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1. Introduction

It is an important task in soliton theory to find

new integrable hierarchies and their couplings systems

such as those connecting with well-known physical

meaning equations. Some integrable hierarchies with-

out self-consistent sources have been obtained,[1−8]

such as the AKNS hierarchy, the KN hierarchy, the

Dirac hierarchy, and so on. With the development

of soliton theory, people began to focus on the soli-

ton equations with self-consistent sources.[9−14] Soli-

ton equations with self-consistent sources have impor-

tant physical meaning and are often used to express in-

teractions between different solitary waves and are rel-

evant to some problems of hydrodynamics, solid state

physics, plasma physics, and so on.[15,16] Recently, Yu

and Xia et al. studied the integrable couplings of

hierarchies with self-consistent sources and obtained

a series of integrable hierarchies with self-consistent

sources and their coupling systems as well as their

Hamiltonian structures.[17−20] In these papers, the

coupling systems of hierarchies with self-consistent

sources are linear for supplementary variables. Mean-

while, Ma proposed a general scheme to generate the

nonlinear integrable couplings of hierarchies.[21] Based

on the general scheme, Zhang[22] constructed some

Lie algebras and derived the nonlinear integrable cou-

plings of the Yang hierarchy and the GJ hierarchy.

Yu[23] discussed the prolongation structure for nonlin-

ear integrable couplings of a KdV soliton hierarchy.

We note that there are very few researches on the

nonlinear integrable couplings of hierarchies with self-

consistent sources available up to now. In this paper,

we will generate the nonlinear integrable couplings of

hierarchy with self-consistent sources. It enriches the

content of the integrable couplings of hierarchies with

self-consistent sources.

The aim of the present paper is to derive

the nonlinear integrable couplings of the nonlin-

ear Schrödinger–modified Korteweg de Vries (NLS–

mKdV) hierarchy with self-consistent sources. The

plan of the paper is arranged as follows. In Section 2,

a Lie algebra B2 is introduced, which is different from

the common Lie algebra sl(2). Based on the Lie alge-

bra B2, the NLS–mKdV hierarchy with self-consistent

sources is given. By employing the variational iden-

tity, the Hamiltonian structure of the above hierar-

chy is obtained. With the help of the Lie algebra

B2, an extended matrix Lie algebra F is presented
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in Section 3. By using the Lie algebra F , the non-

linear integrable couplings of the NLS–mKdV hierar-

chy with self-consistent sources and their Hamiltonian

structures are derived. Finally, some conclusions are

obtained in Section 4.

2. NLS mKdV hierarchy with

self-consistent sources

Consider the following set of Lie algebra B2:
[24]

e1 =

 1 0

0 1

 , e2 =

 0 0

1 0

 ,

e3 =

 1 2

0 −1

 . (1)

Take

M =

 −1 0

1 1

 ,

the commutator is defined as [ei, ej ] = eiMej−ejMei,

i, j = 1, 2, 3. We have

[e1, e2] = 2e2, [e1, e3] = 2e2 − 2e3, [e2, e3] = −2e1.

It is easily found that the Lie algebra B2 is far different

from the Lie algebra sl(2). In terms of expression (1),

a loop algebra B̃2 is presented as

ei(n) = eiλ
n, [ei(m), ej(n)] = [ei, ej ]λ

m+n,

deg(ei(n)) = n, i, j = 1, 2, 3. (2)

Consider an isospectral problem

φx = UMφ, λt = 0,

U =

 λ+ u1 + u3 2u3

u2 λ+ u1 − u3

 . (3)

Set V =
∑

m≥0(ame1(−m)+bme2(−m)+cme3(−m)),

solving the stationary zero curvature equation

Vx = [U, V ], (4)

one arrives at the recursion relation as follows:



amx = 2u3bm − 2u2cm,

bmx = 2bm+1 + 2u1bm − 2u2am − 2u3am + 2cm+1 + 2u1cm,

cmx = 2u3am − 2cm+1 − 2u1cm,

a0 = β (const) ̸= 0, b0 = c0 = 0, b1 = βu2, c1 = βu3, a1 = 0,

a2 = βu2u3 +
β

2
u23, b2 = −βu1u2 +

β

2
u3x +

β

2
u2x, c2 = −βu1u3 −

β

2
u3x.

