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A multilane extension of the single-lane anisotropic continuum model (GK model) developed by Gupta and Katiyar

for traffic flow is discussed with the consideration of the coupling effect between the vehicles of different lanes in the

instantaneous traffic situation and the lane-changing effect. The conditions for securing the linear stability of the

new model are presented. The shock and the rarefaction waves, the local cluster effect and the phase transition are

investigated through simulation experiments with the new model and are found to be consistent with the diverse

nonlinear dynamical phenomena observed in a real traffic flow. The analysis also focuses on empirically observed two-

lane phenomena, such as lane usage inversion and the density dependence of the number of lane changes. It is shown

that single-lane dynamics can be extended to multilane cases without changing the basic properties of the single-lane

model. The results show that the new multilane model is capable of explaining some particular traffic phenomena and

is in accordance with real traffic flow.
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1. Introduction

Mobility is nowadays one of the most important
ingredients of a modern society, so the investigation
of traffic flow has attracted the interest of physicists
and engineers for more than half a century. Since the
1950s, various traffic flow models, including the mi-
croscopic car-following model, the cellular automata
(CA) model, the macroscopic continuum model and
the mesoscopic gas-kinetic model, have been proposed
to study complex traffic phenomena. Most models fo-
cus on the traffic flow on a single lane highway. How-
ever, in real traffic, a highway usually has more than
one lane. Therefore, developing a multilane traffic flow
model that can deal with the interlane coupling be-
tween adjacent lanes and is consistent with the diverse
nonlinear dynamical phenomena observed in freeway
traffic has become an important topic in the field of
traffic science.

Macroscopic traffic flow models, which concen-
trate on the collective behaviour of vehicles, have
played important roles in describing many nonlin-
ear complexities. They are needed for understand-
ing the collective behaviour of traffic in designing ef-
ficient control strategies, developing and controlling

on-line speed-control systems, and evaluating the av-
erage travel time, fuel consumption, vehicle emissions,
etc. Fundamentals of traffic flow modeling and control
are the basic relationship between three traffic states:
flow rate q, mean velocity v and vehicle density ρ.
Since the seminal work by Lighthill and Whitham[1]

on the kinetic theory of traffic flow, vehicles have
often been considered as interacting particles, and
traffic flow can be considered as a one-dimensional
compressible flow of those particles. Due to analo-
gies with gas theory[2] and fluid dynamics (Lighthill
and Whitham,[1] Payne,[3] Kerner and Konhäuser,[4]

Zhang,[5] Berg et al.[6]), modelling and simulating traf-
fic flow increasingly attracts the attention of physicists
and engineers. The study of continuum models be-
gan with the LWR model developed independently by
Lighthill and Whitham,[1] and Richards.[7] The LWR
model is known as a simple continuum model, in which
the relationships among the three aggregate variables
(ρ, v, and q) are modeled on a long homogeneous free-
way. The LWR model employs the conservation equa-
tion in the following form:

∂ρ

∂t
+

∂q

∂x
= s (x, t) . (1)

Equation (1) is not a self-consistent model and needs
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an additional relation, which is supplemented by the
equation of traffic flow

q = ρv, (2)

and a relationship between the mean velocity and the
traffic density under a steady-state uniform flow

v = ve (ρ) , (3)

where ve (ρ) is the equilibrium velocity; x and t repre-
sent the space and the time, respectively. If the free-
way has no on-off ramp, then s (x, t) = 0; otherwise,
s (x, t) 6= 0.

The waves described by the simple continuum
model are kinematic waves in the sense that no dy-
namic law is used in the model. It is simple yet suffi-
ciently powerful to describe the most basic traffic flow
phenomena, such as the traffic congestion formation
and the dissipation in a dense traffic.

However, the LWR model has its deficiencies. The
most fatal one is that the speed is solely determined
by the equilibrium speed density relationship. No fluc-
tuation of speed around the equilibrium values is al-
lowed. Thus, the model is not suitable for the descrip-
tion of non-equilibrium situations, such as the stop-
and-go traffic and the forward propagation of distur-
bances in a heavy traffic.

