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This paper presents extensions to the traditional calculus of variations for mechanico—electrical systems containing

fractional derivatives. The Euler-Lagrange equations and the Hamilton formalism of the mechanico—electrical systems

with fractional derivatives are established. The definition and the criteria for the fractional generalized Noether quasi-

symmetry are presented. Furthermore, the fractional Noether theorem and conseved quantities of the systems are

obtained by virtue of the invariance of the Hamiltonian action under the infinitesimal transformations. An example is

presented to illustrate the application of the results.
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1. Introduction

Fractional calculus, a generalization of ordinary
differentiation and integration to an arbitrary order,
was considered as a sole mathematical and theoret-
ical subject with no applications for many years.!
But, in recent years, the traditional calculus of varia-
tions for systems containing fractional derivatives has
played a significant role in physics, engineering, bi-
ology, and pure and applied mathematics.>=9 Be-
sides, fractional-order controllers, such as CRONE,
PID controller, and TID controller, have been in-
troduced and designed.'9=13] Furthermore, one can
find many other important applications of the frac-
tional calculus in classical mechanics. Riewe devel-
oped a version of the Euler-Lagrange equations for
both conservative and non-conservative systems with
fractional derivatives.['415] Agrawal gave the formula-
tion of Euler—Lagrange equations for variational prob-
lems by using the left and right fractional derivatives
in the Riemann-Liouville sense.['8] Rabei et al. dis-
cussed the Hamilton formalism, and Zhou et al. stud-
ied the symmetry theories of the Hamiltonian systems
with fractional derivatives.!17-18]

Symmetries and conservation laws have played a
significant role in mathematics, optimal control, and
mechanics.['9726] The symmetries are useful for inte-

DOI: 10.1088/1674-1056,/21/10/100202

grating the equations of motion and building the in-
variants of the systems, which can be used to reduce
the orders of the equations and simplify the solutions

of the problems.[27—32]

Fu et al. have studied the sym-
metries and the conserved quantities of mechanico—
electrical systems in the last few years, and many sig-
nificant results were obtained.[335]

In this paper,
through a combination of the Noether symmetry and
the fractional calculus of variations for mechanico—

we present some new results

electrical systems. First, we apply the left and right
Riemann-Liouville fractional derivatives to the sys-
tems to formulate the Hamiltonian equations with
fractional derivatives. Then, the systems’ Noether
symmetry is studied, and the corresponding conserved
quantities are obtained through infinitesimal transfor-
mations with respect to time, generalized coordinates,
and generalized momentums.

2. Preliminaries

Several definitions of fractional derivatives
have been proposed, including Riemann-Liouville,
Grunwald-Letnikov, Weyl, Caputo, Marchaud, and
Riesz fractional derivatives.[':36=38] Here, we formu-

late the problem in terms of the left and right
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Riemann-Liouville fractional derivatives, which are
defined in Ref. [1]. The necessary definitions and prop-
erties are reviewed here.

Definition 1 Let f be a function defined on

the interval [a,b], and « be a positive real num-

ber. The left Riemann-Liouville fractional derivative
(LRLFD) D¢ and the right Riemann-Liouville frac-
tional derivative (RRLED) ;Dj" are defined as

oD f(t)
_ 1 ANt e
_F(na)(dt> /a(t 0) F(6)de, (1)
Dy f(t)

- (‘i) / (=0 F(0)an, (2)

where « is the order of the derivative, n — 1 < a < n,
n € N, and a # 0. If « is an integer, these derivatives
are defined in the usual sense, i.e.,

0010 = () 5,

D10 = (-5 ) 10,
a=1,2,.... (3)

Theorem 1 Let f and g be two smooth functions
defined on the interval [a, b]. Then, for V¢ € [a, b], the
following properties hold:

