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The purpose of the present work is to quantify the influences of the discrete nature, the surface effects, and the large

deformation on the bending resonant properties of long and ultrathin (100) silicon nanocantilevers. We accomplish this

by using an analytical semi-continuum Keating model within the framework of nonlinear, finite deformation kinematics.

The semi-continuum model shows that the elastic behaviors of the silicon nanocantilevers are size-dependent and surface-

dependent, which agrees well with the molecular dynamics results. It also indicates that the dominant effect on the

fundamental resonant frequency shift of the silicon nanocantilever is adsorption-induced surface stress, followed by the

discrete nature and surface reconstruction, whereas surface relaxation has the least effect. In particular, it is found that

a large deformation tends to increase the nonlinear fundamental frequency of the silicon nanocantilever, depending not

only on its size but also on the surface effects. Finally, the resonant frequency shifts due to the adsorption-induced

surface stress predicted by the current model are quantitatively compared with those obtained from the experimental

measurement and the other existing approach. It is noticed that the length-to-thickness ratio is the key parameter that

correlates the deviations in the resonant frequencies predicted from the current model and the empirical formula.
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1. Introduction

The strong demands for miniaturization in the
field of nanoelectromechanical systems (NEMS)!
have stimulated considerable efforts to fabricate and
use nanoscale materials and structures as the funda-
mental building blocks for ultra-sensitive and ultra-
fine resolution applications. Silicon is the most re-
markable semiconductor material. Consequently, sil-
icon nanostructures, such as silicon nanocantilevers
(SiNCs) and silicon nanowires (SiINWSs), are attracting
more and more interest due to their unique physical
properties.2=8 Specifically, Li et al.[? have success-
fully measured the Young’s modulus of SiNCs by us-
ing resonance experiments, while Kizuka et al. 3! have

measured the atomistic mechanics of SINWs by us-
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ing tensile experiments. Those experiments revealed
that the mechanical properties of silicon nanostruc-
tures were size- and surface-dependent. Cui et al.
experimentally examined the surface-dependent elec-
trical performance of a SINW field effect transistor
(FET), and found that thermal annealing and sur-
face passivation improved significantly the SINW FET
performance, i.e., the average transconductance and
the average mobility were increased. Using a micro-
fabricated suspended device, Li et al. [l observed a
strong size dependence of the thermal conductivity in
SiNWs, which was more than two orders of magni-
tude lower than the bulk value. Recently, Wu et al. 6]
investigated the mechanism and the enhancement of
the photoluminescence from silicon nanocrystals, and

found that the quantization effect, the interface states,
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and dangling bonds played important roles in the pho-
toluminescence emission process. In addition, a the-
oretical study by Zhang et al.!”) showed that p-type
SiNCs had enhanced electromechanical properties due
to the quantization effect. Most strikingly, Yang and
Lil®l have experimentally demonstrated that interface
electron trapping could induce a giant piezoresistance
in SiNCs, and compared to the conventional piezore-
sistance for bulk silicon, at least one order of mag-
nitude higher piezoresistive coefficients were found in
the p-type SiNCs.

In view of the remarkable mechanical, electrical,
thermal, optical, and electromechanical properties of
silicon nanostructures shown in Refs. [2]-[8], SiNCs
have recently been proposed for a wide range of NEMS
device applications, including force and pressure sen-
sors, chemical and biological sensors, high frequency
resonators, and many others.®~'! Because many of
the proposed applications, such as high frequency os-
cillators and resonant mass sensing, require precise
knowledge about the resonant frequencies of SiNCs or
the variations in the resonant frequencies due to envi-
ronmental changes that are to be measured, it is crit-
ical to be able to predict, control, and tailor the reso-
nant frequencies of SiNCs. However, the understand-
ing and the design of such a SiNC-based NEMS are
significantly complicated by the fact that the elastic
properties and thus the resonant properties of SiNCs
are known to differ from their macroscopic counter-
parts.

Due to the very small size and thus the large sur-
face area to volume ratio of nanoscale structures, non-
bulk mechanical responses are generally attributed
to surface effects, including surface reconstruction
(SREC), surface relaxation (SREL), surface stress
(SSTR), surface energy, etc.['2=1% Therefore, under-
standing and modeling the non-bulk size-dependent
mechanical properties of SiNCs due to surface ef-
fects is currently of particular interest. In the liter-
ature, various enhanced continuum models, molecular
dynamics, and atomistic simulations have been em-
ployed to study the influence of surface effects on the
size-dependent elastic properties of SiNCs,[12:13,16-21]
However, we have a minimal understanding of how
the surface effects influence the resonance frequencies
of SiNCs, and previous limited studies mainly focused
on exploring the impact of the SSTR on the resonant
characteristics of silicon nanostructures.['8:22=24 For
example, Park studied the influence of the residual
(strain-independent) and the surface elastic (strain-

dependent) parts of the SSTR, on the resonant prop-
erties of SINWs by using the surface Cauchy—Born

[22.23] Feng et al.[** investigated the influ-

model.
ence of the SSTR on the resonant frequencies of
SiNWs using a three-dimensional (3D) finite element
model. In order to capture the influences of other
surface effects, such as the SREC, the SREL, and
the adsorption-induced SSTR,[?’! and to understand
the size-dependent resonance behavior of SiNCs thor-
oughly, more research work should be done.