In the past decades, many efforts were devoted to
improving the LWR model through developing higher-
order models, which use a dynamic equation or a mo-
mentum equation for the speed to replace the equi-
librium relationship. In the momentum equation, the
acceleration and the inertia of the driving are taken
into account. Hence, the higher-order models over-
come some of the deficiencies presented in the simple
continuum model and improve their ability to repro-
duce complex traffic behaviours. Perhaps the most
well known result of those efforts is the higher-order
model developed by Payne.[3] In the Payne model, the
fluctuation of speed around the equilibrium values is
allowed, thus, the model is suitable for the description
of non-equilibrium situations. Later, several authors
(e.g., Kerner and Konhäuser,[4] Zhang[5]) suggested
a considerable number of modifications to the Payne
model. Berg et al.[6] proposed a continuum version of
the car following OV model[8] by using a series expan-
sion of the headway in terms of the density.

However, as pointed out by Daganzo,[9] the Payne
model (and the other listed nonequilibrium models)
has two families of characteristics, along which the
traffic information is transmitted. One is slower and

the other is faster than the speed of the traffic stream
that carries them. The faster characteristic leads to
a gas-like behaviour, as the vehicle from behind can
force the vehicles in front to speed up[10] and the dif-
fusion causes the ‘wrong-way’ travel.[9] One funda-
mental principal of the traffic flow is that vehicles
are anisotropic and respond only to frontal stimuli.
To overcome this difficulty, Aw and Rascle,[11] Jiang
et al.,[12] and Zhang[13] proposed a second class of
higher-order models. Aw and Rascle[11] developed a
model to suppress the gas-like behaviour by replac-
ing the space derivative of the density with a con-
vective derivative. Both Jiang et al.[12] and Zhang[13]

derived a macroscopic equation with anisotropy from
car-following models. Those models are different from
the first class of models in the sense that the antici-
pation term is a speed gradient term instead of a den-
sity gradient term. Thus, those models are referred
to as the speed gradient (SG) models in traffic flow
literature. Recently, Jiang and Wu[14] further anal-
ysed the structural properties of the solutions to the
speed gradient traffic flow model. They showed that
the characteristic speed of the model was not larger
than the macroscopic flow speed. However, the propa-
gation speed of the disturbance, c0, in this model was
a constant. In fact, the propagation speed of the dis-
turbance in the Payne type model should depend on
the density.[15,16] Subsequently, Xue and Dai[17] im-
proved the model by taking c0 as a function of the
density, which indicates that the undesirable wrong-
way travel phenomenon and the gas-like behaviour
have been eliminated and the formation and the dif-
fusion of the traffic shock can be better simulated in
their model. Gupta and Katiyar[18] developed an im-
proved anisotropic continuum model based on the car-
following model given by Jiang et al.[12] and used the
series expansion between the headway and the density
given by Berg et al.[6] The qualitative properties, the
shock waves and the jams were also investigated in
their model.[19]

In all of the above models, the following vehicle
is not allowed to overtake the leading vehicle. Hence,
those models are not appropriate to describe the traffic
flow on freeways with multiple lanes. Recently, mul-
tilane models have been developed in an attempt to
explain some puzzling phenomena related to the lane-
changing behaviour. Macroscopic traffic flow models
are not so easily extended to a multilane system as
compared to microscopic models. Daganzo[20] pre-
sented a continuum theory of traffic dynamics for free-
ways with special lanes. The LWR model is extended
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to two lanes allocated for two sorts of vehicles (one for
faster vehicles and the other for slower vehicles) and
has the following form:

