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Mei symmetry and Mei conserved quantity of Appell
equations for a variable mass holonomic system

of relative motion*
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Mei symmetry and Mei conserved quantity of Appell equations for a variable mass holonomic system of relative

motion are studied. The definition and criterion of the Mei symmetry of Appell equations for a variable mass holonomic

system of relative motion under the infinitesimal transformations of groups are given. The structural equation of Mei

symmetry of Appell equations and the expression of Mei conserved quantity deduced directly from Mei symmetry for a

variable mass holonomic system of relative motion are gained. Finally, an example is given to illustrate the application

of the results.
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1. Introduction

The research on the symmetries and conserved
quantities in dynamical systems plays an important
role in modern physics, mechanics, and mathemat-
ics. In 1899, Appell constructed Appell equations
in dynamical systems.!] Appell equations have be-
come an important kind of equation of analytical me-
chanics. More than ten forms of equations of mo-
tion are grouped into Lagrange systems,?~9 Nielsen
systems, 19~ and Appell systems'®=23] in analyti-
cal mechanics. In recent years, Chinese scholars have
made a series of contributions to the research on sym-
metries and conserved quantities and received some

[24-36] Some scholars have also stud-

important results.
ied the symmetries and conserved quantities of La-
grange equations in a dynamical system of relative
motion.?”) However, so far the research report on the
symmetries and conserved quantities of Appell equa-
tions for a variable mass holonomic system of relative
motion has not been found. In this paper, we specif-
ically study Mei symmetry and the Mei conserved
quantity of Appell equations for a variable mass holo-
nomic system of relative motion. And an example is

also given to illustrate the application of the results.
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2. Appell equations for a variable
mass holonomic system of rel-

ative motion

Let the speed of a base-point O in the carrier
be v and its angular velocity be w. Assume that a
variable mass holonomic mechanical system consists
of N particles that have masses m; at the moment
t, and the infinitesimal element of mass dm; that is
given out by or merged into a particle at the moment
t + dt.

chanical system is determined by n generalized coor-

Suppose that the configuration of the me-

dinates ¢s (s = 1,2,...,n), and that the particle mass
is dependent on time and generalized coordinates and

given as
m; =m;(t,q), (=1,...,N). (1)

Appell equations of the system are written as

a8, d ‘
= — w “ LT+ P,

9. Qs aqS(V + V) + QY + 1+ P,

(s=1,...n), (2)

where S, = %miair - a; is the acceleration energy of

the system; Qs = Qs(t, g, ¢) are the generalized forces;

VO = M(vi + w xv) -7l (3)
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is the potential energy in a uniform field, with M be-
ing the total mass for the system, r. the vector of
mass point of the relative motion system relative to

the base point O, v{ the relative derivative of vo;

1
V“’:—iw-OO-w (4)

is the potential energy of centrifugal force, with 8°
being the inertial tensor of the system in point O;

or]
4. (5)

QY = — (W x myry) -
is the generalized Coriolis inertial force;

or,  or]
Fe = s'. ) s,:2 . i
s = Yekk, Ysk = 2w (m 90, aqk> (6)

is the generalized gyroscopic force;

or, 1. . 0my

Py = (u; + 1) - o 2" T, (7)
is the generalized counter-thrust.
From Eq. (2), we can solve all ¢s, and have
ijs:as(taqaq)a (5:17”'7”)' (8)

3. Definition and criterion of Mei
symmetry of Appell equations
for a variable mass holonomic

system of relative motion

Introduce the expansion of the infinitesimal trans-

formation of groups of time and generalized coordi-

nates as
t" =t+¢e&(t,q,9), ;") =qs(t) +eés(t, q,9),
(s=1,...,n), (9)

where € is an infinitesimal parameter; & and £, are

infinitesimal generators. From Eq. (9), we have

dq: o dQS+5d£s
dt* ~ di+2dé
qu*

dt*; = (js +e (58 - QS§O) - qSﬁo} + 0(52). (10)

= (js + g(ézs - QG€0) + 0(52),

Suppose that after transformations (9), functions
Sr, Qs, VO, V& QY Fg, and P, are substituted by
Sx, Qr, VO v , I'¥, and P7 respectively, then
taking the Taylor expansions of S¥, Q%, V0* Vw*

Qv*, I'*, and P at the point of (¢,q,4,G) along the

S S

trajectory of motion of the system, we will have
dg* d2%¢* -
S*:ST t*, *, 5 :Srt7 I £
; ( g g (t,q,4.q)
oS, 08 0S8, (; .
+e - O+7T€s+ - (65 _q$£O>
0qs 04

ot
+ o ICE qséo)'—dséo}}w(e?), (11)

namely
87 =5:(t.4.4,4) +X? (5,) +0(*), (12)

Qi =Qs(t,q,q) +eX (Q,) + 0 (7)),
(s=1,...,n), (13)

VO =V0tq,q) + XD (V) + 0 (e?), (14)
Ve =Vt q,q) + X (V¥) + 0 (7)), (15)
Q% = Q%(t,q,q4) + XM (Q%) + 0 (¢2),
(s=1,...,n), (16)
Iy =Ty(t,q,q4)+XV (1) +0 (%),
(S - 1 ,Tl), (17)
P! =Py(t,q,q) + XV (P) + O (%),
(S - 1 7n)7 (18)
where
d (d& . dé
) COR S _ . 4%
* * +[dt<dt qsdt)
. d& ] 0
qut} 4. (19)
% afb . afo 0
1) — x (0 _ . 98
X X +(dt ds dt)é)qs’ (20)
0 0
xX© = — 21
50 at + f& aqs7 ( )
d 0 d d 9
— =7 tds7— Vs = 22
at ot %o T 0, T, (22)

