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This paper presents extensions to the traditional calculus of variations for mechanico–electrical systems containing

fractional derivatives. The Euler–Lagrange equations and the Hamilton formalism of the mechanico–electrical systems

with fractional derivatives are established. The definition and the criteria for the fractional generalized Noether quasi-

symmetry are presented. Furthermore, the fractional Noether theorem and conseved quantities of the systems are

obtained by virtue of the invariance of the Hamiltonian action under the infinitesimal transformations. An example is

presented to illustrate the application of the results.
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1. Introduction

Fractional calculus, a generalization of ordinary

differentiation and integration to an arbitrary order,

was considered as a sole mathematical and theoret-

ical subject with no applications for many years.[1]

But, in recent years, the traditional calculus of varia-

tions for systems containing fractional derivatives has

played a significant role in physics, engineering, bi-

ology, and pure and applied mathematics.[2−9] Be-

sides, fractional-order controllers, such as CRONE,

PID controller, and TID controller, have been in-

troduced and designed.[10−13] Furthermore, one can

find many other important applications of the frac-

tional calculus in classical mechanics. Riewe devel-

oped a version of the Euler–Lagrange equations for

both conservative and non-conservative systems with

fractional derivatives.[14,15] Agrawal gave the formula-

tion of Euler–Lagrange equations for variational prob-

lems by using the left and right fractional derivatives

in the Riemann–Liouville sense.[16] Rabei et al. dis-

cussed the Hamilton formalism, and Zhou et al. stud-

ied the symmetry theories of the Hamiltonian systems

with fractional derivatives.[17,18]

Symmetries and conservation laws have played a

significant role in mathematics, optimal control, and

mechanics.[19−26] The symmetries are useful for inte-

grating the equations of motion and building the in-

variants of the systems, which can be used to reduce

the orders of the equations and simplify the solutions

of the problems.[27−32] Fu et al. have studied the sym-

metries and the conserved quantities of mechanico–

electrical systems in the last few years, and many sig-

nificant results were obtained.[33−35]

In this paper, we present some new results

through a combination of the Noether symmetry and

the fractional calculus of variations for mechanico–

electrical systems. First, we apply the left and right

Riemann–Liouville fractional derivatives to the sys-

tems to formulate the Hamiltonian equations with

fractional derivatives. Then, the systems’ Noether

symmetry is studied, and the corresponding conserved

quantities are obtained through infinitesimal transfor-

mations with respect to time, generalized coordinates,

and generalized momentums.

2. Preliminaries

Several definitions of fractional derivatives

have been proposed, including Riemann–Liouville,

Grunwald-Letnikov, Weyl, Caputo, Marchaud, and

Riesz fractional derivatives.[1,36−38] Here, we formu-

late the problem in terms of the left and right
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Riemann–Liouville fractional derivatives, which are

defined in Ref. [1]. The necessary definitions and prop-

erties are reviewed here.

Definition 1 Let f be a function defined on

the interval [a, b], and α be a positive real num-

ber. The left Riemann–Liouville fractional derivative

(LRLFD) aD
α
t and the right Riemann–Liouville frac-

tional derivative (RRLFD) tD
α
b are defined as

aD
α
t f(t)

=
1

Γ(n− α)

(
d

dt

)n ∫ t

a

(t− θ)
n−α−1

f(θ)dθ, (1)

tD
α
b f(t)

=
1

Γ(n− α)

(
− d

dt

)n ∫ b

t

(t− θ)
n−α−1

f(θ)dθ, (2)

where α is the order of the derivative, n− 1 ≤ α < n,

n ∈ N , and α ̸= 0. If α is an integer, these derivatives

are defined in the usual sense, i.e.,

aD
α
t f(t) =

(
d

dt

)α

f(t),

tD
α
b f(t) =

(
− d

dt

)α

f(t),

α = 1, 2, . . . . (3)