∂ρm

∂t
+

∂qm

∂x
= S, (4)

where S = (s12 − s21, s21 − s12)
T, ρm and qm are the

traffic density and the flow rate on lane m (m = 1, 2),
respectively, and smn represents the lane-changing
rate from lane m to lane n. The speed and the den-
sity based on the density ratio of the two lanes were
studied and the traffic flow model for each of the four
ρ1–ρ2 regions were formulated by Daganzo.[20] Con-
sidering the special traffic conditions in Chinese cities
(e.g. untidy flows and lower speeds on roads), Wu[21]

proposed a multilane traffic model by equalizing all
lane densities through averaging them, which conflicts
with real traffic since the density on the lane allocated
for faster vehicles is generally smaller than that on the
lane allocated for slower vehicles. Tang and Huang[22]

extended the speed gradient model to two-lane free-
ways, in which the momentum equation proposed by
Jiang et al.[12] was integrated into Daganzo’s mod-
eling framework for multilane traffic flow[20] and the
nonequilibrium phenomena such as stop-and-go waves
were reproduced. Huang et al.[23] further extended the
work of Tang and Huang[22,24] by allowing the vehi-
cles on both lanes to change their lanes according to
the traffic conditions. Tang et al.[25] also extended
the speed gradient model for two lanes and discussed
the lane usage inversion and the lane-changing fre-
quency phenomena. Han et al.[26] developed a two-
lane traffic flow model with the consideration of the
coupling effect by embedding two delay time scales.
Recently, Hua and Han[27] extended the viscous con-
tinuum model for a single lane to two-lane freeways
by considering the coupling and the lane-changing ef-
fects of the vehicles on two adjacent lanes. Most of
the above discussed models are either anisotropic or
with a constant propagation speed of the disturbance
c0 independent of the density. However, Zhang[28]

pointed out that the anisotropic property could not
be expected to hold in the multilane traffic where ve-
hicles were allowed to change their lanes.

In this paper, we attempt to make a multilane
continuum model to describe the asymmetric two-lane
traffic with the consideration of the coupling effect.
In addition, the vehicles on both lanes are allowed
to change their lanes according to the traffic condi-
tions. This new model overcomes the problems of
negative flows and negative speeds (i.e., wrong-way

travel) that exist in almost every higher-order con-
tinuum model. However, it is not a fully anisotropic
continuum model, as a traffic dependent anisotropic
factor controls the isotropic character and the diffu-
sive influence in special circumstances, and therefore
it can describe the traffic-flow dynamics more realis-
tically on two-lane freeways. We also investigate the
lane change rate resulting in the shock wave and the
local cluster effect in the two-lane freeway.

In the next section, we present an improved con-
tinuum model based on the car-following model and
extend it to multilane traffic flow considering the cou-
pling and the lane-changing effects of the vehicles on
the adjacent lanes. Some qualitative properties in-
cluding the stability analysis of the new multi-lane
model are also discussed in next section. A numerical
simulation is described in Section 3. We then anal-
yse some nonequilibrium phenomena, such as shock
waves and rarefaction waves, in Section 4 and the lo-
cal cluster effect and the phase transition in Section
5. Finally, in Section 6, we provide a conclusion on
our results.

2. Model and its mathematical

properties

2.1.New continuum model

The car-following model is developed to model the
motion of vehicles following each other on a single lane
without overtaking. The car-following models present
the only class of models that describe each vehicle in
a deterministic manner including the response to local
variables such as speed, headway and change of head-
way. Therefore they seem to be of great importance
to autonomous cruise control systems, which should
stabilize the flow and maximize the flow rate. In this
paper, we follow Jiang’s model[12] of road traffic, in
which the acceleration of every vehicle is determined
by

dvn(t)
dt

=
1
T

[Ve(bn) − vn(t)] + αλ∆v, (5)

where ∆v = vn−1 (t) − vn (t), with vn−1 and vn be-
ing the speeds of the leading and the following cars,
respectively, Ve is the optimal velocity function, bn is
the headway and T is the relaxation time, which cor-
responds to a driver’s reaction time. It is generally
believed that the headway can be written as a pertur-
bation series.[6] Inserting the approximate expression
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about the headway into Eq. (5), we can easily obtain
the traffic flow dynamics equation.[18,19] The full de-
scription of this new non-equilibrium theory is given
by a system of partial differential equations with the
first being the vehicle conservation and the second the
speed dynamics,