Recently, the present authors proposed an ana-
lytical semi-continuum Keating (SCK) model to in-
vestigate the influence of surface effects on the size-
dependent elastic properties of silicon nanobeams and
SiNWs.[13:26] The SCK model can give a reliable pre-
diction of their mechanical behavior. Therefore, in
this paper, we try to explicitly address the non-bulk
elastic behavior and thus the resonant properties of
SiNCs by developing that SCK model. On one hand,
all of the SREC, the SREL, and the adsorption-
induced SSTR are taken into consideration in the
present SCK model. On the other hand, the present
SCK model is derived within the framework of non-
Therefore, the
impact of the deformed maximum deflection on the

linear finite deformation kinematics.

non-bulk resonant properties of SiNCs is also a focus
of the study.

2. Theoretical model

2.1.SCK model for Young’s modulus
and Poisson’s ratio of SiNC in sim-
ple tension state

In the present SCK model, the prototype of
study is a fixed-free (001) ultrathin SiNC with both
the SREC and the SREL, whose side view and
cross-sectional schematics are shown in Fig. 1. The
adsorption-induced SSTR dominates the surface de-
formation when the SiNC is bent. A rectangular co-
ordinate system is used with z, y, and z axes along
the length, the width, and the thickness directions,
respectively. Along the z axis, the typical silicon crys-
tal cell with lattice constant 4a = 5.43 A in the bulk
is assumed to be one cell layer, while a relaxed sili-
con crystal cell with lattice constant 4ka = 5.43k A
in the surface layers is assumed to be one cell layer,
where the average SREL coefficient k is introduced.
According to the experiment and the theory results in
Ref. [27], the equivalent value of k in silicon is about
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0.9775-0.9925. However, for ultrathin nanostructures,
the relaxation may be contractive (k < 1) or expan-
sive (k > 1).[131421] Ag shown in Fig. 1(b), the SiNCs
are assumed to have 2N (N = 1,2,3,..

relaxed cell layers and 2n (n = 1,2,3,..

.) typical un-
.) relaxed cell
layers along the thickness direction.

In a crystal cell, the position of the atom that
occupies the i-th, j-th rows, and [-th column can be
identified by a unique expression (z;, y;, z), which
will be simplified as (i, j, [). Due to the SREL and
the (2x1) SREC,I'3'7 the positions of the surface
atoms are different from the ideal positions, as shown
in Fig. 1(b).

surfaces are nonequivalent, as the atom bond chain

In particular, the top and the bottom

and the (2x1) dimmer bonds exist along different di-
Thus, the bulk strain energy Ugflk of the
3, 1),2528] the sur-

face strain energy UfjleL of the relaxed silicon crys-

rections.

typical silicon crystal cell at (i,

tal cell at (i, j, 1),I!3 and the surface strain energy

UT SREC—-SREL (Ui]?l—SREC—SREL)

il of the upper part

(the low part) of the top surface (the bottom surface)
reconstructed and relaxed crystal cell at (i, j, I) are

different and must be expressed respectively. Based

UE[ SREC—-SREL

= 2kp{(2a — 25) (ex+ey+ %y)2

+ [(a+6)%es + (0 — a)’ey, + k?a’e, + (6% — a*)yay
- ka’(a + 6)'79:z + ka’(a - 5)7yz + ( ) N/ (6
+[(6 — a)?ex + (a + 8)%ey + k?a’e, + (6% — a*)yay

+ ka(a — )z — kala + 6)7yy-

w(x, f}

top surface cell
‘ [ = . L
n .‘o “':.
2N
bottom surface cell

én— C .'(_,‘
p bottom < ﬁ"' O
:‘L C
y

(b)

Fig. 1. (a) Side and (b) cross-sectional views of a SINC
with SREC, SREL, and adsorption-induced SSTR. The
side view shows both undeformed and deformed SiNCs.

The darker spheres represent atoms closer to the surfaces.

on the anharmonic Keating model,[?%! here we give the
most complex strain energy of the (2x1) surface re-
constructed and relaxed top surface cell at (¢, 7, ) in
terms of components (€, €y, €, Vays Yazs Vyz) Of the
elastic strains and components (u”’, v, w"") of the

internal strain,

) "o kaw///]Q

+ (8 —a)u” + (a+ 8V — kaw"?

+ 2a%(ag, + agy, + k*ae, + aypy + kave, + kavyy, + 4" + 0" + kw')?