Theorem 1 Let f and g be two smooth functions

defined on the interval [a, b]. Then, for ∀t ∈ [a, b], the

following properties hold:

(i) for m > 0,

aD
m
t [f(t) + g(t)] = aD

m
t f(t) + aD

m
t g(t); (4)

(ii) for m ≥ n ≥ 0,

aD
m
t

(
aD

−n
t f(t)

)
= aD

m−n
t f(t); (5)

(iii) for 0 < m < 1,∫ b

a

(aD
m
t f(t))g(t)dt =

∫ b

a

f(t) (tD
m
b g(t))dt; (6)

(iv) for m ∈ (0,∞) and j ∈ N∗,

aD
m
t [f(t) · g(t)]

=
∞∑
j=0


m

j


aD

j
tf(t) · aD

m−j
t g(t)

. (7)

Remark 1[40] The relations between the contem-

poraneous and the non-contemporaneous variations

for the fractional derivatives can be described as

δaD
α
t q = aD

α
t δq, δtD

β
b q = tD

β
b δq, (8)

∆aD
α
t q = δaD

α
t q + aD

α+1
t q ·∆t,

∆tD
β
b q = δtD

β
b q − tD

β+1
b q ·∆t. (9)

Following Agrawal, we can obtain the Euler–

Lagrange equation of conservative systems for the

fractional calculus of variation problem as

∂L

∂q
+ tD

α
b

∂L

∂aDα
t q

+ aD
β
t

∂L

∂tD
β
b q

= 0, (10)

where L is a function of the form

L = L(t, q, aD
α
t q, tD

β
b q).

For α = β = 1, we have aD
α
t = d/dt and tD

β
b =

−d/dt, then equation (10) reduces to the standard

Euler–Lagrange equation. This Euler–Lagrange equa-

tion (10) has been extended to the classical field

systems[39] and the nonholonomic systems.[40] In 2010,

Zhou et al. obtained the Euler–Lagrange equation for

non-conservative systems with fractional derivatives

∂L

∂q
+ tD

α
b

∂L

∂aDα
t q

+ aD
β
t

∂L

∂tD
β
b q

= −Q, (11)

where Q is a non-conservative force.

3. Fractional Hamiltonian of me-

chanico electrical systems

Consider a menchanico–electrical system with

the Lagrangian depending on the fractional

time derivatives of generalized coordinates q =

{q1(t), q2(t), . . . , qm(t)} and generalized electric quan-

tities e = {e1(t), e2(t), . . . , en(t)} in the form

L = L(t, q, e, aD
α
t q, tD

β
b q, aD

α
t e, tD

β
b e),

0 < α, β < 1.

Following Ref. [33] and in terms of Eq. (11), we can ob-

tain the Euler–Lagrange equations for the mechanico–

electrical system with fractional derivatives

∂L

∂q
+ tD

α
b

∂L

∂aDα
t q

+ aD
β
t

∂L

∂tD
β
b q

= −

(
Q− ∂F

∂aDα
t q

− ∂F

∂tD
β
b q

)
, (12)

∂L

∂e
+ tD

α
b

∂L

∂aDα
t e

+ aD
β
t

∂L

∂tD
β
b e

= −

(
U − ∂F

∂aDα
t e

− ∂F

∂tD
β
b e

)
, (13)

where U is the generalized electromotive force. The

dissipative function F of the system is composed of

the electric dissipative function Fe and the dissipative

function of the viscous frictional damping force Fv, i.e.

F = Fe(aD
α
t e, tD

β
b e) + Fv(aD

α
t q, tD

β
b q).

We further make the assumption that

Λ1 = Q− ∂F

∂aDα
t q

− ∂F

∂tD
β
b q

,
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Λ2 = U − ∂F

∂aDα
t e

− ∂F

∂tD
β
b e

(14)

are non-conservative and non-potential forces acting

on the mechanico–electrical system, respectively.