ρt + (ρv)x = 0, (6)
∂v

∂t
+ v

∂v

∂x
=

1
T

[V̄ (ρ) − v] +
V̄ ′(ρ)

T

[
1
2ρ

∂ρ

∂x

+
1

6ρ2

∂2ρ

∂x2
− 1

2ρ3

(
∂ρ

∂x

)2]
− 2βc(ρ)

∂v

∂x
, (7)

where V̄ ′(ρ) = dV̄ (ρ)/dρ, β is a non-negative dimen-
sionless parameter, and c(ρ) < 0 is the traffic sound
speed given by

c2(ρ) = − V̄ ′(ρ)
2T

. (8)

These two equations are analogous to the continuity
and the Navier–Stokes equations, respectively. Here
ρ(x, t) is the local vehicle density, v(x, t) is the lo-
cal velocity and the traffic flow is understood as
q(x, t) = ρ(x, t)v(x, t). The V̄ (ρ) is the safe velocity
that is achieved in steady-state homogeneous traffic
flow. The intrinsic properties on the main highway
are prescribed by V̄ (ρ) and two parameters T and
c(ρ). Driver’s reaction time T is taken as a constant
in our model, while c(ρ) represents the anticipation
parameter, which will vary with ρ(x, t). In all previ-
ously developed models, the anticipation is taken as a
constant, but in real situations, the anticipation pa-
rameters depends on the traffic density.[6,16,29]

2.2. Extended continuum model for two-

lane traffic

In this section, we extend the new continuum
model for two-lane freeways by considering lane
change behaviour. To model this effect, a source term
is added to the continuity equation to describe the flow
rate changing from the other lane and a sink term is
added to the continuity equation to describe the flow
rate changing to the other lane. We also take the cou-
pling effect into account for the interaction between
vehicles on the two lanes. Accordingly, two terms are
added in the speed dynamic equation. Each should
satisfy the following law of conservation of vehicles:

∂ρm

∂t
+

∂(ρmvm)
∂x

= snm − smn. (9)

It states that the density changes according to the bal-
ance between the inflow and the outflow of vehicles of
lane m along a topographically homogeneous highway
section without any on-off ramp. The velocity dynam-
ics equation for lane m is given by

∂vm

∂t
+ vm

∂vm

∂x

=
1

Tm
[V̄m(ρm, γρn) − vm] +

V̄m
′(ρm, γρn)

Tm

×
[

1
2ρm

∂ρm

∂x
+

1
6ρ2

m

∂2ρm

∂x2
− 1

2ρ3
m

(
∂ρm

∂x

)2]
− 2βcm(ρm)

∂vm

∂x
+ r1smn − r2snm, (10)

where γ describes the coupling effect, which is taken
as a constant based on the principle of the coupling
interaction,[27] m = 1, 2 denotes the m-th lane, and
n = 1, 2 (m 6= n) denotes the other lane. The model
given by Eqs. (9) and (10) for a specific lane, if the
coupling effect and its lane-changing rate are not taken
into account (γ = 0 and S = 0), is formally the same
as the continuum model on a single lane proposed by
Gupta and Katiyar.[18,19] According to Liu’s idea[30]

and Tang’s model,[25] we suppose that the analogy
terms of the lane-changing rate have the following
forms:

s12 = aQe1ρ1

[
1 −

(
ρ2

ρ2,jam

)σ]
, (11)

s21 = a(1 + b(Qe1 − Qe2))Qe1ρ2

×
[
1 −

(
ρ1

ρ1,jam

)ϕ]
, (12)

where a and b are constants, ρm,jam is the jam den-
sity of the m-th lane, Qem is the equilibrium flow,
Qem = ρVem(ρ), and σ and ϕ are the parameters that
reflect the intensity of the lane-changing effect from
one lane to another (0 ≤ σ ≤ ϕ ≤ 1) and depend on
the condition of the roads. For symmetric lane change
rules, Qe1 = Qe2, while Qe1 6= Qe2 corresponds to
asymmetric lane change rules.