(i) for m > 0,

oD [f(t) +9(b)] =

(ii) for m > n > 0,
oD (D" f (1) = o D" f (1) (5)
(iii) for 0 < m < 1,
b b
| wprsenswar= [ o (praman 6
(iv) for m € (0,00) and j € N*,
DY Lf(t) - g(1)]

oD f(t) +aDg(t);  (4)

=2 0| fapiaD et @)
j=0

Remark 1149 The relations between the contem-
poraneous and the non-contemporaneous variations
for the fractional derivatives can be described as

§.D%q = ,Doq,  §,D)q =Dy g, (8)

AoD8q = 0,D%q + D g - At,
ADyq=08,D)q— D) q- At. (9)

Following Agrawal, we can obtain the Euler—

Lagrange equation of conservative systems for the

fractional calculus of variation problem as
oL oL oL
=Dy +aDf
dq ® 9,D¢q " 9,Dlq
where L is a function of the form
L= L(t7q7aD?q7tD5q)'

For « = f = 1, we have DY = d/dt and th =
—d/dt, then equation (10) reduces to the standard
Euler—Lagrange equation. This Euler-Lagrange equa-
tion (10) has been extended to the classical field
systems!* and the nonholonomic systems.*! In 2010,

=0,  (10)

Zhou et al. obtained the Euler-Lagrange equation for
non-conservative systems with fractional derivatives
oL o OL oL
— + tDb a Ha. tﬁ B = _Qa (11)
dq 9aDiq D} q

where @ is a non-conservative force.

3. Fractional Hamiltonian of me-

chanico—electrical systems

Consider a menchanico—electrical system with

the Lagrangian depending on the fractional
time derivatives of generalized coordinates ¢ =
{1 (1), q2(t), ..., qm(t)} and generalized electric quan-

tities e = {e1(t), ea(t),...,en(t)} in the form
L = L(taqvevangvtDbevaD?evtDbBe)v
0<a,B<1.

Following Ref. [33] and in terms of Eq. (11
tain the Euler-Lagrange equations for the mechanico—

), we can ob-

electrical system with fractional derivatives
oL oL 3 OL

EPRE Dba Dia + D, 507
(oo amm) @
%L Dyt aaaDL?e +.D} atapl;f’e

where U is the generalized electromotive force. The
dissipative function F' of the system is composed of
the electric dissipative function F, and the dissipative
function of the viscous frictional damping force F,, i.e.

F = F.(sDfe,iD}je) + F,(aDf'q, 1Dy q).
We further make the assumption that
oF oF
Al = Q - o B
aaDt q BtDb q
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_ OF  oF
aaDtae athe

are non-conservative and non-potential forces acting

Ao =U

(14)

on the mechanico—electrical system, respectively.
Introduce the generalized momenta as

OL oL

Pal = a0 P81 = —5 >
aaDt q b 8tDé3q
oL oL
Pa2 = o PB2= _—53 > 15
0.Dfe ? 8th€ ( )

where

m

1 2
Pal = {palapah e 7pa1

Pp1 = {péhp%la tee 7p,61}7
Poa2 = {Pa2sPass - Paa )
pp2 = {PhosPhas - - - Pha}-

The Hamiltonian depending on the fractional time
derivatives reads as
H = palaDtaq + p,@ltDl[jq +pa2aD?e

+ pﬁgthe — L. (16)
Calculating the total differential of this Hamiltonian,
we obtain

dH = paldaDtaq + aDtaqdpal +p,31 dtDl[jq
+ thqdpﬁl +po¢2daD?e + aDtaedpo&

OL
+ pp2 dthe + thedpﬁz - 87qdq

8—dt (17)

d D{je 5

9Dl
Substituting the momenta from Eq. (15), we obtain

dH = aD?qdpal + tDl/jqdpﬁl + aD?edecQ

oL
+ Dﬁedp 90— —dg
t~p B aq

e— ——dt. (18)
In virtue of the Euler-Lagrange equations (12) and
(13), we have

dH = ,D¥qdpar + D) qdpp

oF
+ (th:pal WDl + Q-

0aD%q

OF ) 5
— ———— |dg+ .Dfedpas + ¢+ Dy edp
atDl?q t 2 t4y 32
o oF
+ (tDbpa2 + aDtﬁpﬁSZ +U - m
F L
atDbe ot