Introduce the generalized momenta as

pα1 =
∂L

∂aDα
t q

, pβ1 =
∂L

∂tD
β
b q

,

pα2 =
∂L

∂aDα
t e

, pβ2 =
∂L

∂tD
β
b e

, (15)

where

pα1 = {p1α1, p2α1, . . . , pmα1},
pβ1 = {p1β1, p2β1, . . . , pmβ1},
pα2 = {p1α2, p2α2, . . . , pnα2},
pβ2 = {p1β2, p2β2, . . . , pnβ2}.

The Hamiltonian depending on the fractional time

derivatives reads as

H = pα1aD
α
t q + pβ1tD

β
b q + pα2aD

α
t e

+ pβ2tD
β
b e− L. (16)

Calculating the total differential of this Hamiltonian,

we obtain

dH = pα1daD
α
t q + aD

α
t qdpα1 + pβ1dtD

β
b q

+ tD
β
b qdpβ1 + pα2daD

α
t e+ aD

α
t edpα2

+ pβ2dtD
β
b e+ tD

β
b edpβ2 −

∂L

∂q
dq

− ∂L

∂e
de− ∂L

∂aDα
t q

daD
α
t q

− ∂L

∂tD
β
b q

dtD
β
b q +

∂L

∂aDα
t e

daD
α
t e

− ∂L

∂tD
β
b e

dtD
β
b e−

∂L

∂t
dt. (17)

Substituting the momenta from Eq. (15), we obtain

dH = aD
α
t qdpα1 + tD

β
b qdpβ1 + aD

α
t edpα2

+ tD
β
b edpβ2 −

∂L

∂q
dq

− ∂L

∂e
de− ∂L

∂t
dt. (18)

In virtue of the Euler–Lagrange equations (12) and

(13), we have

dH = aD
α
t qdpα1 + tD

β
b qdpβ1

+

(
tD

α
b pα1 + aD

β
t pβ1 +Q− ∂F

∂aDα
t q

− ∂F

∂tD
β
b q

)
dq + aD

α
t edpα2 + tD

β
b edpβ2

+

(
tD

α
b pα2 + aD

β
t pβ2 + U − ∂F

∂aDα
t e

− ∂F

∂tD
β
b e

)
de− ∂L

∂t
dt. (19)

This means that the Hamiltonian is a function of the

form

H = H(t, q, e, pα1, pβ1, pα2, pβ2). (20)

Therefore, the total differential of this function reads

as

dH =
∂H

∂pα1
dpα1 +

∂H

∂pβ1
dpβ1 +

∂H

∂pα2
dpα2

+
∂H

∂pβ2
dpβ2 +

∂H

∂q
dq

+
∂H

∂e
de+

∂H

∂t
dt. (21)

Comparing Eq. (19) with Eq. (21), we obtain the fol-

lowing Hamilton’s equations of motion

∂H

∂t
= −∂L

∂t
,

∂H

∂pα1
= aD

α
t q,

∂H

∂pβ1
= tD

β
b q,

∂H

∂pα2
= aD

α
t e,

∂H

∂pβ2
= tD

β
b e,

∂H

∂q
= tD

α
b pα1 + aD

β
t pβ1 +Q− ∂F

∂aDα
t q

− ∂F

∂tD
β
b q

,

∂H

∂e
= tD

α
b pα2 + aD

β
t pβ2 + U − ∂F

∂aDα
t e

− ∂F

∂tD
β
b e

.