The above model for the lane-changing rate is
suitable for the real traffic flow, as it maintains the
physical properties of the traffic flow even under the
extreme conditions. For example, the lane-changing
rate s12 should be zero when ρ2 = ρ2,jam or ρ1 = 0.
Furthermore, it is easy to understand from Eqs. (11)
and (12) that the lane-changing rate depends on the
equilibrium speed density relationship of the present
lane and on the coupling density of the other lane.
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2.3.Propagation speeds

The system given by Eqs. (9) and (10) for a sin-
gle lane has a similar structure to Berg et al’s[6] and
Zhou et al.’s models,[29] and is more general than those
models. Our model has an additional term 2β c(ρ) vx.
Moreover, the term c(ρ) depends on the density and
varies with the OV function. These differences, how-
ever, are not structural differences. So we would ex-
pect that the new model behaves roughly the same
as Berg et al.’s and Zhou et al.’s models and perhaps
gives a more accurate description of the traffic flow
owing to its greater generality. Comparing our new
model for two lanes with the recently developed model

by Han et al.[26] and Tang et al.,[25] we can see that
the new model is viscous and contains two new mo-
tion equations as compared to the continuum model
presented by Daganzo.[20]

The system composed of Eqs. (9) and (10) can be
expressed in the vector notation as

∂V

∂t
+ A

∂V

∂x
= E, (13)

where V =


ρ1

v1

ρ2

v2

,

E =



s21 − s12

1
T1

[V̄1 − v1] +
V̄1

′

T1

[
1

6ρ2
1

∂2ρ1

∂x2
− 1

2ρ3
1

(
∂ρ1

∂x

)2]
+ r1s12 − r2s21

s12 − s21

1
T2

[V̄2 − v2] +
V̄2

′

T2

[
1

6ρ2
2

∂2ρ2

∂x2
− 1

2ρ3
2

(
∂ρ2

∂x

)2]
+ r1s21 − r2s12


,

A =



v1 ρ1 0 0

− V̄1
′

2T1ρ1
v1 + 2βc1 0 0

0 0 v1 ρ2

0 0 − V̄2
′

2T2ρ2
v2 + 2βc2


.

It is straightforward to calculate eigenvalues λ of ma-
trix A by setting

|A − λI| = 0, (14)

where I is the identity matrix. Thus, we have

λ11 = v1 + (β +
√

1 + β2) c1,

λ12 = v1 + (β −
√

1 + β2) c1,

λ21 = v2 + (β +
√

1 + β2) c2,

λ22 = v2 + (β −
√

1 + β2) c2.

The system given by Eq. (13) has two families
of traffic sound waves, shock and rarefaction waves,
one family for each characteristic field on each lane.
For the first characteristic field, the properties of these
waves are quantitatively identical to those of the LWR
model, because λ11 ≤ v1 and λ21 ≤ v2. For the sec-
ond characteristic, the waves behave quite differently,
as they travel faster than the traffic (λ12 ≥ v1 and
λ22 ≥ v2). This means that the future conditions

of the traffic flow will be affected by the traffic con-

ditions behind the flow. Zhang[28] pointed out that

the anisotropic property of the traffic could not be

expected to hold in the multilane traffic because of

the lane changing. Such type of behaviour, however,

can be controlled by factor β in our model. We call

it the anisotropic factor. Note that for β À 1, the

second characteristic approaches the microscopic flow

speed on each lane. Thus, the information can never

reach vehicles from behind and the rear disturbances

cannot propagate forward on each lane. However, for

smaller values of β, it also guarantees that in a system

consisting of two lanes, rear disturbances will affect

the driving behaviour of the leading vehicles, because

lane-changing is allowed in these two-lane traffic sys-

tems.
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2.4. Stability analysis

