

1

h2 − h1
(R3 +R4), Π4,12 = −PT

2 , Π4,13 = −PT
3 ,

Π5,5 = −(1− η)Q4, Π5,7 = ETPT
1 , Π6,6 = − 1

σ̄
R2,

Π7,7 = Q4 + σ̄R2 + h2R3 + (h2 − h1)R4 + h42T1 + (h22 − h21)
2T2 + σ̄4T3 − P1 − PT

1 ,

Π7,8 = P1B1, Π7,9 = P1B2, Π7,10 = −XD, Π7,11 = P1B3, Π8,8 = Q5 + r̄R1 − U,

Π9,9 = −(1− µ)Q5 − V, Π10,10 = −W, Π11,11 = −1

r̄
R1, Π12,12 = −4T1,

Π13,13 = −4T2, Π14,14 = −4T3,

and other entries of Π are zeros.

Moreover, the state estimator gain matrix is given

by K = P−1
1 X.

Proof The remaining parts of the proof imme-

diately follows from Theorem 1. �
In order to show the effectiveness of our method,

we have the following two examples.

Example 1 Consider system (6) with the fol-

lowing parameters

A1 =

 8.2 0

0 7.2

 , A2 =

 6.7 0

0 7

 ,
B11 =

−1.2 0.9

0.5 −1

 , B12 =

 0.7 0.5

0.8 −1

 ,
B21 =

−0.5 0.4

−1 −0.5

 , B22 =

−0.5 0.6

−0.9 −0.5

 ,
B31 =

 0.9 1.1

0.3 0.4

 , B32 =

 0.6 1

0.5 0.9

 ,
C1 =

 0.25 0

0 0.25

 , C2 =

 0.35 0

0 0.35

 ,
D1 =

 0.1 0

0 0.1

 , D2 =

 0.2 0

0 0.2

 ,
E1 = E2 =

−0.1 0

0 0.1

 ,

Γ =

−0.1 0.1

0.2 −0.2

 , J1 = J2 =

 0.5

0.5

 .
The activation function satisfies Assumption A with

ϕ− = −0.5I, ϕ+ = 0.4I, and the nonlinear distur-

bance also satisfies Assumption A with ψ− = 0.2I,

ψ+ = 0.4I. Thus, we can obtain the following param-

eters

L1 =

−0.2 0

0 −0.2

 , L2 =

−0.05 0

0 −0.05

 ,
L3 =

 0.08 0

0 0.08

 , L4 =

 0.3 0

0 0.3

 .
Let h1 = 1, h2 = 1.3, r̄ = 0.2, σ̄ = 0.5, µ = 1.2,

η = 0.5. By making use of MATLAB LMI toolbox

to solve the LMIs in Theorem 1, we obtain the corre-

sponding gain matrices as follows:

K1 = P−1
11 X1 =

 11.1513 −0.8626

−0.8626 13.4529

 ,
K2 = P−1

12 X2 =

 11.5485 0.0358

0.0358 15.2435

 .
Therefore, it follows from Theorem 1, that the error-

state system (6) is globally asymptotically stable in

the mean square.

Example 2 Consider the error-state system (23)

100205-7
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with the following parameters

A =

 5.2 0

0 4.2

 , B1 =

 0.5 −1

0.7 −1.3

 ,
B2 =

 1.1 0.8

−1 −0.5

 , B3 =

 0.9 1.1

0.3 0.45

 ,
E =

 −0.15 0

0 0.2

 , J =

 2 sin t+ 0.03t2

2 cos t− 0.03t2

 .
Let the activation function be g(x(t)) = tanhx(t) and

then, Assumption A yields ϕ− = 0, ϕ+ = I. Thus, we

can obtain the following parameters

L1 = diag{0, 0}, L2 = diag{0.5, 0.5}.

The parameters for output signals of the networks are

given as

C =

 0.25 0

0 0

 , D =

 0.1 0

0 0

 ,
L3 =

 0.08 0

0 0.08

 , L4 =

 0.3 0

0 0.3

 .
In this example, the nonlinear disturbance is taken in

the form f(t, x(t)) = 0.1 cosx(t) + 0.3. Assumption A

gives ψ− = 0.2I, ψ+ = 0.4I. Let h1 = 0.5, h2 = 1.5,

r̄ = 0.5, σ̄ = 0.3, µ = 0.5, η = 0.2. By solving the

LMIs in Corollary 1, we obtain the corresponding gain

matrix as follows:

K = P−1
1 X =

 51.1804 −42.0186

−42.0186 53.4178

 .
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Fig. 1. (colour online) The error trajectories are converg-

ing to zero in Example 1: (a) state x1 and its estimation,

(b) state x2 and its estimation, (c) error states.

