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Simulation of the f d transitions of lanthanide ions

in YPO4 using quantum-chemical calculations∗
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We constructed an effective one-electron Hamiltonian by using the 4f/5d energies and eigenvectors obtained from

the first-principles calculation with the relativistic self-consistent discrete variational Slater software package (DV-Xα).

From the effective Hamiltonian, we obtained the crystal-field and spin-orbit interaction parameters for the 4f and 5d

electrons of lanthanide ions (Ce3+, Pr3+, Nd3+ and Eu3+) doped in YPO4, and these parameters were used to calculate

the 4fN–4fN−15d transition. Comparison with experiments shows that the obtained parameters are reasonable and the

excitation spectra can be well predicted.
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1. Introduction

Lanthanide ions have been widely used in
luminescent materials for display, lasers and
scintillators.[1,2] The parametric crystal-field model
for determining the energy levels within the 4fN con-
figuration of lanthanide ions in condensed matter en-
vironments was originally developed in the 1960s, and
has been extended to the 4fN−15d configuration in
recent years.[3−5] Although the parametric model has
made great progress in determining the experimental
energy levels and analysing optical spectra,[6,7] the
application to the 4fN−15d configuration was usually
limited because there are too many parameters to be
fitted in the model. In addition, for interconfigura-
tion transitions, the spectra consist mainly of broad
vibronic bands, making the fitting more difficult.[8]

One of the approaches to studying the elec-
tronic structure of the 4fN and 4fN−15d configurations
of lanthanides is the first-principles calculation,[9−11]

which has been useful for examining the spectra of
Ce3+ in solids. However, it is difficult to apply to the
multi-electron configurations across the lanthanide se-
ries due to the one-electron approximation in most of
the first-principles calculations. Seijo and coworkers[9]

performed Hartree–Fock calculations combined with

configuration interaction. This approach can be very
accurate, but requires a large number of Slater deter-
minants, which limits their calculation to Ce3+ and
Yb2+ in hosts with high symmetry.

In this paper, we first apply the discrete vari-
ational slater software package (DV-Xα) method to
obtain the one-electron 4f and 5d energies and their
corresponding molecular orbitals by solving the one-
electron Dirac equation, and then derive the crystal-
field and spin-orbit interaction parameters with the
model space method.[11,12] These parameters are then
combined with the parameters for the quasi free-ion
multi-electron Hamiltonian for the 4fN and 4fN−15d
configurations[13,14] to calculate the energy levels and
wave functions for the 4fN and 4fN−15d configura-
tions. With the obtained energy levels and wave func-
tions, the transition intensities, and hence the absorp-
tion spectra, are calculated in a straightforward way.

2. Models and calculations

2.1.The parametric Hamiltonian model

The parametric Hamiltonian model has had great
success in energy levels calculations and spectrum
analysis. The energy levels, i.e. Ei , of the 4fN con-
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figuration of lanthanide ions in a crystal can be anal-
ysed with a parametric model employing an effective-
operator Hamiltonian, i.e. H, expressed as a matrix
that is diagonalized to give the corresponding wave
functions ψi

(H − Ei)ψi = 0, (1)

where

H = HAT + HCF + HADD. (2)

Here, HAT comprises the pseudo-free ion or atomic
Hamiltonian, including all interactions that are spher-
ically symmetric; HCF is the operator comprising the
non-spherically symmetric crystal field; and HADD

contains other interactions, which is a perturbation
compared with HAT and HCF.

HAT = EAV +
∑

k

F kfk +
∑

i

ζfsi · li + αL(L + 1)

+ βG(G2) + γG(R7) +
∑

s

T sts

+
∑

k

P kpk +
∑

j

M jmj , (3)

HCF =
∑
k,q,i

Bk
q Ck

q (i). (4)

For 4fN−15d, the interactions between the 4fN−1

core and 5d electron, which are defined as Hfd, should
be added in the atomic Hamiltonian

Hfd = ∆E(fd) +
∑

k

F k(fd)fk(fd) +
∑

k

Gk(fd)gk(fd)

+ ζdASO(dd). (5)

The additional crystal-field on the 5d electron
should also be added to the crystal-field Hamiltonian

HCF(dd) =
∑
k,q

Bk
q (dd)Ck

q (dd). (6)

The meanings of the various operators and pa-
rameters in Eqs. (3)–(6) have been defined in Ref. [14].