+ 2a2(a5z +agy + k2ae, + Yoy — kaYy2 —
+ [(a —6)%es + (a + 6)%ey + ke, + (6% — a*)yay
— ka(a — 8z + kala + 8)yy. + (a — 6)u"”
+ [(a+8)%es + (a — 6)%e, + k?a’e, + (6% — a*)yay

+ ka(a + 5)’Ya;z - k‘a(a — 5)7yz _ ( + (5) "oy (a B

4 %ke{[2a(a +8)es +2a(5 — a)e,

ka’sz "

6)U///

/// + kw///)Q

_ (a + 5)@/// _ kaw///]Q

_ kaw///]Q}

2k%a’e, + 2ad7yy + kady,, + ka(d — 2a)vy,, + (2a + &)u”" + 502

+ [2a(6 — a)e, + 2a(a + 0)e, — 2k*a’e, + 2adv.y + ka(d — 2a)Yy, + kady,, + ou” + (2a + 6)v"")?

+ [~2a(a + 8)ex + 2a(a — 8)e, — 2k*a’e, — 2ad,y + ka(2a + 0)Yas + kady,. + 6u™ + (6 — 2a)v""]?
+ [2a(a — 6)ex — 2a(a + 8)e, — 2k*a’e, — 2a07,y + kady.. + ka(2a + 8)7,. + (6 — 2a)u’”’ + 5v™")?
+ [2a(a — 8)e, — 2a(a + 8)e, — 2k*a*e, — 2067,y — kadV,, — ka(2a + 8)7y,. + (2a — d)u™ — 5v™']?
+ [~2a(a + )y + 2a(a — 8)e, — 2k*a’e, — 207,y — ka(2a + 8)Vur — kady,. — 6u™ + (2a — §)v""]?
+ [2a(6 — a)e, + 2a(a + 0)e, — 2k*a’e, + 2adv.y + ka(2a — 6)yy. — kady,, — ou”" — (2a + 6)v"")?
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+ [2a(a + 8)e, + 2a(6 — a)e, — 2k%a’e, + 20674y — kadve, + ka(2a — 6)7y,. — (2a + 8)u" — 5v""]?}

1
+ §k'e{8a2 (agy + agy — kPae, + ayyy — kw'')?

+4[(6% = a®)eq + (8% — a®)ey + KPa’e. + (a° + 6°) Yoy — kadve: — kadyy. + ou” + 60" — kaw™]?
+4[(0% — a®)e, + (6% — a®)ey, + ke, + (a® + 62)Yay + kadye. + kadry,, — ou” — 60" — kaw')?}, (1)

where § is the displacement along both the z and the y directions of the reconstructed surface atoms,

[17,30]

(kb, ko, k'g) are three independent force constants that can be obtained in Ref. [13], and the internal strain

components can be expressed as

u = a352[2kb(k’9 + ka) — kg]k’}/zz + [a5(k‘e + ka)(ke — ka) — a352k3k%]k%z

a?[(a? + 62)(ke + 2kp) + 6%2k'o] (ke + 2k1)

o G0 [2(K'o + 2ky) — k3lkyy- + [a° (ko + 2h) (ko — 2hy) — aB52kEE g ks
a?[(a? + 02) (ke + 2ky) + 02k’ o] (ko + 2ky) ’

52 2

= o (Ee tey) + 5o+

"
w

It is worth noting that the strain energy and the
internal strain of other types of cells can be obtained
in the same way,['*28 and here we do not give the
expressions for succinctness. Then the total strain en-
ergy U'°t of the SiNCs can be obtained by the sum of
all cells

Utot

2N
- S5y o
i g1
+Zzi (2n2— 1 UiSj?EL_’_U;lSRECSREL)
i g1
+Zzi (2n2—1 UiSjI?EL+U£lSRECSREL> (3)
i g1

Because of the periodicity of the crystal lattice
and the (2x1) SREC in the z—y plane, the periodic
calculation element is chosen to contain 4N + 4n (=
2 x 1 x (2N + 2n)) crystal cells. Thus, the calcula-
tion element volume is V' = 8a x 4a x H, where
H is the thickness of the SiNC. Based on the dis-
crete nature (DN) along the thickness direction, it is

reasonable to define the nanocantilever thickness as
the product of the thickness of one atom layer mul-
tiplied by the number of the atom layers,[3! which
(8N + 8nk + k)a.
average strain density of the element can be calcu-
lated by f = U%'/V'' After obtaining the aver-
age strain energy density f, according to expression
Cij = 9*f/ 85%, six independent nonzero elastic con-
stants of the SiNC can be obtained, and then the
Young’s modulus and the Poisson’s ratio of the SINC
in the simple tension state with the SREL and the

gives H = Consequently, the

a(k/e - ka)
2a k' + 2ky

Yoy | - (2)