(5)

For an arbitrary natural number n, denoting

V
(n)
+ =

n∑
m≥0

[ame1(n−m) + bme2(n−m) + cme3(n−m)] = λnV − V
(n)
− ,

then Eq. (4) can be written as −V (n)
+x + [U, V

(n)
+ ] = V

(n)
−x − [U, V

(n)
− ], a direct calculation reads

−V (n)
+x + [U, V

(n)
+ ] = −2(bn+1 + cn+1)e2(0) + 2cn+1e3(0).

Taking V (n) = V
(n)
+ +∆n, ∆n = −ane1(0), then the zero curvature equation

Ut − V (n)
x + [U, V (n)] = 0 (6)

leads to the following integrable system
u1

u2

u3


t

=


−anx

bnx − 2u1(bn + cn)

cnx + 2u1cn

 =


−∂ 0 0

0 ∂ −∂ + 2u1

0 −∂ − 2u1 0




an

−cn
−bn − cn

 = J1P1n, (7)

where J1 is the Hamiltonian operator and P1n = LP1n−1, the recurrence operator L is as follows:

L =


0 − 2∂−1u1u3 − ∂−1u2∂ − 2∂−1u1u2 2∂−1u1u3 − ∂−1u3∂

−u3 −u1 − 1
2∂ 0

−u2 − u3 − 1
2∂ − u1 +

1
2∂

 . (8)
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Therefore expression (7) can be written as
u1

u2

u3


t

= J1L
n


a0

−c0
−b0 − c0

 . (9)

When taking u1 = 0, u2 = u3, n = 3, β = −4, we

obtain the mKdV equation

u2t + 6u22u2x + u2xxx = 0.

When taking u1 = 0, u2 = 1, n = 3, we obtain the

composed KdV–mKdV equation

u3t + (α+ βu3)u3u3x + γu3xxx = 0.

When taking u1 = 0, u2 = iũ2, n = 3, denoting

Q = u2 + u3 = u3 + iũ2, we have the well-known

nonlinear Schrödinger equation

iQt +Qxx − |Q|2Q = 0.

So we call the system (9) NLS–mKdV hierarchy.

For seeking the Hamiltonian structure of the sys-

tem (9), we introduce a linear functional by

g1(a, b) = 2(a1b1 − a3b2 − a2b3 − a3b3), (10)

where ∀ a = a1e1(0) + a2e(0) + a3e3(0), b = b1e1(0) +

b2e(0)+b3e3(0). It is easy to verify that equation (10)

satisfies the variational identity

δ

δu
g1(V,Uλ) = λ−γ ∂

∂λ
λγg1(V,Uu), γ = const. (11)

Taking V = ae1(0) + be2(0) + ce3(0), where a =∑
m≥0

amλ
−m, b =

∑
m≥0

bmλ
−m, c =

∑
m≥0

cmλ
−m. By

using Eq. (10), a direct calculation reads

g1(V,Uλ) = 2a, g1(V,Uu1) = 2a,

g1(V,Uu2) = −2c, g1(V,Uu3) = −2(b+ c).

Substituting the above results into Eq. (11), we have

δ

δu
(2a) = λ−γ ∂

∂λ
λγ


2a

−2c

−2(b+ c)

 . (12)

Comparing the coefficient of λ−n−1 in Eq. (12) gives

δ

δu
(2an+1) = (γ − n)


2an

−2cn

−2(bn + cn)

 . (13)

Taking n = 0 in Eq. (13) gives γ = 0. Then we obtain

P1n =
δHn

δu
, Hn = −an+1

n
, n ≥ 1. (14)

Therefore the integrable systems (9) can be written as

Ut =


u1

u2

u3


t

= J1
δHn

δu
= J1L

n−1 δH1

δu
. (15)

We observe that J1L = L∗J1, so the NLS–mKdV hi-

erarchy is Liouville integrable.