2.2.The DV-Xα calculation and the

model-space effective Hamiltonian

method

The DV-Xα program was originally developed for
quantum chemical calculations of the electronic struc-
ture properties of molecular systems by Ellis and co-
workers,[15] and was further developed by Adachi and

co-workers.[16] The program employs the discrete vari-
ational method for a cluster that is isolated or em-
bedded in microcrystal, in which α is the exchange-
correlation potential parameter and is fixed at 0.7
in this work. For effective calculation, by replacing
the integral calculations with a summation of the cal-
culated results at sampling points – which has been
found to be appropriate for the charge distribution –
the DV-Xα method was performed not only for di-
rectly calculating the electronic states of lanthanides,
but also on a preparatory basis to obtain the molecular
orbitals for the further calculation of a many-electron
system. In this work, we use a relativistic version,
which therefore automatically includes the spin-orbit
interaction.

The chosen cluster was composed of Ln3+ and its
eight nearest neighbours, O2−. To speed up the calcu-
lation, some of the inner orbitals were frozen, except
4f, 5s, 5p, 5d and 6s for Ln3+, and 2s and 2p for O2−.
The molecular orbitals, which contain not only the
centre-ion atomic orbitals – such as 4f and 5d of Ln3+

here, but also the atomic orbitals for ligands – were
obtained by solving the one-electron DV-Xα Hamilto-
nian.

In order to construct an effective Hamiltonian
Heff , only the eigenvalues and model-space projec-
tions of the eigenvectors dominated by the 4f or 5d
components of the central trivalent lanthanide ion are
needed. The model space that was then constructed
was a small space spanned by 14 4f (or 10 5d) or-
bitals. From the Heff constructed in the model space,
the crystal-field parameters and spin-orbit parameters
of the 4f electron (or 5d electron) were extracted in a
straightforward way. Refer to Ref. [11] for further de-
tails.

2.3. Energy-level calculations and the

absorption spectra of Ln3+

The crystal field and spin-orbit interaction pa-
rameters were obtained from the calculations per-
formed in this work. The additional parameters, such
as the Coulomb interaction, the two-particle configu-
ration interaction and the three-particle configuration
interaction for 4fN electrons in Eq. (3), were taken
directly from Ref. [13]. The parameters for the inter-
actions between the f and d electrons, such as the di-
rect and exchange Coulomb interactions, were derived
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from the calculated free-ion values[14] with appropri-
ate scaling.[8] The constructed Hamiltonian was then
diagonalized to produce the eigenvalues and eigenvec-
tors needed for the calculation of f–d transition inten-
sities.

The calculation of the electric dipole matrix ele-
ments of −erC1

q (C1
q is the spherical tensor operator)

for the transitions between the states of the 4fN and
4fN−15d configuration is straightforward and not de-
scribed here. There is a displacement of the equilib-
rium positions of the ligands in the 5d states relative
to the 4f states, as the 5d orbitals are more spread out
and interact more strongly with ligands than the 4f or-
bitals. The experimental spectra showed that most in-
tensities were in the vibronic bands. Here, we simulate
the vibronic bands by assuming that the superposi-
tion of several vibration modes gives rise to a vibronic
band of Gaussian shape. The energy difference be-
tween the original zero-phonon line and the maximum
of the Gaussian vibronic band corresponds to half of
the Stokes shift between the absorption and emission
maxima. Furthermore, we adopt the standard approx-
imation that the intensities of the vibronic bands are
proportional to the square of the electric dipole mo-
ment operator evaluated between the initial and final
electronic states.