(2x1) SREC taken into consideration can be respec-

tively derived to be

(C11 — C12)(C11C33 + C12C33 — 2C%)
(C11Cs3 — CF3) (1 — vly)

Esck = 5 (4)

Usek = (C12C33 — Cf3)/(C11Cs3 — CT), (5)

where
1
Cn = (8N + 8kn + k)a3
X <(4n — 2)a*(2ky, + 2ko + k'g)
+ 4Na*(2kD + 3k3)
5277
+ k:b{S(a —0)* + [(a +6)% — 2}
527? 52\°
+{(a J) 2} +2<a+2>}
+ /%e [4a®(a + 6)* + 4a®(a — 6)?]
Ko 2 242
+ 7(20/ ) ) 5 (6)
1
Ciz = (8N + 8kn + k)a3

X ((4n —2)a*(2ky, — 2ko + K'o)
+4Na*(2k) — k)

+ kb{8(a—5)4 +2 [(a+5)2 — 521

X [(a—é)%‘ﬂ +2(a2+6;>2}

: (242 —52)2>, (7)

+ 4kga® (6° — a®) + %9
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1
Ciz3 = 4na* (2k%ky, — k2K
18 = BN+ 8kn 1 War e (2K7k )
+ 4Na* (2K — k9) + 2kpk?a?5>
+ K gk?a25?), (8)
1
Caz = dna* (2K ky, + 2Kk
3 = BNt hn 1 kjad [ (2K ko + 2K ke
+ k'%'9) + 4Na* (2KD 4 3K9)], (9)

and kf and kJ are the equilibrium force constants of
the unrelaxed silicon crystal cell.

2.2.SCK model for resonant frequency
of the bending SiNC with large de-
formation

It is well known that experimental methods can
be used to measure the deflections or the resonant fre-
quencies of bending nanostructures to acquire elastic
and resonant properties. Hence, in addition to the
SREC and the SREL, the adsorption-induced SSTR
also plays an important role in the size-dependent me-
chanical properties of nanostructures. Consider an
Euler—Bernoulli SINC with adsorption-induced SSTR,
as shown in Fig. 1(a), when the lateral load at initial
time (¢ = 0) is imposed, the initial instantaneous dis-
placement of the static bending SiNC reaches the max-
imum, and the maximum mechanical strain potential
energy Up.x within the framework of nonlinear finite
deformation kinematics can be written as

A o4 2
Umax = ESCkB/ / - Zid w(x)
2 0 _% dx2
1 (A dw(z)\? ?
+ ﬂ/o ( e ) daz} dzdx
A 2
1-— Vsck — Usek <dw($)> dx]

2
+ 2

24 J dz

x /OA (dz’f)f dz, (10)

where the first term is the sum of the bending strain

potential energy and the stretching strain potential
energy, the second term is the strain potential energy
induced by the strain-dependent adsorption-induced
SSTR, Es is the Young’s modulus of the SiNC in
the simple tension state with the SREL and the SREC
taken into consideration and is given by Eq. (4), vsck is
the Poisson’s ratio given by Eq. (5), A and B are the
length and the width of the SINC (A > B > 5H), re-
spectively, {2 is the contour length of the cross section,
~ is the adsorption-induced SSTR, which is assumed
to exist on all surfaces of the SINC in the current

model, the typical adsorption-induced SSTR reported
in Ref. [25] is about 0.5 mN/m, w(z) is the deflec-
tion, and an assumed deflection shape function in the
form of a cosine satisfying the boundary conditions is
selected 32

T
2uosin? (77)
w(x) wo sin” { =
X
— wp (1— 7) C(0<z<A) (11
w0< c08 o (0<z<A) (11)
with wg being the maximum deflection (vibration am-
plitude) of the SiNC, whose value is usually in the or-
der of a few tenths to several tens nanometers.[18:33,34]
Substituting Eq. (11) into Eq. (10), we obtain the

maximum mechanical strain potential energy Up,ax as

7T4(BHESCk — 2’)/.stck) 4

Umax = 51243 o
1t BH? By + 48m2y QA% (1 — vsekl)
+ wy.
T68 A3
(12)

When the external load is removed, the SiNC
freely vibrates with frequency w and mode shape w(z),
and its instantaneous deflection shape function can be
expressed as

w(z,t) = w(z) coswt. (13)

Obviously, the equilibrium position of the SiINC
corresponds to the plane state without bending, and
when it passes through the equilibrium position, we
have w = 0, and the speed reaches the maximum, i.e.,
tww(x). At this time, the elastic strain potential en-
ergy of the SiNC is zero, whereas the kinetic energy

reaches the maximum, and the maximum kinetic en-

ergy is
A 2
Koo = Lim / gz, )\ 4,
2 Jo ot

1 A
= fﬁwﬂ/ w?(z)dx
2 0
3 2
= (4 - 7T) pBH Awiw?, (14)

where m is the mass per unit length of the SiNC, and
p is the mass density of silicon.