Next, we will derive the NLS–mKdV hierarchy

with self-consistent sources. Consider the linear prob-

lem  ψ1j

ψ2j


x

= U(u, λj)M

 ψ1j

ψ2j

 ,

 ψ1j

ψ2j


t

= V (u, λj)M

 ψ1j

ψ2j

 . (16)

The following equation was given in Ref. [11]

δHk

δu
+

N∑
j=1

αj
δλj
δu

= 0, (17)

where αj are constants, δHk/δu determines a finite-

dimensional invariant set for the flow (16). Here we

obtain[25]

δλj
δu

=
1

2
g1

(
Ψj ,

∂U(u, λj)

∂u

)
,

Ψj =

 ϕ1jϕ2j − ϕ21j − 2ϕ21j

ϕ22j ϕ1jϕ2j + ϕ21j

 ,

j = 1, . . . , N. (18)

So

N∑
j=1

δλj
δu

=


⟨Φ1, Φ2⟩
⟨Φ1, Φ1⟩

⟨Φ1, Φ1⟩ − ⟨Φ2, Φ2⟩

 , (19)

where Φi = (ϕi1, . . . , ϕiN )T, i = 1, 2, and ⟨·, ·⟩ stands
for the inner product in RN .

Then, according to Eq. (17), the NLS–mKdV hi-

erarchy with self-consistent sources can be rewritten

as follows:
u1

u2

u3


t

=J1L
n−1 δH1

δu
+ J1


⟨Φ1, Φ2⟩
⟨Φ1, Φ1⟩

⟨Φ1, Φ1⟩ − ⟨Φ2, Φ2⟩

.(20)
When taking u1 = 0, u2 = u3, n = 3, β = −4, we ob-

tain the mKdV equation with self-consistent sources

u2t+6u22u2x+u2xxx = 2u1

N∑
j=1

ϕ21j +(∂−2u1)
N∑
j=1

ϕ22j .
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When taking u1 = 0, u2 = 1, n = 3, we obtain the

composed KdV–mKdV equation with self-consistent

sources

u3t + (α+ βu3)u3u3x + γu3xxx = (∂ + 2u1)

N∑
j=1

ϕ21j .

When taking u1 = 0, u2 = iũ2, n = 3, denoting

Q = u2 + u3 = u3 + iũ2, we have the well-known

nonlinear Schrödinger equation

iQt +Qxx − |Q|2Q

= i(∂ + 4u1)

N∑
j=1

ϕ21j + i(∂ − 2u1)

N∑
j=1

ϕ22j .

3. Nonlinear integrable couplings

of NLS mKdV hierarchy with

self-consistent sources

In Ref. [21], Ma presented a general scheme to

generate the nonlinear integrable couplings of hierar-

chy. Based on the Lie algebra sl(2), the nonlinear inte-

grable couplings of AKNS hierarchy are obtained. In

this section, by employing the Lie algebra B2, we will

seek the nonlinear integrable couplings of the NLS–

mKdV hierarchy with self-consistent sources.

First, by virtue of the Lie algebra B2, which is

mentioned in Eq. (1), we construct a new matrix Lie

algebra F = span {f1, f2, f3, f4, f5, f6} with the basis

as follows:

f1 =

(
e1 0

0 e1

)
, f2 =

(
e2 0

0 e2

)
,

f3 =

(
e3 0

0 e3

)
, f4 =

(
0 e1

0 e1

)
,

f5 =

(
0 e2

0 e2

)
, f6 =

(
0 e3

0 e3

)
.

Taking

M̄ =

(
M 0

0 M

)
,

the commutator is defined as [fi, fj ] = fiM̄fj−fjM̄fi,

i, j = 1, 2, . . . , 6. Then we have

[f1, f2] = 2f2, [f1, f3] = 2(f2 − f3), [f1, f4] = 0,

[f1, f5] = 2f5, [f1, f6] = 2(f5 − f6), [f2, f3] = −2f1,

[f2, f4] = −2f5, [f2, f5] = 0, [f2, f6] = −2f4,

[f3, f4] = 2(f6 − f5), [f3, f5] = 2f4, [f3, f6] = 0,

[f4, f5] = 2f5, [f4, f6] = 2(f5 − f6), [f5, f6] = −2f4.