3. Results and discussion

The space group of YPO4 is I41/amd (the space
group number is 141). The doped Ce3+ ions substitute
for the Y3+ ions occupying the sites of D2d symmetry.
The nonzero 4f crystal-field parameters are B2

0 , B4
0 ,

B4
4 , B6

0 and B6
4 , and the parameters for 5d are B2

0 , B4
0

and B4
4 . The calculated parameters for Ce3+, Pr3+,

Nd3+ and Eu3+ in YPO4, and the fitting parameters,
are listed in Table 1. The crystal-field parameters are
real as the D2d symmetry group contains a rotation
operation about the Y -axis by π. It shows clearly
that the calculated crystal-field parameters decrease
slowly across the lanthanide series due to the increase
in the nuclear charges, as expected. The strength of
the crystal-field parameters is reduced as the electron
orbitals are pulled closer to the nucleus. This effect
is greater than that of the contraction of the crystal
lattice by the decrease in the ionic radius of the lan-
thanide ion (reduction of the central ion-ligand dis-
tance). The calculated B2

0(d) is larger than the value
derived from the measured energy levels. This is easy
to understand: B2

0(d) is related to the long-range in-
teraction compared with B4

0(d) and B4
4(d) when we

choose a small cluster which only contains the eight
nearest neighbours, O2−, and the central lanthanide
ions.

Table 1. Comparison of the crystal-field and spin-orbit parameter values for Ce3+, Pr3+, Nd3+ and

Eu3+ in YPO4, and the values for Ce3+ in LuPO4 derived from the measured energies (units: cm−1).

Parameters Ce3+a) Pr3+a) Nd3+a) Eu3+a) Ce3+b)

4f

B2
0(ff) 27 26 24 22 26

B4
0(ff) 242 215 189 146 263

B4
4(ff) –1073 –1006 –933 –765 –1247

B6
0(ff) –1384 –1072 –848 –628 –1270

B6
4(ff) 227 205 189 171 148

ζ4f 770 903 1046 1539 615

5d

B2
0(dd) 6724 6677 6627 6614 4756

B4
0(dd) 3841 3840 3746 3820 3010

B4
4(dd) –23864 –23885 –23443 –23760 –22452

ζ5d 874 930 984 1145 996

a) calculated in this work; b) derived from the experimental data in

Ref. [17].

Table 2 lists the experimental and calculated en-
ergy levels of Ce3+ in YPO4. The experimental en-
ergy levels are taken from Ref. [8]. The biggest dif-
ference between the calculated energy levels and the
corresponding experimental energy levels is less than

1000 cm−1.

The electric dipole oscillator spectrum for Ce3+

is plotted in Fig. 1. The vertical sticks represent the
calculated electric dipole oscillator strengths for zero-
phonon lines, and the curve is the calculated spectrum
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obtained using the method given in subsection 2.3.
The dot-dashed curve is the experimental ultraviolet-
excited spectrum for monitoring the emission of 5d1

to 4f1 at 317 nm at room temperature. The excitation
spectrum of Ce3+ shows five broad bands with max-
ima at 323, 248, 237, 227 and 203 nm. The band near
150 nm is due to host absorption.

Figure 2 shows the calculated and experimental
spectra of Pr3+ in YPO4. The dot-dashed curve is
the experimental vacuum ultra violet (VUV)-excited
spectrum obtained by monitoring the lowest 4f15d1 to
ground state 3H5 emission at 247 nm at room temper-
ature. The bands with maxima at 227, 187, 176 and
160 nm are related to the transitions to the crystal-
field component of the 5d electron.

Table 2. Calculated and measured 4f and 5d energy levels

of Ce3+ doped in YPO4 (units: cm−1).

D2d (IR) Experimenta) Calculationb)

4f1

Γ6 0 0

Γ7 199

Γ6 365

Γ6 2166

Γ7 2194

Γ7 2567

Γ6 2619

5d1

Γ7 30698 29773

Γ6 40058 40562

Γ6 41929 41746

Γ7 43788 44435

Γ7 48996 48951

IR is the irreducible representation. a) Experiment energy

levels from Ref. [8]; b) DV-Xα calculation.