This means that the Hamiltonian is a function of the

form
H= H(t7Qaeapalapﬁlvpa%p[ﬁ)' (20)
Therefore, the total differential of this function reads
as
OH OH OH
dH = dpa1 + —dpp1 + dpa
apocl Pat apﬂl pe1 apaZ Pa2
OH OH
—d —d
+ 9 pg2 + 94 q
OH 0OH
—d —dt. 21
T T 1)

Comparing Eq. (19) with Eq. (21), we obtain the fol-
lowing Hamilton’s equations of motion

oH _ oL  oH on

o0 e TN ap =D

%I = 1 D§par + oD pp1 + Q — 8aaDFt;‘q - atﬁﬁq’

8@% = \Dy'paz + oD pp2 + U — ajpiae - ai%e'
(22)

4. Variation of Hamiltonian ac-
tion with fractional derivatives
for mechanico—electrical sys-

tems

The Hamilton action of the mechanico—electrical
systems with fractional derivatives can be expressed

as

ta
S = / L(t7qaevaD?(Lth(LaD?evthe)dt

t1

to
- / [palaD?q+p51tD5q+pa2aDtae+pﬁ2tD£e

t1
- H(taqae7pa17pﬁ1apa2,p62)]dt' (23)

We introduce the infinitesimal transformations with

respect to time, generalized coordinates, electrical

quantities, and generalized momenta, i.e.,
tt=t+ At ¢(t)=
e (t) = e(t) + Ae, pu(t)

q(t) + Ag,
= pal(t) + Apozla

P () = pp1(t) + Apgst,
pZQ (t) = Pa2 (t) + ApaQ»
Pp2(t) = pp2(t) + Appa, (24)
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and their expansion formulae are

t* =t+ Ef(t, q, e7palap517pa2ap62)7

q"(t) = q(t) +en(t, q, €, pa1, Ps1, Pa2;s P2);

e*(t) = e(t) +C(t, g, €, Pa1, Pp1, Pazs Pp2),

Pa1(t) = pa1(t) + cpar(t, 4, €,Pa1, Pp1: Paz, Pp2)

Pp1(t) = pp1(t) +eppi(t, 4, €, Pa1, Pp1, Paz, Pp2),

P2 (t) = Pa2(t) + epaa(t, ¢ €, Da1, Pp1; Paz, Pp2);

Pha(t) = pp2(t) + eppa(t, 4, €, Par, Pp1; Pa2, Pp2)s
(25)

where € is a small parameter, and &, 7, ¢, ta1, K51,
Ha2, Mgz are infinitesimal generators of the form de-
scribed above.

The variation of the Hamiltonian action with frac-
tional derivatives for the mechanico—electrical systems
can be given by the following two ways

ta
AS = / (AL + LdAt> dt
. dt

ta
:/ [A(palaD?q+p61tDEQ+pa2aD?€
t1

+ pgaiDye — H) + (paraD8q +ppreDyq

d
+ PazaDie + ppat Dy e — H)—, At] dt

to
= / [palA Di'q + o Dy qApar +p31Atqu

t1
+ DL qAps1 + pasdaDie + o D eApas

O0H
+ pﬁgAthe + tDb’@eApBQ — a—qu

oOH OH OH

_ PN L pap, = P A
De C 7 Bpar TN gy TA
OH OH OH

a2 T 7A 7At
P2 = O T ot
+ (palan‘q +pp1:DYq
a B d
+ pa2aDt e+ pﬁztDb 6*H> EAt} dt