(22)

4. Variation of Hamiltonian ac-

tion with fractional derivatives

for mechanico electrical sys-

tems

The Hamilton action of the mechanico–electrical

systems with fractional derivatives can be expressed

as

S =

∫ t2

t1

L(t, q, e, aD
α
t q, tD

β
b q, aD

α
t e, tD

β
b e)dt

=

∫ t2

t1

[pα1aD
α
t q + pβ1tD

β
b q + pα2aD

α
t e+ pβ2tD

β
b e

− H(t, q, e, pα1, pβ1, pα2, pβ2)]dt. (23)

We introduce the infinitesimal transformations with

respect to time, generalized coordinates, electrical

quantities, and generalized momenta, i.e.,

t∗ = t+∆t, q∗(t) = q(t) + ∆q,

e∗(t) = e(t) + ∆e, p∗α1(t) = pα1(t) + ∆pα1,

p∗β1(t) = pβ1(t) + ∆pβ1,

p∗α2(t) = pα2(t) + ∆pα2,

p∗β2(t) = pβ2(t) + ∆pβ2, (24)
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and their expansion formulae are

t∗ = t+ εξ(t, q, e, pα1, pβ1, pα2, pβ2),

q∗(t) = q(t) + εη(t, q, e, pα1, pβ1, pα2, pβ2),

e∗(t) = e(t) + εζ(t, q, e, pα1, pβ1, pα2, pβ2),

p∗α1(t) = pα1(t) + εµα1(t, q, e, pα1, pβ1, pα2, pβ2),

p∗β1(t) = pβ1(t) + εµβ1(t, q, e, pα1, pβ1, pα2, pβ2),

p∗α2(t) = pα2(t) + εµα2(t, q, e, pα1, pβ1, pα2, pβ2),

p∗β2(t) = pβ2(t) + εµβ2(t, q, e, pα1, pβ1, pα2, pβ2),

(25)

where ε is a small parameter, and ξ, η, ζ, µα1, µβ1,

µα2, µβ2 are infinitesimal generators of the form de-

scribed above.

The variation of the Hamiltonian action with frac-

tional derivatives for the mechanico–electrical systems

can be given by the following two ways

∆S =

∫ t2

t1

(
∆L+ L

d

dt
∆t

)
dt

=

∫ t2

t1

[
∆(pα1aD

α
t q + pβ1tD

β
b q + pα2aD

α
t e

+ pβ2tD
β
b e− H) + (pα1aD

α
t q + pβ1tD

β
b q

+ pα2aD
α
t e+ pβ2tD

β
b e−H)

d

dt
∆t
]
dt

=

∫ t2

t1

[
pα1∆aD

α
t q + aD

α
t q∆pα1 + pβ1∆tD

β
b q

+ tD
β
b q∆pβ1 + pα2∆aD

α
t e+ aD

α
t e∆pα2

+ pβ2∆tD
β
b e+ tD

β
b e∆pβ2 −

∂H

∂q
∆q

− ∂H

∂e
∆e− ∂H

∂pα1
∆pα1 −

∂H

∂pβ1
∆pβ1

− ∂H

∂pα2
∆pα2 −

∂H

∂pβ2
∆pβ2 −

∂H

∂t
∆t

+
(
pα1aD

α
t q + pβ1tD

β
b q

+ pα2aD
α
t e+ pβ2tD

β
b e−H

) d

dt
∆t
]
dt

=

∫ t2

t1

[
pα1∆aD

α
t q + pβ1∆tD

β
b q + pα2∆aD

α
t e

+ pβ2∆tD
β
b e+

(
aD

α
t q −

∂H

∂pα1

)
∆pα1

+

(
tD

β
b q −

∂H

∂pβ1

)
∆pβ1

+

(
aD

α
t e−

∂H

∂pα2

)
∆pα2

+

(
tD

β
b e−

∂H

∂pβ2

)
∆pβ2 −

∂H

∂t
∆t

− ∂H

∂q
∆q − ∂H

∂e
∆e+

(
pα1aD

α
t q + pβ1tD

β
b q

+ pα2aD
α
t e+ pβ2tD

β
b e−H

) d

dt
∆t
]
dt, (26)

and

∆S = δS + Ṡ∆t

=

∫ t2

t1

[
δL+

d

dt
(L∆t)