According to energy conversion and conservation,
the mechanical strain potential energy of the SiNC
furthest away from the equilibrium position should
be equal to its kinetic energy at the equilibrium

position!32:36]

Umax = Kmax- (15)
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Substituting Eqgs. (12) and (14) into Eq. (15) gives
the analytical solution to the nonlinear fundamental
resonant frequency of the SINC with surface effects

w
fsck - %
(14 4yQA%(1 — vse) . Esak BH — 29Qusa 9 1/2
B E’scklﬂ-2 8Fseid o
« )‘72 EsckI
242\ pBH "’

where A =~ 1.058 is a mode shape factor that takes
into account the error caused by the assumed deflec-
tion shape function, and I = BH?3/12 is the moment
of inertia. It is worth noting that if the finite defor-
mation kinematics (nonlinear large deformation) and
the surface effects in Eq. (16) are neglected, wy — 0,
v — 0, Esek — Epbuk, Eq. (16) is the same as the fol-
lowing equation obtained in the classical linear beam

[22]
n? Epundd (17)
2n A2\ pBH ’

where ) = 1.875 is for the fundamental resonant mode.

theory:

fbulk =

3. Results and discussion

We first investigate the influences of the surface
effects on the size-dependent elastic properties of the
SiNCs. It can be seen from Egs. (4)-(9) that the
Young’s modulus of the SiNC in the simple tension
state is a function of thickness H (including the DN),
the displacement of the reconstructed surface atoms 9,
and the SREL coefficient k. Evidently, this supports
the idea that their values may determine the size ef-
fects of the Young’s modulus and the Poisson’s ratios.
In order to determine the relative contributions of the
DN along the thickness direction, the SREC, and the
SREL on the overall elastic response of the SiNC, as
shown in Fig. 2, we calculate the normalized Young’s
modulus and the normalized Poisson’s ratios of the ul-
trathin SiNCs that have the thicknesses ranging from
1.5 nm to 25 nm, which will be prevalent in the NEMS
design. The values of the parameters in our calcula-
tions are listed in Table 1.

(16)

1.2 — T T
L —a—DN
—e—SREC
B —h—f = 0.9775 T
| —vy—k = 1.0225
——coupled influences
1.1 *  Ref. [12] -1
=
5]
T
-
F
53]
1. —————————7
1.00
-4
|
2
-
S~
-
(5]
égl
096 F K
- —h— = 0.9775
L —v—k =1.0225 4
—0o—coupled influences
B ¥ Ref. [12] T
L (b) T
0o b——1 o 1 .11
0 5 10 15 20 25
H /nm

Fig. 2. (a) Normalized Young’s modulus and (b) normal-
ized Poisson’s ratios of the SiNCs each as a function of
thickness.

On one hand, as can be observed from Fig. 2(a),
the SCK model indicates that the normalized Young’s
modulus of the SiNC is size-dependent for the case
without the SREC and the SREL, and it obviously de-
creases as the thickness decreases due to the DN along
the thickness direction.['317:31] In contract, the SREC
results in a significant increase of the bulk Young’s
modulus as the thickness decreases. The stiffening ef-
fects are primarily resulted from the bond saturation
and the bond contraction.['2'7] The SCK model also
indicates that the influence of a slight SREL on the

Table 1. Parameters used in the calculations.

n B/nm p/kg-m™3 KJ/N.-m=3 k§/N.-m=3

Epuk/GPa  §/A k

~/mN-m~1

125 2.33x10%  6.577x10%0  3.743x102%0

141 0.5197  0.9925 or 14+0.0225 +0.5
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Young’s modulus of the SiNC is relatively small. The
SREL makes the SiNC slightly stiffer when the sur-
face is contractive (k = 0.9775), and slightly softer
when the surface is expansive (k = 1.0225). The stiff-
ening effects have been attributed to the bond con-
traction, whereas the softening effects are primarily
resulted from the bond expansion. It is noted that all
effects mentioned above are coupled together to affect
the Young’s modulus of the SiNC. In order to vali-
date our current model, we use it to calculate the nor-
malized Young’s modulus of the SINC with the cou-
pled influences of the DN, the SREC, and the SREL
(k = 0.9925). As can be seen from Fig. 2(a), it is
quantitatively consistent with the molecular dynam-
ics results of Ref. [12]. On the other hand, the almost
opposite trend is observed in the Poisson’s ratios of
the SiNCs, as shown in Fig. 2(b). The DN has no
contribution to the size effect of the Poisson’s ratio
of the SiNC. Additionally, both the Young’s modulus
and the Poisson’s ratios of the SiNCs approximately
approach the bulk values as the thickness becomes
larger than 25 nm, which indicates that the coupled
influences of the DN, the SREC and the SREL on the
overall elastic response of the large-size SINC are not
expected to be significant and can be neglected.

