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By means of the Lie algebra B2, a new extended Lie algebra F' is constructed. Based on the Lie algebras B2 and

F, the nonlinear Schrodinger—-modified Korteweg de Vries (NLS—mKdV) hierarchy with self-consistent sources as well

as its nonlinear integrable couplings are derived. With the help of the variational identity, their Hamiltonian structures

are generated.
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1. Introduction

It is an important task in soliton theory to find
new integrable hierarchies and their couplings systems
such as those connecting with well-known physical
meaning equations. Some integrable hierarchies with-
out self-consistent sources have been obtained,*~8!
such as the AKNS hierarchy, the KN hierarchy, the
With the development
of soliton theory, people began to focus on the soli-

Dirac hierarchy, and so on.

ton equations with self-consistent sources.[9=14] Soli-
ton equations with self-consistent sources have impor-
tant physical meaning and are often used to express in-
teractions between different solitary waves and are rel-
evant to some problems of hydrodynamics, solid state
physics, plasma physics, and so on.!'>16] Recently, Yu
and Xia et al.
hierarchies with self-consistent sources and obtained

studied the integrable couplings of

a series of integrable hierarchies with self-consistent
sources and their coupling systems as well as their
Hamiltonian structures.'”=29 In these papers, the
coupling systems of hierarchies with self-consistent
sources are linear for supplementary variables. Mean-
while, Ma proposed a general scheme to generate the
nonlinear integrable couplings of hierarchies.?!] Based
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on the general scheme, Zhangl®? constructed some
Lie algebras and derived the nonlinear integrable cou-
plings of the Yang hierarchy and the GJ hierarchy.
Yul?3! discussed the prolongation structure for nonlin-
ear integrable couplings of a KdV soliton hierarchy.
We note that there are very few researches on the
nonlinear integrable couplings of hierarchies with self-
consistent sources available up to now. In this paper,
we will generate the nonlinear integrable couplings of
hierarchy with self-consistent sources. It enriches the
content of the integrable couplings of hierarchies with
self-consistent sources.

The aim of the present paper is to derive
the nonlinear integrable couplings of the nonlin-
ear Schrodinger—modified Korteweg de Vries (NLS—
The

plan of the paper is arranged as follows. In Section 2,

mKdV) hierarchy with self-consistent sources.

a Lie algebra B, is introduced, which is different from
the common Lie algebra si(2). Based on the Lie alge-
bra By, the NLS—-mKdV hierarchy with self-consistent
sources is given. By employing the variational iden-
tity, the Hamiltonian structure of the above hierar-
chy is obtained. With the help of the Lie algebra

Bs, an extended matrix Lie algebra F' is presented
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in Section 3. By using the Lie algebra F', the non-  the commutator is defined as [e;, e;] = e;Me; —e;jMe;,

linear integrable couplings of the NLS-mKdV hierar- 1,7 =1,2,3. We have
chy with self-consistent sources and their Hamiltonian
structures are derived. Finally, some conclusions are
obtained in Section 4.

[61, 62} = 262, [61, 63] = 262 — 263, [62, 63] = —261.

It is easily found that the Lie algebra B, is far different

from the Lie algebra s/(2). In terms of expression (1),

a loop algebra Bg is presented as

2. NLS-mKdV hierarchy with

self-consistent sources

ei(n) = e A", [ei(m),e;j(n)] = [ei, e;]

deg(e;(n)) =n, 4,j=1,2,3.

. . . [24]
Consider the following set of Lie algebra Bs: Consider an isospectral problem
1 0 0 0 e =UMp, A =0,
€1 = ; €2 = 5
01 10 U= A + U1 + us 2’LL3
1 2 U2 A+ up —us
€3 = . (1)
0 -1 Set V=73 solamer(—=m)+bmea(—m)+ecmes(—
solving the stationary zero curvature equation
Take
1 0 Ve =0, V],
M = ,
1 1 one arrives at the recursion relation as follows:

Omz = 2u3by, — 2U2Cm,
bmx = 2b7n-|—1 + 2U/lbm - 2u2am - 2u3am + 2c7n-i—1 + 2'Uflcma
Cmax = 2U3a7n - 2Cm,+1 - 2ulcma

ag = 3 (const) # 0, byg=co=0, by =pus, ¢ =pPus,a1 =0,

az = PBugusz + gu?,, by = —fuius + gugz + U2, C2= —Buug — 5 Use

For an arbitrary natural number n, denoting

VI =3 [amer(n —m) + bpea(n — m) + cmes(n —m)] = A"V — V7,

m>0
then Eq. (4) can be written as —Vf;,) + [U, Vin)] = VEZ) - [, an)], a direct calculation reads
_VJEZ) + U, Vfl)} = —2(bp+1 + cn1)e2(0) + 2¢p1e3(0).
Taking V(") = V_f_") + A,, A, = —anpe1(0), then the zero curvature equation
Uy — V™ 4 [U,v™] =0

leads to the following integrable system

Uy —Qng -0 0 0 an,
Uy = | bpe — 2ur(bp +c¢n) | = 0 0 —0 4 2uy —cp = J1 Py,
us Cnz + 2ulcn 0 —0-— 2U1 0 —bn — Cp

t
where J; is the Hamiltonian operator and Py, = LPy,_1, the recurrence operator L is as follows:

0 — 2871U1U3 — 8’1@8 — 2871711“2 267111,1’&3 — 5"1U38
L= —us —U; — %8 0
—U2 — U3 —%8 — Uy + %8
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Therefore expression (7) can be written as

Uy aop
up | = JiL" —co : (9)
U3 —bg —co

t
When taking u; = 0, us = ug, n = 3, 8 = —4, we
obtain the mKdV equation

2
U2t + GUQUQI + U2prr = 0.

When taking vy = 0, us = 1, n = 3, we obtain the
composed KdAV-mKdV equation

uge + (o + fug)ususy + Yusges = 0.

When taking u; = 0, ug = iug, n = 3, denoting
Q = us + us = uz + iUy, we have the well-known
nonlinear Schrédinger equation

iQt + Qazm - ‘QlQQ = 0.

So we call the system (9) NLS-mKdV hierarchy.
For seeking the Hamiltonian structure of the sys-
tem (9), we introduce a linear functional by

91((% b) = 2(a1b1 - a3b2 - a2b3 - 0,3[)3)7 (10)

where V a = a1e1(0) + aze(0) + aze3(0), b = bye1(0) +
bae0) +bze3(0). It is easy to verify that equation (10)
satisfies the variational identity

J 0
1 %\ — eomc
5u91(V, Ux)=A 6)\)\ g1(V,U,), ~ = const. (11)

Taking V' = ae;(0) + be2(0) + ce3(0), where a =
S apAT™ b= > bp AT = Y e AT™. By

m>0 m>0 m>0
using Eq. (10), a direct calculation reads

91(V,Uy) = 2a,
91(V,Uy,) = —2c,

91(1/7 Uul) == 2(1,
91(V, Uus) = =2(b + ¢).

Substituting the above results into Eq. (11), we have

1) 0 2
@(2@) = )\*Va)\ﬁ’ —20 . (12)
—2(b+c¢)

Comparing the coefficient of A="1 in Eq. (12) gives

5 2a,
Qo) =(-n | 2 | ()
—2(bp, + ¢p)

Taking n = 0 in Eq. (13) gives v = 0. Then we obtain

_OHn g ey (14)

P, ;
! ou n

Therefore the integrable systems (9) can be written as

Uy
6H,, L OH
Ur=|u | =h—"t="]L 1571' (15)
us

t

We observe that JyL = L*.J;, so the NLS-mKdV hi-
erarchy is Liouville integrable.

Next, we will derive the NLS—-mKdV hierarchy
with self-consistent sources. Consider the linear prob-

lem
Ui | U, )M Pj 7
Va5 ) Va;
L V(u, \;)M g (16)
Va5 ) (Y
The following equation was given in Ref. [11]
N
dHj, O\
2k [ A 1
u + Za] du 0, (17)

where «; are constants, 0Hj/d0u determines a finite-
dimensional invariant set for the flow (16). Here we

obtain(?°]
(5/\j 1 6U(u, )\])
A W, 22\
ou 27 ( 7 ou ’
o — Prjpaj — D - 2¢3;
=
¢35 Prjd25 + @3
j=1,....N. (18)
So
®,, P
Mo 1, 2]
s = (@1, 91) o (19)
j=1

(P1,21) — (D2, P2)

where &; = (¢i1,...,0in)T, i = 1,2, and (-,-) stands
for the inner product in RV.