]
dt

=

∫ t2

t1

[
δ(pα1aD

α
t q + pβ1tD

β
b q

+ pα2aD
α
t e+ pβ2tD

β
b e−H) +

d

dt
(L∆t)

]
dt

=

∫ t2

t1

[(aD
α
t qδpα1 + pα1δaD

α
t q + tD

β
b qδpβ1

+ pβ1δtD
β
b q + aD

α
t eδpα2 + pα2δaD

α
t e

+tD
β
b eδpβ2 + pβ2δtD

β
b e− δH)

+ D1(L∆t)]dt

=

∫ t2

t1

{
D1
(
pα1δaD

α−1
t q

)
−D1(pβ1δtD

β−1
b q)

+ D1
(
pα2δaD

α−1
t e

)
−D1(pβ2δtD

β−1
b e)

+ D1[(pα1aD
α
t q + pβ1tD

β
b q + pα2aD

α
t e

+ pβ2tD
β
b e−H)∆t] +

(
aD

α
t q −

∂H

∂pα1

)
δpα1

+

(
tD

β
b q −

∂H

∂pβ1

)
δpβ1

+

(
tD

α
b pα1 + aD

β
t pβ1 −

∂H

∂q

)
δq

+

(
aD

α
t e−

∂H

∂pα2

)
δpα2

+

(
tD

β
b e−

∂H

∂pβ2

)
δpβ2

+

(
tD

α
b pα2 + aD

β
t pβ2 −

∂H

∂e

)
δe

}
dt. (27)

Notice that

δq = ∆q − q̇∆t = ε
(
η − aD

1
t q · ξ

)
, (28a)

δe = ∆e− ė∆t = ε
(
ζ − aD

1
t e · ξ

)
, (28b)

δpα1 = ∆pα1 − ṗα1∆t = ε
(
µα1 − aD

1
t pα1 · ξ

)
, (28c)

δpα2 = ∆pα2 − ṗα2∆t = ε
(
µα2 − aD

1
t pα2 · ξ

)
,

(28d)

δpβ1 = ∆pβ1 − ṗβ1∆t = ε
(
µβ1 − aD

1
t pβ1 · ξ

)
, (28e)

δpβ2 = ∆pβ2 − ṗβ2∆t = ε
(
µβ2 − aD

1
t pβ2 · ξ

)
. (28f)

Equation (27) can be written in the form
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∆S =

∫ t2

t1

{
D1
(
pα1δaD

α−1
t q

)
−D1(pβ1δtD

β−1
b q)

+ D1
(
pα2δaD

α−1
t e

)
−D1(pβ2δtD

β−1
b e)

+ ε

[
D1((pα1aD

α
t q + pβ1tD

β
b q

+ pα2aD
α
t e+ pβ2tD

β
b e−H)ξ)

+

(
aD

α
t q −

∂H

∂pα1

)
µ̄α1

+

(
tD

β
b q −

∂H

∂pβ1

)
µ̄β1

+

(
tD

α
b pα1 + aD

β
t pβ1 −

∂H

∂q

)
η̄

+

(
tD

α
b pα2 + aD

β
t pβ2 −

∂H

∂e

)
ζ̄

+

(
aD

α
t e−

∂H

∂pα2

)
µ̄α2

+

(
tD

β
b e−

∂H

∂pβ2

)
µ̄β2

]}
dt, (29)

where

η̄ = η − aD
1
t q · ξ, ζ̄ = ζ − aD

1
t e · ξ,

µ̄α1 = µα1 − aD
1
t pα1 · ξ,

µ̄α2 = µα2 − aD
1
t pα2 · ξ,

µ̄β1 = µβ1 − aD
1
t pβ1 · ξ,

µ̄β2 = µβ2 − aD
1
t pβ2 · ξ. (30)

Equations (26) and (29) are the basic formulae for

the variation of the Hamilton action with fractional

derivatives for the mechanico–electrical systems.