We next discuss the results for the influences of
the surface effects on the linear fundamental bending
resonant frequencies of the long and ultrathin SiNCs
shown in Fig. 3. In all cases, length A ranges from
750 nm to 1500 nm, thickness H ranges from 1.5 nm to
25 nm, width B is a constant equaling to 125 nm, and

]
o8
.
=
20 -
10 1150
H /nm 0 750 A/nm
(a)
oo
ey
,‘_-E

0 1150

0 750
(c)

H /nm A/nm

the maximum deflection wy — 0. In order to ascer-
tain the dominant effect and quantify how the surface
effects affect the fundamental resonant frequencies cal-
culated by the SCK model, they are normalized by the
corresponding bulk values obtained by using Eq. (17),
which is based on the classical linear beam theory. In
other words, in these figures, the normalized resonant
frequency fsek/ foulk is defined as the ratio of the linear
fundamental resonant frequency with the DN or the
surface effects to that without the DN and the surface
effects.

Figure 3(a) depicts the variations of the normal-
ized linear fundamental resonant frequencies with dif-
ferent lengths and thicknesses due to the DN in the
thickness direction or the SREC. As can be observed,
the dimensionless normalized resonant frequency is in-
dependent of the length but is related to the thickness,
and the influence of the DN or the SREC becomes
more and more significant as the thickness decreases.
This occurs because as the SINC thickness decreases,
the surface area to volume ratio increases. In par-
ticular, the DN results in a distinctly decrease in the
dimensionless resonant frequency as the thickness de-
creases, whereas the SREC results in a distinctly in-
crease especially when the thickness is of the order of
5 nm or less. According to Egs. (16) and (17), we
find fsck/fbulk = (Esck/Ebulk)l/Q at this time, so the
above results can be expected from the fact that the
bulk normalized Young’s modulus of the SINC shows

a distinctly decrease (increase) with the decrease of

Ek<1

fsc‘k /lfi)ulk
—
=

ki1
1500

1150
A/nm

10

H /nm 0 750

ir>0

fo‘ck/fbulk
[
o

<0
71500

10

H/nm 0 750

(d)

1150
A/nm

Fig. 3. (color online) Variations of normalized linear fundamental resonant frequencies of the SiNCs with different
lengths and thicknesses. (a) The DN or the SREC is considered, (b) a slight SREL (k = 140.0225) is considered, (c)
the adsorption-induced SSTR (v = £0.5 mN/m) is considered, (d) the coupled influences are considered.
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the thickness due to the DN (the SREC), and it is
independent of the length. Similarly, as shown in
Fig. 3(b), the influence of the SREL on the dimension-
less normalized resonant frequency of the SiNC is also
independent of the length but is related to the thick-
ness. As expected, the SREL makes the dimensionless
resonant frequency increase slightly when the surface
is contractive (k = 0.9775), and decrease slightly when
the surface is expansive (k = 1.0225).

The variations of the fundamental resonant fre-
quencies due to the adsorption-induced SSTR are
plotted in Fig. 3(c).

adsorption-induced STTR on the resonant frequency

Clearly, the influence of the

of the SINC also depends on the size. For example,
when the thickness is larger than 10 nm, fscx/foulk
is close to 1. However, there is a dramatic varia-
tion in the ratio as the SiNC thickness decreases and
the length increases. When the negative STTR is ac-
counted for, the normalized fundamental resonant fre-
quency significantly drops, whereas the trend is oppo-
site for the case in which parameter v is of positive
sign. As can be seen from Fig. 3(c), when H=1.5 nm,
fsek/ foulk 1s larger than 2, which means that the res-
onant frequency predicted by the SCK model devi-
ates dramatically from that predicted by the classical
continuum model ignoring the SSTR. This occurs be-
cause the adsorption-induced SSTR, becomes impor-
tant, which is attributed to the increase of both the
surface area to volume ratio and the surface area. Fig-
ure 3(d) illustrates the normalized resonant frequen-
cies fsck/ foulk With the coupled influences of the DN,
the SREC, and the SREL (k = 0.9925) versus different
lengths and thicknesses. By comparing Fig. 3(c) with
Fig. 3(d), we find a similar behavior, which clearly
demonstrates that the adsorption-induced STTR has
the largest influence on the fundamental resonant fre-
quencies of the SiNCs.