Denoting F1 = span {f1, f2, f3} and F2 =

span {f4, f5, f6}, then we have

F = F1 ⊕ F2, F1
∼= B2, [F1, F2] ⊂ F2. (21)

Here we note that the sub-algebras F1 and F2 are both

nonsemi-simple, which is very important for deriving

the nonlinear integrable couplings of hierarchy. By us-

ing the Lie algebra F , a loop algebra F̃ is presented

as

F̃ = span {fi(n)}6i=1,

fi(n) = fiλ
n, i = 1, 2, 3, 4, 5, 6, (22)

along with the commutators [ fi(m), fj(n)] =

[ fi, fj ]λ
m+n, deg ( fi(n)) = n, m,n ∈ Z, 1 ≤ i, j ≤ 6.

Taking the following isospectral problem

ϕx = UM̄ϕ, U(u, λ) = (λ+ u1)f1(0) + u2f2(0) + u3f3(0) + u4f4(0) + u5f5(0) + u6f6(0), (23)

set V =
∑
m≥0

∑6
i=1 vimfi(−m). Solving the stationary zero curvature equation Vx = [U, V ] gives rise to the

recursion relation as follows:

v1mx = 2(u3v2m − u2v3m), v2mx = 2(v2m+1 + u1v2m − u2v1m − u3v1m + v3m+1 + u1v3m),

v3mx = 2(u3v1m − v3m+1 − u1v3m), v4mx = 2(u6v2m − u2v6m + u3v5m − u5v3m + u6v5m − u5v6m),

v5mx =2(v5m+1 + u1v5m − u5v1m + v6m+1 + u1v6m − u6v1m + u4v2m − u2v4m + u4v3m − u3v4m

+ u4v6m − u6v4m + u4v5m − u5v4m),

v6mx = 2(u6v1m − v6m+1 − u1v6m + u3v4m − u4v3m + u6v4m − u4v6m),

v10 = β ̸= 0, v20 = v30 = v40 = v50 = v60 = 0, v21 = βu2, v31 = βu3, v11 = v41 = 0, v51 = βu5,

v61 = βu6, v12 = βu2u3 +
β

2
u23, v22 = −βu1u2 +

β

2
u3x +

β

2
u2x, v32 = −βu1u3 −

β

2
u3x,

v42 = β(u3u6 + u2u6 + u3u5 + u5u6 + u26/2), v52 = −β[u1u5 + u2u4 + u4u5 − (u5 + u6)x/2],

v62 = −β(u3u4 + u4u6 + u1u6 + u6x/2).

(24)
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Denoting V
(n)
+ =

n∑
m=0

6∑
i=1

vimfi(−m), V
(n)
− = λnV − V

(n)
+ , it is easy to compute

−V (n)
+x + [U, V

(n)
+ ] = −2(v2n+1 + v3n+1)f2(0) + 2v3n+1f3(0)− 2(v5n+1 + v6n+1)f5(0) + 2v6n+1f6(0). (25)

Taking V (n) = V
(n)
+ +∆n, ∆n = −v1nf1(0)− v4nf4(0). Thus, the zero curvature equation (6) admits

u1

u2

u3

u4

u5

u6


t

=



−v1nx
v2nx − 2u1(v2n + v3n)

v3nx + 2u1v3n

−v4nx
v5nx − 2(u1 + u4)(v5n + v6n)− 2u4(v2n + v3n)

v6nx + 2(u1v6n + u4v3n + u4v6n)


=J2



2v1n + v4n

−2v3n − v6n

−2(v2n + v3n)− v5n − v6n

v1n + v4n

−v3n − v6n

−v2n − v3n − v5n − v6n


=J2P2n, (26)

where

J2 =



−∂ 0 0 ∂ 0 0

0 ∂ −∂ + 2u1 0 −∂ ∂ − 2u1

0 −∂ − 2u1 0 0 ∂ + 2u1 0

∂ 0 0 −2∂ 0 0

0 −∂ ∂ − 2u1 0 2∂ −2∂ − 2u4 + 4u1

0 ∂ + 2u1 0 0 −2∂ + 2u4 − 4u1 0


is the Hamiltonian operator and P2n = L̄P2n−1, the recurrence operator L̄ is as follows:

L̄ =



0 L1 −∂−1u3(∂ − 2u1) 0 L2 L3

−u3 −u1 − ∂/2 0 u6 −u4 0

−u2 − u3 −∂/2 −u1 + ∂/2 −u5 − u6 0 −u4
0 0 0 0 L4 L5

0 0 0 −u3 − u6 −∂/2− u1 − u4 0

0 0 0 L6 −∂/2 ∂/2− u1 − u4


, (27)

where

L1 = −2∂−1u1(u2 + u3)− ∂−1u2∂, L2 = −∂−1u5∂ − 2∂−1u1(u5 + u6)− 2∂−1u4(u2 + u3 + u5 + u6),

L3 = 2∂−1u3u4 − ∂−1u6(∂ − 2u1 − 2u4), L4 = −∂−1(u2 + u5)∂ − 2∂−1(u1 + u4)(u2 + u3 + u5 + u6),

L5 = −∂−1(u3 + u6)(∂ − 2u1 − 2u4), L6 = −(u2 + u3 + u5 + u6).

Then system (28) can be rewritten as Ut = J2P2n = J2L̄
n−1P21. When taking u4 = u5 = u6, hierarchy (26)

reduces to the NLS–mKdV hierarchy. Taking n = 2 and β = 1 in system (26), we can obtain the following

equations about the supplementary variables u4, u5, u6

u4t = (u3u6 + u2u6 + u3u5 + u5u6 + u26/2)x,

u5t =− [u1u5 + u2u4 + u4u5 − (u5 + u6)x/2]x + 2(u1 + u4)[u4(u2 + u3) + (u1 + u4)(u5 + u6)

− u5x/2] + 2u4(u1u2 − u2x/2 + u1u3),

u6t =− (u3u4 + u4u6 + u1u6 + u6x/2)x − 2(u1 + u4)(u3u4 + u4u6 + u1u6 + u6x/2)

− 2u4(u1u3 + u3x/2).

(28)

Obviously, equation (28) are nonlinear equations in u4 and u6, so we call Eq. (26) the nonlinear integrable

coupling of the NLS–mKdV hierarchy.
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Next, we continue to seek the Hamiltonian struc-

tures of the nonlinear integrable couplings of the

NLS–mKdV hierarchy. Similar to Eq. (10), ∀ a =
6∑

i=1

aifi(0), b =
6∑

i=1

bifi(0), the following function is

introduced

g2(a, b) = 2[(a1 + a4)(b1 + b4)− (a3 + a6)(b2 + b5)

− (a2 + a3 + a5 + a6)(b3 + b6)

+ a1b1 − (a2 + a3)b2 − a3b3]. (29)

It is easy to verify that Eq. (29) also satisfies the vari-

ational identity (11). By using Eq. (29), a direct cal-

culation reads

g2(V,Uλ) = 2(2v1 + v4),

g2(V,Uu1) = 2(2v1 + v4), g2(V,Uu2) = −2(2v3 + v6),

g2(V,Uu3) = −2(2v2 + 2v3 + v5 + v6),

g2(V,Uu4) = 2(v1 + v4), g2(V,Uu5) = −2(v3 + v6),

g2(V,Uu6) = −2(v2 + v3 + v5 + v6).

Repeat the procedures (12)–(14), we can obtain γ = 0

and

P2n =
δH̄n

δu
, H̄n = −2v1n + v4n

n
, n ≥ 1. (30)

Hence, the nonlinear integrable couplings of the

NLS–mKdV hierarchy have the following Hamiltonian

structure:

Ut = J2
δH̄n

δu
, n ≥ 2. (31)

It is also verify that J2L̄ = L̄∗J2, so the nonlinear

integrable couplings of the NLS–mKdV hierarchy are

also Liouville integrable.

Further, we will work out the nonlinear inte-

grable couplings of the NLS–mKdV hierarchy with

self-consistent sources. Consider the auxiliary linear

problem 
ψ1j

ψ2j

ψ3j

ψ4j


x

= U(u, λj)M̄


ψ1j

ψ2j

ψ3j

ψ4j

 ,


ψ1j

ψ2j

ψ3j

ψ4j


t

= V (u, λj)M̄


ψ1j

ψ2j

ψ3j

ψ4j

 . (32)

For Eq. (32), it is known that

δλj
δu

=
1

2
g2

(
Ψj ,

∂U(u, λj)