The responses of the state dynamics for the error-state

system (23) which converges to zero with the above es-

timator gain matrix K is shown in Fig. 1. Therefore,

it follows from Corollary 1 and Fig. 1, that the error-

state system (23) is globally asymptotically stable.

4. Conclusions

In this paper, we have dealt with the problem

of state estimation for neutral-type neural networks

with mixed time-varying delays and Markovian jump-

ing parameters. By defining a Lyapunov–Krasovskii

functional, LMI-based stability conditions are derived

and the desired state estimators are designed. The

effectiveness of the proposed criteria is demonstrated

through numerical examples with simulation results.

On the other hand, the passivity theory is an another

effective tool to analyze the stability of a nonlinear

system. Passivity framework is a promising approach

to the stability analysis of neural networks. By taking

this into account, state estimation of neural networks

based on the passivity theory may be considered in

the near future.

References

[1] Cichoki A and Unbehauen R 1993 Neural Networks for

Optimization and Signal Processing (Chichester: Wiley)

[2] Haykin S 1998 Neural Networks: A Comprehensive Foun-

dation (New Jersey: Prentice Hall)

[3] Arik S 2004 Neural Netw. 17 1027

[4] Shao H 2010 Circ. Syst. Signal Process. 29 637

[5] Lakshmanan S and Balasubramaniam P 2011 Chin. Phys.

B 20 040204

[6] Ji D H, Koo J H, Won S C and Park J H 2011 Chin. Phys.

B 20 070502

[7] Gong D W, Zhang H G and Wang Z S 2012 Chin. Phys.

B 21 030204

[8] Wang J A 2011 Chin. Phys. B 20 120701

[9] Ahn C K 2010 Chin. Phys. B 19 100201

[10] Lee S M, Kwon O M and Park J H 2010 Chin. Phys. B

19 050507

[11] Syed Ali M 2011 Chin. Phys. B 20 080201

[12] Kwon O M, Lee S M and Park J H 2010 Phys. Lett. A

374 1232

[13] Xu S, Chu Y and Lu J 2006 Phys. Lett. A 352 371

[14] Li T, Guo L, Wu L and Sun C 2009 Int. J. Control Autom.

Syst. 7 281

[15] Liu C, Li C and Duan S 2011 Int. J. Control Autom. Syst.

9 1074

[16] Li T, Wang T, Song A and Fei S 2011 Int. J. Control

Autom. Syst. 9 187

[17] Sakthivel R, Arunkumar A, Mathiyalagan K and Marshal

Anthoni S 2011 Appl. Math. Comput. 218 3799

[18] Arik S and Tavsanoglu V 2000 IEEE Trans. Circ. Syst. I

47 571

100205-8



Chin. Phys. B Vol. 21, No. 10 (2012) 100205

[19] Mahmoud M S and Ismail A 2010 Appl. Math. Comput.

217 3011

[20] Lien C H, Yu K W, Lin Y F, Chung Y J and Chung L Y

2008 IEEE Trans. Syst. Man Cybernet. Part B: Cybernet.

38 709

[21] Arino O and Nosov V R 1998 Math. Comput. Simul. 45

299

[22] Mai H, Liao X and Li C 2009 J. Comput. Appl. Math.

225 44

[23] Li X and Cao J 2010 Nonlinearity 23 1709

[24] Wang Z, Ho D W C and Liu X 2005 IEEE Trans. Neural

Netw. 16 279

[25] Park J H and Kwon O M 2008 Appl. Math. Comput. 202

360

[26] Park J H, Kwon O M and Lee S M 2008 Appl. Math.

Comput. 203 217

[27] Park J H and Kwon O M 2009 Appl. Math. Comput. 208

69

[28] Wang H and Song Q 2010 Neurocomputing 73 1281

[29] Zhu Q and Cao J 2010 Neurocomputing 73 2671

[30] Balasubramaniam P, Lakshmanan S and Jeeva Sathya

Theesar S 2009 Nonlinear Dyn. 60 661

[31] Wang Z, Liu Y and Liu X 2009 Neural Netw. 22 41

[32] Gu K, Kharitonov V and Chen J 2003 Stability of Time-

delay Systems (Massachusetts: Birkhauser)

100205-9