Then, according to Eq. (17), the NLS—mKdV hi-
erarchy with self-consistent sources can be rewritten

as follows:
U (D1, P2)
n—1 5H1
us | =HL"EL 4, (@1, %) .(20)
u3 (@1, 1) — (P2, D2)

t
When taking u; =0, us = usg, n =3, 8 = —4, we ob-
tain the mKdV equation with self-consistent sources

N N
Ugt + 6u%u2w + Uogpr = 2U1 Z ¢§] + (8 - 2“1) Z ¢§]
j=1

j=1
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When taking u; = 0, us = 1, n = 3, we obtain the
composed KdV-mKdV equation with self-consistent
sources

N
Uss + (a + 5U3)U3U3m + YU3zxx = (8 + 2U1) Z (Zﬁj

j=1
When taking vy = 0, ug = iug, n = 3, denoting
Q = us + uz = ug + iUz, we have the well-known

nonlinear Schrédinger equation

iQt + Qxx - |Q|2Q
N N
= i(0+4u) Y of; +1(0—2u1) Y _ 3.

j=1 j=1

3. Nonlinear integrable couplings
of NLS—-mKdV hierarchy with

self-consistent sources

In Ref. [21], Ma presented a general scheme to
generate the nonlinear integrable couplings of hierar-
chy. Based on the Lie algebra sl(2), the nonlinear inte-
grable couplings of AKNS hierarchy are obtained. In
this section, by employing the Lie algebra Ba, we will
seek the nonlinear integrable couplings of the NLS—
mKdV hierarchy with self-consistent sources.

First, by virtue of the Lie algebra By, which is
mentioned in Eq. (1), we construct a new matrix Lie
algebra F' = span{f1, fa, f3, f1, f5, f¢} with the basis

as follows:
es 0
>a f2 = ( ° )7
0 €9

f _(61 0
1=
N 061
)oo=(on)

061

f3=<€3 0

063

() 0-(32)
062 063
_ M 0
=y )

0 M

the commutator is defined as [f;, f;] = fiM f;— f; M f;,
1,7 =1,2,...,6. Then we have

Taking

1. fo] =2fa [fr.fsl =2(f2—f3), [f1.fa] =0,
[f1, 5] =2fs5,  [f1,fel =2(f5 — fe),  [f2, f3] = —2f1,
[fo, fa] = =2f5,  [fa. f5] =0, [f2, fo] = —2fa,
(f3, fal = 2(f6 — f5),  [fs, fs] =2fs, [fs,fs] =0,
[fa, 5] = 2f5, [fa, fo] = 2(f5 — fe), [fs, fo] = —2fa.
Denoting F; = span{fi, f2, f3} and F, =
span{fy, f5, f6}, then we have

F =F, & Fy, Fi = B, [Fl,FQ]CFQ. (21)

Here we note that the sub-algebras F; and F5 are both
nonsemi-simple, which is very important for deriving
the nonlinear integrable couplings of hierarchy. By us-
ing the Lie algebra F', a loop algebra Fis presented
as

F = span{fi(n)}o_,,

filn) = fiA™, i=1,2,3,4,5,6, (22)

along with the commutators [f;(m),f;j(n)] =
[fir f51Am5, deg (fi(n)) =n, myn € Z,1 <1, j <6.
Taking the following isospectral problem

¢o =UM®, U(u,A) = (X +u1)f1(0) + uaf2(0) + us f3(0) + s fa(0) + us f5(0) + ug fs(0), (23)
set V.= 3 Z?:1 Vim fi(—m). Solving the stationary zero curvature equation V,, = [U, V] gives rise to the
recursion n;ezlgtion as follows:

Vimz = 2(U3Vam — U2V3m), Vamz = 2(Vami1 + UiV2m — UoVlm — U3V1m + Usmy1 + U1U3m),
V3ma = 2(U3V1m — V3m+1 — U1V3m), Vdma = 2(UeV2m — U2Vem + U3VUsm — UsVU3m + UeUsm — UsVem),
Vsmz = 2(Vsmt1 + U1VUsm — UsVim + Vem41 + U1V6m — UeV1m + UsV2m — U2Vdm + UsV3m — U3Vam
+ UgV6m — UVam + UsVsm — UsVam ),
Vema = 2(UeU1m — Vem+1 — U1Uem + U3Vam — UsU3m + UeUsm — UsUsm,), (24)

vio = B # 0,

ve1 = Pus,

Vg0 = V30 = V40 = Usp = vgo = 0,

B
V12 = Buguz + Eu?,,

v42 = B(usug + ugue + ugus + usug + U%/Q)a

Vg = —ﬁ(u3u4 + UgUe + U1lUe + UGI/Q)