Definition If dynamic functions S, Q%, V%,
ver Qw* I'*, and P; which are transformed by
Eq. (9) are used to replace respectively dynamic func-
tions S,, Qs, VO, V¥ Q% I, and P; which are
those before transformations, equation (2) remains
unchanged in form, namely

*

T = Qi e (VO V) £ QI 4 B

(s=1,...,n). (23)

Hence, this symmetry is called the Mei symmetry of
Appell equations for a variable mass holonomic system

of relative motion.
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Substituting Eqgs. (12)—(18) into Eq. (23), and ne-
glecting terms that are of the order of O(g?) or of
higher orders from Eq. (2), we obtain

9 T~
(2)
255
—-x® [Qs — a?; (VO+ V) + Q% + I, +P| =0,
(s=1,...,n). (24)

Equation (24) is called the criterion equation of the
Mei symmetry for Appell equations for a variable mass
holonomic system of relative motion.

Criterion For Appell equations (2) for a vari-
able mass holonomic system of relative motion, if the
infinitesimal generators £y and &; make the criterion
equation (24) hold true, then the invariance of Eq. (2)
under the infinitesimal transformations (9) is called
Mei symmetry of Appell equations (2) for a variable

mass holonomic system of relative motion.

4. Structural equation of Mei

symmetry of Appell equations
and Mei conserved quantity
deduced from Mei symmetry
for a variable mass holonomic

system of relative motion

Proposition If the infinitesimal generators &,
and & and the gauge function Gy = Gu(t,g,q) of
Appell equations (2) for a variable mass holonomic
system of relative motion make the following struc-

tural equation hold true

X@)(ST)% + X [X@)(sr)}

+ (6 — &) B [X(S,)]

+ 50{-32(1) |:Qs - ?1

(VO+Vv¥)

B
+Qf+Fs+P3”

(_ias (_lGM
dt + dt

o, (25)
then the Mei conserved quantity deduced from the
Mei symmetry of Appell equations for a variable mass

holonomic system of relative motion is expressed as

follows:

oX® (s,
L 9X)(s,)

IM = fOX@)(ST) (gs - stgO) + CTVM

9qs
= const. (26)
Proof From Eq. (22), we have
dhv  [0X®(S,) ny 0X®2)(8,)
at ot "5
N 2X@)(S,) N 0X@)(S,) day
o o4, dr |*°
. d¢ d 0X®@)(s,) .
©)) £50 S92 \Wr) _

+ X (Sr) 1t + ldt aqs (gs qs&))
OX®(S,) [ de, . dé&
+87q9 ( dt —Oésfo—qsdt>

dGu
+T' (27)
Note that
0X3(s,) . 9X(s,)

£ [xs,)] - X0, ¢ 2K

dé, d&\ 9X@ (S,

+(d§t _qs(fto) a'( :
qs

,(28)

then Eq. (27) will become

0qs

— )”((2)(&)% + laaf(@)(&)]

dt | dt  04s
X (& — ds&o) + aditM

= X0 [XO(S,)] = (& = dobo) 65(;;5&)
+ anX(;;EST) adojfs

dé [dé‘ff@%ﬂ

= X@(Sy) at At g,

) dGy
x (§s — qso) + T
Using Egs. (24) and (25), we have

dX@(S,) das
94, dt

dhe _ g [X(Q)(S,.)] &
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_, da, [0XO)(S,)
S0y dds

+Q§+FS+PSH=

ds

5. An illustrative example

Now we use a simple example to illustrate the ap-
plication of the conclusion.

As shown in Fig. 1, the particle moves without
friction in plane P, which goes through a fixed straight
line Oq; (the angle with respect to the plumb line is
constant «/), and rotates at angular velocity w around
the straight line Og;. In the plane the axis Ogs is
perpendicular to O¢;. The mass of the particle is
m = mgoe !, and the speed of the separated parti-
cle is zero relative to the particle. Now we study the
Mei symmetry and the Mei conserved quantity of the

system.

Fig. 1. Particle position.

It is easy to obtain dynamic functions of the sys-
tem. The Appell function, the generalized force, the
generalized Coriolis inertial force, the generalized gy-
roscopic force, the generalized counter-thrust, the cen-
trifugal force potential energy, and even the force po-

tential energy are given, respectively, as

S = gml@ + ), (29)
Q1 = —mgcosa, Q2= -—mgsinasinwt, (30)
QY =0, (s=12), (31)
Is=0, (s=12), (32)
Py =—-mqg, P>=-mg, (33)
Ve = —%mwgqg, (34)
vY=o0. (35)

_ X(l) |:Q€ _ 81(‘/0 + Vw)

The differential equations of the system are
mg; + mgcosa + mgy = 0, (36)
mda — mw?qy + mgsin asinwt + mge = 0. (37)
By calculations, we have
o i .1
XS = | & — @) — o |mar
dt
- 5 (@ + @)% (38)

Take the infinitesimal generator

+ {d(& — 4o€o) — 9'25.0} Mo

So=6=0, & =In(¢1+q +gtcosa), (39)

then from criterion equation (24) we will know that
generator (39) is the generator of the Mei symmetry,
and the system is Mei symmetric. According to struc-

tural equation (25), we have
Gm = In(¢1 + 1 + gt cos ). (40)

Using Eq. (26), we obtain Mei conserved quantity of

the system as

Ing = In(¢1 + ¢1 + gt cos ) = const. (41)
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