Fig. 1. The spectra of YPO4: Ce3+. The vertical sticks

and solid curve are the calculated electronic dipole oscilla-

tor strengths for the zero-phonon lines and the calculated

spectrum, respectively. The dot-dashed curve is the ex-

cited spectrum measured by monitoring the 5d→4f emis-

sion of 335 nm at room temperature.

Fig. 2. The spectra of YPO4: Pr3+. The vertical sticks

and solid curve are the calculated electronic dipole oscilla-

tor strengths for the zero-phonon lines and the calculated

spectrum, respectively. The dot-dashed curve is the ex-

cited spectrum measured by monitoring the 4f15d1→3H5

emission of 247 nm at room temperature.

Figure 3 shows the calculated and experimental
spectra of Nd3+ in YPO4. The dot-dashed curve is
the observed VUV excited spectrum obtained by mon-
itoring the lowest 4f25d1 to 4IJ emission at 197 nm at
room temperature. The bands with maxima at 186,
160 and 156 nm are related to the transitions to the
crystal-field component. The highest crystal field en-
ergy level of 5d is calculated to be located at 140 nm,
which is absent in the excitation spectrum due to the
strong absorption of the host lattice that prevents the
excitation light from reaching Nd3+ ions inside the
crystal.

Fig. 3. The spectra of YPO4: Nd3+. The vertical sticks

and solid curve are the calculated electronic dipole oscilla-

tor strengths for the zero-phonon lines and the calculated

spectrum, respectively. The dot-dashed curve is the ex-

cited spectrum measured by monitoring the 4f25d1→4IJ
emission of 197 nm at room temperature.

Figure 4 shows the calculated and experimental
spectra of Eu3+ in YPO4. The dot-dashed curve is
the experimental VUV excited spectrum by monitor-
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ing 5D0 to 7F4 emission at 700 nm at room temper-
ature. For Eu3+ in YPO4, the charge transfer state
is at a lower energy than the 4f55d state. The broad
charge transfer excitation band is shown in the range
from 160 to 240 mm. The transition to the lowest
5d crystal-field component is observed near 152 nm
and split to four peaks due to the direct and exchange
Coulomb interactions between the 4fN−1 core and the
5d electron, which is also shown in the calculated lines.
The transitions of the other 5d crystal-field compo-
nents are calculated to be in the range from 120 to
140 nm in the calculated spectrum, which is again
absent in the excitation spectrum due to the strong
absorption of the host lattice, which prevents the ex-
citation light from reaching the Nd3+ ions inside the
crystal.

Fig. 4. The spectra of YPO4: Eu3+. The vertical sticks

and solid curve are the calculated electronic dipole oscil-

lator strengths for the zero-phonon lines and the calcu-

lated spectrum, respectively. The dot-dashed curve is the

excited spectrum measured by monitoring the 5D0→7F4

emission of 700 nm at room temperature.

4. Conclusions

The method of extracting crystal-field and spin-
orbit parameters via the model-space effective Hamil-
tonian from DV-Xα calculations has been applied sep-
arately to Ce3+, Pr3+, Nd3+ and Eu3+ ions occupying
a site of D2d symmetry in a YPO4 crystal. The calcu-
lated 5d energy levels for Ce3+ are consistent with the
measured results. The energy levels and wave func-
tions for Ce3+, Pr3+, Nd3+ and Eu3+ ions have also

been calculated using the parameters extracted from
DV-Xα and other parameters. The observed bands for
the 4fN–4fN−15d transitions are reasonably consistent
with the calculated peaks. The result indicates that
the combination of quasi-free ion parameters given in
the literature with the crystal-field parameters ob-
tained using the model-space effective Hamiltonian
constructed with data from ab-initio calculations can
be successfully applied to low-symmetry lanthanide
systems.
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