to
= / [pmAaD?q + ps1 DY+ pasaDite
t1

0H

+ p,ezAtD{je + (aDtaq - 3) Apai
Pal

OH
+ (thq - 31)[;1) Apgy

aDa A fo"
+ ( te 8pa2) Pa2
OH OH
DPe — At
* <t be 3?/32) T

0H O0H
_ aiA — TAC + (palaDt q +p51tqu

+ PazaDie + ppai Dy efH) aAt} dt,  (26)
and

AS = §S + SAt

to d
- /t {5L+dt(LAt)] dt

to
Z/ [é(palaD?Q"‘pﬁlthq

t1

—H)—i—i(LAt)}

+ PazaDy'e +p52tD56 1

ta
=/ [(aD$q0Par + Par10aDEq + 1D} qdps1

t1
+ pp10: DY g + o DY edpas + pandaDie
+tD565p52 + pgthDge —0H)

DY(LAt)dt

ta
= / {Dl (pal(saD?_lq) - D!
t1

+ D' (pa2d, Dy~ 'e)

(pp10:D) " q)

— Dl(pﬁgéthfle)
+ DY[(paraDq + pp1:Dy g + pazaDite

O0H
+ p,@2tD5€ — H)At] + (an‘q - 8) 0Pa1
Pal
O0H
Dfg— )6
+ (t b4 3;051) Ps1

OH
+ (Dbpaﬁr oD pg1 — 8q)5q

+

aD 0 o
‘" apa2> Paz

+ (tD e — )517,32

+ ( Difpaz + Dt pB2 — 6;;) 6@} dt.  (27)
Notice that
6g=Ag— At =e(n—aDjq-€), (28a)
de =Ae —éAt=¢ (¢ —,Dje-€), (28b)

0Pa1 = Apa1 — ParAt = € (la1 — o DiPa1 - €) , (28c)
5Pa2 = Apaz — Pa2At = € (la2 — aDiPaz - €)

(284)
Sps1 = Appr — pa1 At =€ (up1 — o Dipp1 - €) . (28e)
0pp2 = Apga — ppait = € (s — o Dippa - €) . (28)

Equation (27) can be written in the form
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ta
AS = / {Dl (poél(saDtailq) — Dl(pﬁl(sthilq)
t1
+ D! (pagéanfle) — Dl(pggéth_le)
+e [Dl((palaD?q +pp1Dyq

+ pa2aD?6 +p52tD56 - H)f)

OH
aDa - a9 704
+ ( tq apal)/’l/ 1
+ (qu )um
OH
Dy'pa D? n
+<t Dol + oDy pp1 — 6q>77
OH\ -
+ (tD pa2+a thQ 86)<
+ (aD € — 8]9&2)”@2
+(J)e )u}}w, (20)
where
ﬁ:niaDth'fa EzciaDge'ga
/_14041 = Ua1 — aDg-pal : 57
ﬂa2:/~La2_aDt1pa2'£7
figr = pup1 — o Dipp1 - &,
figs = pup2 — oDy pp2 - €. (30)

Equations (26) and (29) are the basic formulae for
the variation of the Hamilton action with fractional

derivatives for the mechanico—electrical systems.

5. Generalized Noether

symmetrical

quasi-
transformations
for mechanico—electrical sys-
tems with fractional deriva-

tives

Definition 2 If the Hamilton action is gener-
alized quasi-invariant under the infinitesimal trans-
formations of group for the mechanico—electrical sys-
tems, namely, for each infinitesimal transformation,
the equation

ta

AS = 7/ [«D} (AG) + A15q + Axde]dt  (31)
t1

holds, where G = G(t,q,e, oDq, thq, «Die, the)

is the gauge function of the system. Then the infinites-

imal transformations are called the generalized quasi-

symmetrical transformations in the Noether sense
with fractional derivatives.
Criterion 1 If the infinitesimal transformations

of group (24) satisfy the following equation

Pa1 Do D q + pmAthq + pa2AgDie

OH
Apq
apod) Pai

+ pggAthe + <aD?q -

OH
- (tD”B Opp )Apm

OH
a-Da - A [e%
+ < t € 8pa2> Pa2

OH
+ <tD56 — ap52> Ap/32

oOH oOH oOH
T AT g BT e B

+ (Pa1aD§q + pp1: DY q + Paza DY
+ pgatDie — H), D} (At)
— — [(«DHAG) + A15q + Asde)] (32)

then transformations (24) are the generalized Noether

quasi-symmetrical transformations for the mechanico—

electrical systems with fractional derivatives.
Substituting the Hamilton’s equations of motion