∂u

)
,

where

Ψj = ψ1jψ2jf1(0) + ψ2
2jf2(0)− ψ2

1jf3(0) + ψ3jψ4jf4(0) + ψ2
4jf5(0)− ψ2

3jf6(0), j = 1, . . . , N. (33)

So

N∑
j=1

δλj
δu

=



2⟨Φ1, Φ2⟩+ ⟨Φ3, Φ4⟩
2⟨Φ1, Φ1⟩+ ⟨Φ3, Φ3⟩

2⟨Φ1, Φ1⟩ − 2⟨Φ2, Φ2⟩+ ⟨Φ3, Φ3⟩ − ⟨Φ4, Φ4⟩
⟨Φ1, Φ2⟩+ ⟨Φ3, Φ4⟩
⟨Φ1, Φ1⟩+ ⟨Φ3, Φ3⟩

⟨Φ1, Φ1⟩ − ⟨Φ2, Φ2⟩+ ⟨Φ3, Φ3⟩ − ⟨Φ4, Φ4⟩


, (34)

where Φi = (ϕi1, . . . , ϕiN )T, i = 1, 2, 3, 4, and ⟨·, ·⟩ stands for the inner product in RN .

Then, according to Eq. (17), the nonlinear integrable couplings of the NLS–mKdV hierarchy with self-

consistent sources can be written as follows:

u1

u2

u3

u4

u5

u6


t

= J2L̄
n−1 δH̄1

δu
+ J2



2⟨Φ1, Φ2⟩+ ⟨Φ3, Φ4⟩
2⟨Φ1, Φ1⟩+ ⟨Φ3, Φ3⟩

2⟨Φ1, Φ1⟩ − 2⟨Φ2, Φ2⟩+ ⟨Φ3, Φ3⟩ − ⟨Φ4, Φ4⟩
⟨Φ1, Φ2⟩+ ⟨Φ3, Φ4⟩
⟨Φ1, Φ1⟩+ ⟨Φ3, Φ3⟩

⟨Φ1, Φ1⟩ − ⟨Φ2, Φ2⟩+ ⟨Φ3, Φ3⟩ − ⟨Φ4, Φ4⟩


. (35)
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Taking n = 2 and β = 1 in system (35), we can obtain the following coupling equations with self-consistent

sources

u4t = (u3u6 + u2u6 + u3u5 + u5u6 + u26/2)x − ∂
N∑
j=1

ψ3jψ4j ,

u5t =− [u1u5 + u2u4 + u4u5 − (u5 + u6)x/2]x + 2(u1 + u4)[u4(u2 + u3) + (u1 + u4)(u5 + u6)

− u5x/2] + 2u4(u1u2 − u2x/2 + u1u3) + (∂ − 2u4)
N∑
j=1

ψ2
1j − (∂ − 2u4)

N∑
j=1

ψ2
2j

+ (∂ − 2u4 + 2u1)
N∑
j=1

ψ2
3j + (2u4 − 2u1)

N∑
j=1

ψ2
4j ,

u6t =− (u3u4 + u4u6 + u1u6 + u6x/2)x − 2(u1 + u4)(u3u4 + u4u6 + u1u6 + u6x/2)

− 2u4(u1u3 + u3x/2) + 2u4

N∑
j=1

ψ2
1j − (∂ + 2u1 − 2u4)ψ

2
3j .

(36)

4. Conclusion

Starting from a Lie algebra, researchers can ob-

tain some well-known integrable hierarchies. With the

help of the variational identity, the Hamiltonian struc-

ture can also be generated. These studies have been

done well for many researches. Recently, consider-

able attention has been given to the integrable cou-

plings of hierarchies with self-consistent sources and

the nonlinear integrable couplings of hierarchies with-

out self-consistent sources. It seems that very few

ones on the nonlinear integrable couplings of hierar-

chies with self-consistent sources are available up to

now. In this paper, we generate the nonlinear in-

tegrable couplings of the NLS–mKdV hierarchy with

self-consistent sources. It enriches the content of the

integrable couplings of hierarchies with self-consistent

sources. In fact, the method can be applied to derive

the nonlinear integrable couplings of other hierarchies

with self-consistent sources. Furthermore, the solu-

tions of the nonlinear integrable couplings of hierar-

chies with self-consistent sources are also worth while

exploring. We will study these problems in future in-

vestigations.
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