In all of the above calculations, we consider the
linear case of small deformation (wy — 0). For prac-
tical purposes, we now quantify how the large defor-
mation or the large deflection (vibration amplitude)
impacts the fundamental resonant frequencies of the
SiNCs. To do so, the effects of the maximum dimen-
sionless vibration amplitude wy/H on the normalized
fundamental resonant frequency ratio fsck/foulk are
plotted in Figs. 4(a) and 4(b) with different thick-

nesses and different lengths, respectively. From these

3 T T T T
—O0—H I= 3 nm, wlithout surfla/ce effects

F —&— H =3 nm, vy = —0.5 mN/m
—¥—H =3 nm, y=05mN/m

i A =750 nm

2 -
~
El
2 .
~
o]
o2
1 -
|_—O— H = 20 nm, without surface effectg]
—4-H =20 nm, v = —0.5 mN/m
F—»—H =20 nm, vy = 0.5 mN/m (a) 1
0 X 1 2 1 N I M
0 0.5 1.0 1.5 2.0
wg/H
3 T T T T T T T
A = 1000 nm
2
~
El
=2
~
o]
2
1
(b)
0 M ] L 1 1 I N

0 0.5 1.0 1.5 2.0
wo/H

Fig. 4. Variations of normalized nonlinear fundamental
resonant frequencies of the SiNCs with aspect ratio wo/H
for (a) A=750 nm and (b) A=1000 nm. Parameters used
in the calculation are list in Table 1, the surface effects
and the DN are considered.
figures, it is evident that the nonlinear fundamental
frequencies increase with the increase of the maximum
dimensionless vibration amplitude wy/H. Moreover,
the increasing varying trend depends not only on the
thickness of the SINC but also on its length. It is
clear from Figs. 4(a) and 4(b), a larger length in the
thinner SiNC results in a larger frequency shift. As
mentioned above, this result is mainly attributed to
the increasing influences of the surface effects, espe-
cially the adsorption-induced SSTR.

However, as shown in Fig. 4, the influences of
the surface effects will be less significant for vibrat-
ing when the maximum vibration amplitude wg in-
creases to several times the thickness H or more.
It is also noted that in spite of the different values
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of the adsorption-induced SSTR, the nonlinear am-
plitude frequency response curves of the SiNCs with
20 nm thickness coincide with those without the sur-
face effects, which indicates that the surface effects
have no pronounced effect on the nonlinear ampli-
tude frequency response curves of the SiNCs when
H > 20 nm. In this case, the surface effects can be
completely neglected, which is adverse for the design
of sensors based on the changes of the frequency shifts,
such as chemical and biological sensors. In order to
take full advantage of the surface effects, from the
results of our calculations, we find the following few
points worth being recommended. (i) Let the length
of the SINC as long as possible. ii) Let the thickness
of the SiNC as thin as possible. iii) Let the vibration
amplitude of the SINC as small as possible, in other
words, a small deformation may be more appropriate
for the design of chemical and biological resonant sen-

SOT's.

4. Comparison with experiment
and the other model

In order to validate the SCK model, we attempt
to compare the variations of the resonant frequencies
of the SiNCs due to surface effects with the available
experimental data. However, we find that a direct
quantitative comparison cannot be made due to the
fact that the SiNCs in the present work are axially
aligned in the (100) direction, whereas the SiNCs in
the avaibalbe experiments!?!] are of the (110) or the
(111) orientation. Most importantly, the dominant
surface effect in current model, i.e., the adsorption-
induced STTR, has not been investigated in those ex-
periments. Note that the SCK model is a multi-scale
model, which means that it can be used not only to
calculate the fundamental resonant frequency of the
SiNC, but also to calculate that of the silicon mi-
croncantilever (SiMC). At the same time, considering
the adsorption-induced STTR is the most important
surface effect, we use the SCK model to determine
the fundamental resonant frequencies of the SiMCs
with and without the adsorption-induced STTR and
quantitatively compare in Table 2 the results with the
reported experimental data given in Ref. [25]. The
length (A = 499 um), the width (B = 97 pm), and
the equivalent thickness (Heg is approximately 827 nm
with the influences of the titanium and the gold on the
top surface of the SIMC and the measurement error

considered) are based on the values from Ref. [25].
From Table 2, we find that our present results based
on the SCK model agree well with the experimental
data. In particular, a less than 0.5% variation between
the resonant frequencies predicted in our SCK model
and the experimental measured resonant frequencies
is shown in Table 2. This result demonstrates that
the multi-scale SCK model is reliable and can be used
to predict and analyze the resonant properties (before
and after adsorption) of silicon cantilevers.

Table 2. Measured resonant frequencies before (f°) and
after (f7) adsorption and the corresponding calculated
values (f2.

cies are in the unit of Hz.

« and f7 ) using the SCK model. All frequen-

Heg /nm 10 U i T
822 4550 4556 4590 4577
823 4560 4562 4570 4567
834 4620 4622 4640 4633

We also note that based on the continuum beam
theory, an empirical formula was proposed for the fun-
damental resonant frequency of the silicon cantilever
with the adsorption-induced SSTR in Ref. [25], which
is given as

2vA3

1/2 2

[ Epand
v — (1 Ui bulk 1
Fouik ( +Ebu1kl7r2) 2rA%\| pBH (18)

The bracketed term in Eq. (18) shows the influence of
the adsorption-induced SSTR. The compressive or the

tensile SSTR (i.e., v < 0 or v > 0) will decrease or in-
crease the resonant frequencies, which is qualitatively
consistent with our above results based on the SCK
model, i.e., Eq. (16). In order to quantitatively com-
pare the fundamental resonant frequencies predicted
by the current model and by Eq. (18), the dimension-
less linear free vibration frequency shifts Af/f7 . of
the SiNCs with different aspect ratios A/H are plot-
ted in Fig. 5, where Af = foax — filp is the shift of
the fundamental resonant frequency.