5. Generalized Noether quasi-

symmetrical transformations

for mechanico electrical sys-

tems with fractional deriva-

tives

Definition 2 If the Hamilton action is gener-

alized quasi-invariant under the infinitesimal trans-

formations of group for the mechanico–electrical sys-

tems, namely, for each infinitesimal transformation,

the equation

∆S = −
∫ t2

t1

[
aD

1
t (∆G) + Λ1δq + Λ2δe

]
dt (31)

holds, where G = G(t, q, e, aD
α
t q, tD

β
b q, aD

α
t e, tD

β
b e)

is the gauge function of the system. Then the infinites-

imal transformations are called the generalized quasi-

symmetrical transformations in the Noether sense

with fractional derivatives.

Criterion 1 If the infinitesimal transformations

of group (24) satisfy the following equation

pα1∆aD
α
t q + pβ1∆tD

β
b q + pα2∆aD

α
t e

+ pβ2∆tD
β
b e+

(
aD

α
t q −

∂H

∂pα1

)
∆pα1

+

(
tD

β
b q −

∂H

∂pβ1

)
∆pβ1

+

(
aD

α
t e−

∂H

∂pα2

)
∆pα2

+

(
tD

β
b e−

∂H

∂pβ2

)
∆pβ2

− ∂H

∂t
∆t− ∂H

∂q
∆q − ∂H

∂e
∆e

+ (pα1aD
α
t q + pβ1tD

β
b q + pα2aD

α
t

+ pβ2tD
β
b e−H)aD

1
t (∆t)

= −
[(

aD
1
t (∆G) + Λ1δq + Λ2δe

)]
, (32)

then transformations (24) are the generalized Noether

quasi-symmetrical transformations for the mechanico–

electrical systems with fractional derivatives.

Substituting the Hamilton’s equations of motion

(22) and Eqs. (28a) and (28b) into the equation given

above, we obtain

pα1∆aD
α
t q + pβ1∆tD

β
b q + pα2∆aD

α
t e+ pβ2∆tD

β
b e

−
(
∂H

∂t
+ Λ1aD

1
t q + Λ2aD

1
t e

)
∆t

+ (pα1aD
α
t q + pβ1tD

β
b q + pα2aD

α
t e

+ pβ2tD
β
b e−H)aD

1
t (∆t)−

(
∂H

∂q
− Λ1

)
∆q

−
(
∂H

∂e
− Λ2

)
∆e = −aD

1
t (∆G). (33)

Criterion 2 There exist generalized Noether

quasi-symmetry transformations for the mechanico–

electrical systems if the infinitesimal transformations

(25) satisfy

D1
(
pα1δaD

α−1
t q

)
−D1(pβ1δtD

β−1
b q)

+ D1
(
pα2δaD

α−1
t e

)
−D1(pβ2δtD

β−1
b e)

+ ε

{
D1[( pα1aD

α
t q + pβ1tD

β
b q

+ pα2aD
α
t e+ pβ2tD

β
b e−H)ξ]

+

(
aD

α
t q −

∂H

∂pα1

)
µ̄α1

+

(
tD

β
b q −

∂H

∂pβ1

)
µ̄β1
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+

(
tD

α
b pα1 + aD

β
t pβ1 −

∂H

∂q

)
η̄

+

(
tD

α
b pα2 + aD

β
t pβ2 −

∂H

∂e

)
ζ̄

+

(
aD

α
t e−

∂H

∂pα2

)
µ̄α2

+

(
tD

β
b e−

∂H

∂pβ2

)
µ̄β2

}
= −

(
εaD

1
tG+ Λ1δq + Λ2δe

)
, (34)

where ∆G = εG. Substituting the Hamilton’s equa-

tions of motion (22) and Eqs (28a) and (28b) into the

above equation, we obtain

aD
1
t (pα1δaD

α−1
t q)− aD

1
t (pβ1δtD

β−1
b q)

= aD
1
t (pα2δaD

α−1
t e)− aD

1
t (pβ2δtD

β−1
b e)

+ aD
1
t [ε(pα1aD

α
t q + pβ1tD

β
b q + pα2aD

α
t e

+ pβ2tD
β
b e−H)ξ]

= −εaD
1
t (G) . (35)

6. Noether theorem of mech-

anico electrical systems with

fractional derivatives

In Section 3, we worked out the fractional Hamil-

ton’s equations of the mechanico–electrical systems.