vo1 = PBug,
B 5

vog = —Purug + 5 Use + 5 U2a;

vs2 = —Burus + st + usus — (us + ug)z /2],

va1 = Bus, wvi1 =va1 =0, vs1 = PBus,

vz = —PBujug — 5 Uses

100204-4
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n 6
Denoting Vf_") =3 S vinfi(=m), VI = Ay — Vi"), it is easy to compute

m=0i=1

_VJSL:) +[U, Vin)] = —2(Van+1 + V3n+1) f2(0) + 203541 f3(0) — 2(Vsn41 + Ven+1) f5(0) + 206n+1f6(0).  (25)

Taking V(™ = V+(") + A, A, = —v1,f1(0) — v45, f4(0). Thus, the zero curvature equation (6) admits

Uy
(0%
us
Uy

Us

Ue

where

t

—Vina 2015 + Van
Vona — 21 (Vap, + U3y, —203, — Vgn
U3nz + 2U1035 _J, —2(vay, + V3n) — Vsn — Ven — LoPy. (26)
—V4na Vip + V4n
Usna — 2(u1 + ua)(Vsn + V6n) — 2ua(van + v3n) —V3n — Uen
Vena + 2(U1V6n + UaUss + UgV6n) —U2p, — U3n — Usn — Ugn
-0 0 0 0 0 0
0 0 —0+2u; O -0 0 — 2uy
Iy = 0 —0—2u 0 0 0+ 2u, 0
0 0 0 —20 0 0
0 -0 0—2u; O 20 —20 — 2uy4 + 4u,
0 04 2u 0 0 —20+2uy —4uy 0

is the Hamiltonian operator and Ps, = LPs,_1, the recurrence operator L is as follows:

where

L,

0 Ly —07 uz(0 — 2uy) 0 Ly Ls
—ug  —u; —0/2 0 Ug —uy 0
| v us —-9/2 —u1+0/2  —us — ug 0 —Ug 7 (27)
0 0 0 0 Ly Ls
0 0 0 —uz —ug —0/2 —u; —uy 0
0 0 0 Lg —0/2 0/2 —uy —uy

= =20 uy(up +uz) — 0 tund, Lo = —0 usd — 20 ug (us + ug) — 20~ uy(ug + uz + us + ug),

Ly = 2871’&3’&4 — 371u5(6 —2uy — 2U4), L, = —871(UQ + U5)8 — 2871(’&1 + ’LL4)(U2 + us + us + UG),

Ls

:—8_1(U3+u6)(8—2u1—2U4), L6:—(’LL2+’LL3+U5+U6).

Then system (28) can be rewritten as U; = Jo Py, = JoL" ' Py. When taking us = us = ug, hierarchy (26)
reduces to the NLS-mKdV hierarchy. Taking n = 2 and § = 1 in system (26), we can obtain the following

equations about the supplementary variables uy, us, ug

_ 2
ugr = (usue + Ugug + usus + uste + Ug/2) s,

usy = — [urus + ugtiy + ugus — (us + Ug)a/2]e + 2(u1 + ug)[ug(ug + ug) + (w1 + ug)(us + ue)
— Usg /2] + 2ua(urug — U2y /2 + uqus3), (28)
Ugt = — (UgUa + UsUs + U1 UG + Uz /2)p — 2(u1 + ua) (Uusta + Uate + Ut Ue + Upg/2)

— 2U4(U1U3 + U3w/2).

Obviously, equation (28) are nonlinear equations in w4 and ug, so we call Eq. (26) the nonlinear integrable
coupling of the NLS—-mKdV hierarchy.

100204-5
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Next, we continue to seek the Hamiltonian struc-
tures of the nonlinear integrable couplings of the

NLS-mKdV hierarchy. Similar to Eq. (10), V a =
6 6

> aifi(0), b = > b;f;(0), the following function is
i=1 i=1

introduced

ga(a,b) = 2[(ar + aq)(by + bs) — (a3 + ag) (b2 + bs)
— (az +az +as+ aﬁ)(bg + bg)

structure:

oM,

U= J
t 2(5’[147

n>2. (31)
It is also verify that JoL = L*Js, so the nonlinear
integrable couplings of the NLS—mKdV hierarchy are
also Liouville integrable.