0.3

T T T T T T T T
—a—7v=—0.5mN/m

[—e—~=0.5mN/m b
| —o—DN, SREC, k = 0.9925, v = —0.5 mN/m
—o—DN, SREC, k = 0.9925, v = 0.5 mN/m 4

Fig. 5. Resonant frequency shifts of the SiNCs as func-
tions of aspect ratio A/H.
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From Fig. 5, it can be found that Af/f , — 0
due to the slight influence of the SSTR when the
length-to-thickness ratio A/H < 60, which means that
in this case the SCK model and the empirical for-
mula (Eq. (18)) give similar results in quantitatively
predicting the adsorption-induced SSTR induced reso-
nance shift. However, as the length-to-thickness ratio
further increases, a more and more obvious discrep-
ancy between our SCK model and Eq. (18) can be
observed in Fig. 5, which indicates that the length-
to-thickness ratio is the key parameter correlating the
deviations in the resonant frequencies predicted from
the current model and the empirical formula. For ex-
ample, when A/H = 190, the resonant frequency of
the SiINC with the tensile SSTR calculated by the SCK
model decreases to nearly 10% lower than the corre-
sponding value calculated by Eq. (18). In contrary,
when the compressive SSTR is accounted for, a nearly
25% increase for the SCK model is demonstrated in
Fig. 5. The above results show that the adsorption-
induced SSTR has a more significant effect on the res-
onant properties of the SiNCs based on Eq. (18) than
that predicted by the SCK model. This occurs mainly
because of the fact that the degree of influence of the
length-to-thickness ratio A/H is different in the two
models. Equation (18) indicates that the effect of the
SSTR is proportional to factor (A/H)*. While, in the
SCK model, the effect of the SSTR. is approximately
proportional to factor (A/H )2. Obviously, the impact
of cubic term (A/H)® is greater than that of square
term (A/H)?. Thus, the above results can be directly
explained by the difference of the two factors. And
moreover, as the aspect ratio A/H increase, the in-
fluence of the SSTR on the resonant frequency of the
SiNC through factor (A/H)® or (A/H)? becomes ex-
tremely sensitive to the difference of the two factors.
In this case (A/H > 60), compared to our current
SCK model, the empirical formula (Eq. (18)) may
overestimate the influence of the SSTR on the reso-
nant frequency of the SiNC. Besides, it is noted that
the empirical formula is originally proposed for the
fundamental resonant frequency of the SIMC, thus it
has not considered the coupled influence of the DN,
the SREC, and the SREL. However, the SCK model
can easily consider this coupled influence. As shown
in Fig. 5, the curve with the coupled influence deviates
from that without the coupled influence. In particu-
lar, the DN, the SREC, and the SREL have significant
coupled effect for such a SINC with a large length-to-
thickness ratio, which means neglecting either of these

in the SCK model will result in errors for the predic-
tion of the resonant behavior of the SiNC.

5. Conclusion

In summary, based on energy conversion and con-
servation, a large-deflection semi-continuum atomistic
lattice Keating model has been proposed to study the
elastic and the resonant properties of long and ultra-
thin SiNCs. The analytical solutions for the Young’s
modulus and the Poisson’s ratio of the SiNC in the
simple tension state and the fundamental resonant
frequency of the SiNC in bending can be obtained
respectively. It is found that the fundamental reso-
nant frequency has additional terms associated with
the maximum deflection and the surface effects com-
pared to the conventional solutions without the sur-
face effects. The calculated results clearly show the
size-and surface-dependent elastic responses of the
SiNCs, which are consistent with the previous atom-
istic study. The SCK model also indicates that the
adsorption-induced SSTR has the most important ef-
fect on the resonant frequency shift of the SiNC, fol-
lowed by the DN and the SREC, whereas the SREL
has the least effect. And moreover, we find that the
large deformation increases the nonlinear fundamen-
tal frequency of the SINC, depending not only on its
size but also on the surface effects. Additionally, it
is noticed that the predictions of the resonant fre-
quency shifts due to the adsorption-induced surface
stress from the current model agree well with the ex-
perimental data, and the length-to-thickness ratio is
the key parameter that correlates the deviations in the
resonant frequencies predicted by the SCK model and
the other existing model. This work might be helpful
for characterizing the resonant properties of the SiNCs
and the design of nanocantilever-based resonators and
sensors in the NEMS.
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