Making use of these equations and some properties of

the fractional derivatives, we obtain

∆aD
α
t q = δaD

α
t q + aD

α+1
t q ·∆t

= ε
[
aD

α
t η − aD

α
t

(
ξ · aD1

t q
)
+ ξ · aDα+1

t q
]
,

∆tD
β
b q = δtD

β
b q − tD

β+1
b q ·∆t

= ε[tD
β
b η + tD

β
b

(
ξ · tD1

bq
)
− ξ · tDβ+1

b q],

∆aD
α
t e = δaD

α
t e+ aD

α+1
t e ·∆t

= ε
[
aD

α
t ζ − aD

α
t

(
ξ · aD1

t e
)
+ ξ · aDα+1

t e
]
,

∆tD
β
b e = δtD

β
b e− tD

β+1
b e ·∆t

= ε[tD
β
b ζ + tD

β
b

(
ξ · tD1

be
)
− ξ · tDβ+1

b e].

(36)

Inserting the above equations into Eq. (33), we can ob-

tain the Noether identity of the mechanico–electrical

systems, i.e.

pα1[aD
α
t η − aD

α
t

(
ξ · aD1

t q
)
+ ξ · aDα+1

t q

+ aD
α
t q · aD1

t ξ] + pβ1[tD
β
b η + tD

β
b

(
ξ · tD1

bq
)

− ξ · tDβ+1
b q − tD

β
b q · tD

1
bξ]

+ pα2[aD
α
t ζ − aD

α
t

(
ξ · aD1

t e
)
+ ξ · aDα+1

t e

+ aD
α
t e · aD1

t ξ] + pβ2[tD
β
b ζ + tD

β
b

(
ξ · tD1

be
)

− ξ · tDβ+1
b e− tD

β
b e · tD

1
bξ]−HaD

1
t ξ

−
(
∂H

∂t
+ Λ1aD

1
t q + Λ2aD

1
t e

)
ξ −

(
∂H

∂q
− Λ1

)
η

−
(
∂H

∂e
− Λ2

)
ζ + aD

1
t (G) = 0. (37)

For a mechanico–electrical system, if its Noether

symmetrical transformations exist, the conserved

quantities in the system can be obtained by the fol-

lowing Noether theorem.

Theorem 2 If the infinitesimal transformation

(25) is a generalized quasi-symmetrical transformation

of the mechanico–electrical system, then the system

possesses the following first integral

I = pα1
[
aD

α−1
t η − aD

α−1
t

(
ξ · aD1

t q
)
+ ξ · aDα

t q
]

− pβ1[tD
β−1
b η + tD

β−1
b

(
ξ · tD1

bq
)
− ξ · tDβ

b q]

+ pα2
[
aD

α−1
t ζ − aD

α−1
t

(
ξ · aD1

t e
)
+ ξ · aDα

t e
]

− pβ2[tD
β−1
b ζ+tD

β−1
b

(
ξ · tD1

be
)
− ξ · tDβ

b e]

− H · ξ +G. (38)

Proof In virtue of Eqs. (8), (9), and (36), we can

prove that Eq. (35) yields integral Eq. (38).

7. An example

Remark 2 In physics, if t denotes the time vari-

able, the right Riemann–Liouville fractional derivative

of f(t) is interpreted as a future state of the process

f(t). For this reason, the right derivative is usually ne-

glected in applications when the present state of the

process does not depend on the results of the future

development.