Further, we will work out the nonlinear inte-
grable couplings of the NLS—mKdV hierarchy with

+a1by — (az + az)by — asbs]. (29) self-consistent sources. Consider the auxiliary linear
problem
It is easy to verify that Eq. (29) also satisfies the vari-
atilonal iden‘(ciity (11). By using Eq. (29), a direct cal- ny e
culation reads
Yl g | Y
92(V,Ux) = 2(201 + va), V3; Y
QQ(V, Uul) = 2(2’01 =+ U4)7 92(‘/7 Uuz) = _2(21)3 + UG), w4j = 1/}4j
gg(V, Uu3) = —2(21}2 + 2v3 + v +'U6)7 7;[]13' 1#13'
92(V,Uu,) = 2(v1 +v1),  92(V,Uus) = —2(v3 + v6), P2 |
= V(u,\j)M (32)
92(V,Uyy) = —2(v2 + v3 + v5 + vg). V3 V3
Repeat the procedures (12)—(14), we can obtain v = 0 Yaj " Ya;
and For Eq. (32), it is known that
_ 5}_1'” T 2Uln + V4an
Pon = 5 n=-———— mnxL (30) o _ 192 (Wj oU (u, Aj)>
o 2 0 ’
Hence, the nonlinear integrable couplings of the “ “
NLS-mKdV hierarchy have the following Hamiltonian = where
|
Uy = P1y0;/1(0) + 43,/2(0) — 47;f3(0) + aytha fa(0) + 0 f5(0) — 43, £6(0), j=1,....N. (33
So
2(P1,P3) + (D3, Py)
2(91,91) + (P3, P3)
ZNZ& | 2@, B1) — 2Py, Bo) + (B3, B5) — (Pa, Ba) (34)
j=1 ou (D1, P2) + (D3, Py) ,
<€p13 gp1> + <¢37 gp3>
(D1, 1) — (D2, Pa) + (D3, P3) — (P4, Ps)

where @Z = ((bil; .

,oin)T, i =1,2,3,4, and (-,-) stands for the inner product in RV.

Then, according to Eq. (17), the nonlinear integrable couplings of the NLS—-mKdV hierarchy with self-

consistent sources can be written as follows:

uq 2(Py1, Do) + (D3, Py)

U 2(P1,P1) + (D3, P3)

us | Jzin_lééﬁ T 2Py, P1) — 2(Pa, Do) + (D3, P3) — (Py, Py) (35)
Uy u (D1, Do) + (D3, Ps)

us (D1, D7) + (D3, D3)

Ug (D1,D1) — (D2, Pa) + (D3, P3) — (P4, Dy)

100204-6
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Taking n = 2 and 8 = 1 in system (35), we can obtain the following coupling equations with self-consistent

sources
N
ugy = (ugtis + ugte + usus + uste + ug/2), — 32 V354j,
=1
use = — [U1us + gt + uaus — (Us + Ug)a/2]e + 2(ur + wa)[ua(us + uz) + (u1 + ua)(us + ug)
N N
- ’u,5y/2] + 2U4(U1U2 - UQ,C/Q + Ul’l,Lg) + (8 - 2U4) Z d)%] - (8 - 2U4) Z 1,[)%
=t =1 (36)
(8 — 2U4 + 2U1 Zw‘?’] 2”4 - 2U1 Zw4ja
ugr = — (uguy + uste + Urte + Uex/2)e — 2(U1 + u4)(U3u4 + ugug + urus + Usa /2)
N
— 2ug(urug + U3y /2) + 2uy Z P35 — (0 + 2ug — 2ug)v3;.
Jj=1

4. Conclusion

Starting from a Lie algebra, researchers can ob-
tain some well-known integrable hierarchies. With the
help of the variational identity, the Hamiltonian struc-
ture can also be generated. These studies have been
done well for many researches. Recently, consider-
able attention has been given to the integrable cou-
plings of hierarchies with self-consistent sources and
the nonlinear integrable couplings of hierarchies with-
out self-consistent sources. It seems that very few
ones on the nonlinear integrable couplings of hierar-
chies with self-consistent sources are available up to
now. In this paper, we generate the nonlinear in-
tegrable couplings of the NLS—mKdV hierarchy with
self-consistent sources. It enriches the content of the
integrable couplings of hierarchies with self-consistent
sources. In fact, the method can be applied to derive
the nonlinear integrable couplings of other hierarchies
with self-consistent sources. Furthermore, the solu-
tions of the nonlinear integrable couplings of hierar-
chies with self-consistent sources are also worth while
exploring. We will study these problems in future in-

vestigations.
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