(22) and Eqs. (28a) and (28b) into the equation given

above, we obtain

Pa1De Dy q + pmAthq + Pa2AaDi'e + pmAthe

oH
- (Gt +

+ (Pa1a D8 q + Pp1eDL G + Paa Die

OH
+ ppaiDfe — H),D} (A) - (aq - A1> Ag

t q + AQaDtle) At

—.DHAG). (33)

Criterion 2 There exist generalized Noether
quasi-symmetry transformations for the mechanico—
electrical systems if the infinitesimal transformations
(25) satisty

D" (pa10aD§™"q) = D' (ps16:D; ' q)
+ D! (pagéanfle) — Dl(p52§tD5716)

+ E{Dl[(palaD?q +pp1eDyq

+ PagaDie + ppai D e — H)E]

O0H \ _
+ (aD?q - 3101> Hal
«@

OH \ _
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OH
+ (+Dgpar + oDl ppr — )77

dq

OH\ -
tDy'Pa2 + Dtpm — ) q

(

( a
(wte - am) fe

- (e ey

= EaD G+ A16q + A25€) (34)

_|_

+

where AG = £G. Substituting the Hamilton’s equa-
tions of motion (22) and Eqs (28a) and (28b) into the
above equation, we obtain
D} (pa16aDf"q) = u D} (pp16: D) " *q)
= oD} (pa20a D} 'e) = oD} (p326:D; " 'e)
+ oDt e(Para D g + pp1:Dy g + PazaDie
+ p,BQthe — H)¢]
= —eaD; (G). (35)

6. Noether

anico—electrical systems with

theorem of mech-

fractional derivatives

In Section 3, we worked out the fractional Hamil-
ton’s equations of the mechanico—electrical systems.
Making use of these equations and some properties of
the fractional derivatives, we obtain
AuDfq = 0uD7q + oD g At

= £ [aDtan_aD? (gaD%Q) +§'a

Athq = 6tD5q — tDbB+lq - At
= 5[tD577 + th (5 : tD%Q)

A.Dfe = §,Dfe + Dt le - At
= £ [aD?C_aD? (g'aDtle) +£'aDta+1e} )

5tD56 - th_‘—lB - At
e[:Dy¢ + Dy (&1 Dje)

Dy tlq]

3

75'tD5+1Q]7

Athe

—&-,DI el
(36)
Inserting the above equations into Eq. (33), we can ob-

tain the Noether identity of the mechanico—electrical
systems, i.e.

Pa1laDin — o DY (€ oDiq) +&- oDy
+aDf'q- o DI+ pai[eDyn+ Dy (§-:Dyq)
-§- th* q-— thq 1Dy

+ paclaDf¢ — aDf (€ aDfe) + & aDf e

+ oDfe - o DL€ + ppale Dy + ¢ D)) (€ - 1 Dye)
— ¢ :DIe — Dfe-DiE] — H,Di¢

OH OH
<8t +/11aDt1q4‘/12aDt16> §— <<9q - A >

_ (%IZ - AQ) ¢+ .DNG) = 0. (37)

For a mechanico—electrical system, if its Noether
symmetrical transformations exist, the conserved
quantities in the system can be obtained by the fol-
lowing Noether theorem.