We consider a simple mechanico–electrical system

with the left Riemann–Liouville fractional derivative.

The Lagrangian of the system is given by

L =
1

2
m (aD

α
t q)

2
+

1

2
L1 (aD

α
t e)

2 − 1

2
kq2 − 1

2

s− q

A
e2,

where m, L1, k, s, and A are the parameters of the

system. The dissipative function of the system is

F =
1

2
R (aD

α
t e)

2

and the generalized electromotive force of the system

is

U = E0 sinωt,

so the non-conservative forces are expressed as

Λ1 = 0, Λ2 = −E0 sinωt+RaD
α
t e.
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From Eqs. (12) and (13), we obtain the Euler–

Lagrange equations of the system as

−L1tD
α
b (aD

α
t e) +RaD

α
t e+

(s− q)e

A
= E0 sinωt,

mtD
α
b (aD

α
t q) +

e2

2A
− kq = 0.

The generalized momenta are given by

pα1 =
∂L

∂aDα
t q

= maD
α
t q, pβ1 = 0,

pα2 =
∂L

∂aDα
t e

= L1aD
α
t e, pβ2 = 0,

then the Hamiltonian of the system is

H =
1

2
m (aD

α
t q)

2
+

1

2
L1 (aD

α
t e)

2
+

1

2
kq2 +

1

2

s− q

A
e2.

From Eq. (22), we obtain the Hamilton’s equations of

motion

∂H

∂t
= 0,

∂H

∂pα1
= maD

α
t q,

∂H

∂pβ1
= 0,

∂H

∂pα2
= L1aD

α
t e,

∂H

∂pβ2
= 0,

∂H

∂q
= mtD

α
b (aD

α
t q),

∂H

∂e
= L1tD

α
b (aD

α
t e) + E0 sinωt−RaD

α
t e.

The Noether identity (37) gives

pα1[aD
α
t η − aD

α
t

(
ξ · aD1

t q
)
+ ξ · aDα+1

t q

+ aD
α
t q · aD1

t ξ] + pα2[aD
α
t ζ − aD

α
t

(
ξ · aD1

t e
)

+ ξ · aDα+1
t e+ aD

α
t e · aD1

t ξ]

+ (−E0 sinωt+RaD
α
t e−H) aD

1
t ξ −

(
kq − e2

2A

)
η

−
(
(s− q) e

A
+ E0 sinωt−R · aDα

t e

)
ζ

+ aD
1
t (G) = 0,

from which we can obtain the following symmetries

ξ1 = 0, η1 = q, ζ1 = 0,

G1 = aD
−1
t

(
kq2 − qe2

2A

)
−maD

−1
t [(aD

α
t q)

2
],

ξ2 = 0, η2 = e, ζ2 = −m

L1
q,

G2 = aD
−1
t

(
kqe− e3

2A

)
− m

L1
aD

−1
t

[
(s− q) eq

A

+E0q sinωt−Rq · aDα
t e

]
.

Substituting them into Eq. (38), we obtain the follow-

ing conserved quantities of the mechanico–electrical

system

I1 =
1

m
pα1 · aD−1

t pα1 + aD
−1
t

(
kq2 − qe2

2A

)
− 1

m
aD

−1
t (pα1)

2
,

I2 =
1

L1

(
pα1 · aD−1

t pα2 − pα2 · aD−1
t pα1

)
− m

L1
aD

−1
t

[(
(s− q)e

A
+ E0 sinωt

− RaD
α
t e

)
q

]
+ aD

−1
t

(
kqe− e3

2A

)
.

8. Conclusion

The Euler–Lagrange equations with fractional

derivatives have been extended to mechanico–

electrical systems and the Hamilton formalism and

the Noether symmetry of the systems have been pre-

sented in this paper. Given that many systems can be

modeled more accurately using the fractional deriva-

tives the corresponding symmetry theories will be-

come more useful and important.
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