Theorem 2 If the infinitesimal transformation
(25) is a generalized quasi-symmetrical transformation
of the mechanico—electrical system, then the system

possesses the following first integral

I = por [aDf ' — oD (& Dig) + € - aDf'q]
- Pm[th_lﬁ + th_l (¢ ¢Diq) — €+ tD{jQ]
+ pa2 [aDF I —aDFTH (€ aDje) + € u D el
— paals DY T DY T (€ Die) — € - DY)
—H- £+ G. (38)

Proof In virtue of Egs. (8), (9), and (36), we can
prove that Eq. (35) yields integral Eq. (38).

7. An example

Remark 2 In physics, if ¢t denotes the time vari-
able, the right Riemann—Liouville fractional derivative
of f(t) is interpreted as a future state of the process
f(t). For this reason, the right derivative is usually ne-
glected in applications when the present state of the
process does not depend on the results of the future
development.

We consider a simple mechanico—electrical system
with the left Riemann—Liouville fractional derivative.
The Lagrangian of the system is given by
L= %m ((,,Dtaq)2 + %Ll (an‘e)Q - %qu ;S 1 62,
where m, L1, k, s, and A are the parameters of the

system. The dissipative function of the system is

1
ER (anée)z

and the generalized electromotive force of the system

F =

is
U = Eysinwt,
so the non-conservative forces are expressed as

/11 = 0,/12 = _EO sinwt + RGD?G.
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From Egs. (12) and (13), we obtain the Euler—

Lagrange equations of the system as

—L1:Dif (o Di'e) + R, Di'e + % = FEysinwt,
2
Dy (D¢ — —kq=0.
meDy (o Di'a) + 54 — ka
The generalized momenta are given by
oL
Pa1 = m =mqD;'q, pp1 =0,
ally
oL
Pa2 = m = L1aD?e, Pp2 = 0,
allt

then the Hamiltonian of the system is

1 a \2 1 a 2 1 1s— q
H = im ((lDt q) + §L1 ((J,Dt 6) + 5]{3(]2 =+ 5762'
From Eq. (22), we obtain the Hamilton’s equations of
motion
oOH oOH 0H
7207 7:maDtaq7 a.
ot OPar Opg1
0H OH
= Li,D%, —— =0
Opaz Opp2
0H 0 e
og b (D q),
o0H
e = L1:Dy (o Dfe) + Egsinwt — R, DYe.
e

The Noether identity (37) gives
ParlaDfn = oDf (€ - uDfa) +&- oDt g
+ oD} g aDyE] + pazla DFC — D7 (€ aDie)
+ & Ditle+ o Dife - oDy
o2
_ M) .

+ (—Epsinwt + R,D¥e — H) aDtlf - <k

A
+.DHG) =0,

— ((sq)e + Eypsinwt — R - aDto‘e) ¢

from which we can obtain the following symmetries

gl:ov T =4q, <1:O7
-1 2 q€2 -1 a )2
G1 =D, kq” — 94 )~ maDy " [(oDi'q)7],
m
£2_07 2 =€, <2__flqa
e3 m (s—q)eq
=uaD;t (kge — — | — —o.D; |
G2 t < qe 2A> Ll t |: A

+FEygsinwt — Rq - an‘e} .

Substituting them into Eq. (38), we obtain the follow-

ing conserved quantities of the mechanico—electrical

system
I = lp oDy 'par + oDyt kq2—ﬁ
1 m al " allt al al/t 2A
— LD (par)?
ma t al)
1 _ _
12 = fl (pal ' aDt 1pa2 —Pa2 aDt lpal)

m
L,

3
— R,D" D (kge — S
R te)q]+ ; (qe QA)

8. Conclusion

.D;! K(SA‘])G + Eysinwt

The Euler-Lagrange equations with fractional

derivatives have been extended to mechanico—

electrical systems and the Hamilton formalism and
the Noether symmetry of the systems have been pre-
sented in this paper. Given that many systems can be
modeled more accurately using the fractional deriva-
tives the corresponding symmetry theories will be-

come more useful and important.
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