In order to check whether the newly developed
multilane model can describe the nonlinear theory of
the cluster effect under a small perturbation in the
traffic flow, i.e., the effect of the appearance of a re-
gion of high density and low average velocity vehicles
in an initially homogeneous flow, we study the prop-
agation stability conditions using the linear stability
method in this section. It is difficult to obtain an ana-
lytical result about the stability of the two-lane traffic
flow when lane-changing is allowed. According to the
method introduced by Tang and Huang,[22] Huang et
al.,[23] and Hua and Han,[27] the steady-state solution
of the extended new model can be obtained by setting
the derivative terms in Eqs. (9) and (10) to zero. Then
we have

Qe1ρ1

[
1 −

(
ρ2

ρ2,jam

)σ]
= (1 + b(Qe1 − Qe2))Qe1ρ2

[
1 −

(
ρ1

ρ1,jam

)ϕ]
, (15)

1
Tm

[V̄m(ρm, γρn) − vm] + r1smn − r2snm = 0. (16)

We assume that ρ0
m and v0

m = V̄m(ρ0
m, γρ0

n) are the
steady-state solutions of Eqs. (9) and (10). The anal-
ogous criterion for the continuum model may be found
by linearizing the model around some initial values ρ0

m

and v0
m

ρm = ρ0
m + ρ̂m(x, t), (17)

vm = v0
m + v̂m(x, t), (18)

where ρm and vm are the perturbed solutions of
Eqs. (9) and (10), with ρ̂m(x, t) and v̂m(x, t) being
small perturbations to the steady-state solutions ρ0

m

and v0
m, respectively. After taking the Taylor series

expansions of the perturbed equations at ρ0
m and v0

m

and neglecting higher-order terms of ρ̂m(x, t), v̂m(x, t)
and the coupling terms, we obtain the following lin-
earized perturbation equations:

∂ρ̂m

∂t
+ ρ0

m

∂v̂m

∂x
+ v0

m

∂ρ̂m

∂x
= 0, (19)

∂v̂m

∂t
+ v0

m

∂v̂m

∂x
=

[V̄ ′
m(ρ0

m, γρ0
n) − v̂m]

Tm

+
V̄ ′

m

Tm

[
1

2ρ0
m

∂ρ̂m

∂x
+

1
6(ρ0

m)2
∂2ρ̂m

∂x2

]
− 2β c0

m

∂v̂m

∂x
, (20)

where c0
m = c(ρ0

m), V̄ ′
m = V̄ ′

m(ρ0
m, γρ0

n), and m = 1, 2.
The linear stability of the system can be deter-

mined by examining the sinusoidal solution of the per-
turbed Eqs. (19) and (20). To determine the stability
condition of system (13), we calculate the eigenvalue
ω(k) of a harmonic disturbance

f̄ (x, t) =
(

ρ̂m(x, t)

v̂m(x, t)

)

=
(

ρ̂0
m

v̂0
m

)
exp{i [k x − ω m( k ) t]}. (21)

Using Eq. (21), we can rewrite Eqs. (19) and (20) for
the nontrivial solution as

∣∣∣∣∣∣∣
i(kv0

m − ωm) i kρ0
m

− V̄ ′
m

Tm
− i kV̄ ′

m

2Tmρ0
m

+
V̄ ′

mk2

6Tm(ρ0
m)2 i(kv0

m − ωm) +
1

Tm
+ 2β c0

m i k

∣∣∣∣∣∣∣ = 0. (22)

We obtain

ωm(k)

= k(v0
m + βc0

m) − i
2Tm

[
1 ± 1 + 2TmV̄ ′

m

(
k2(β2 + 1)

− iβk

Tmc0
m

− 2 i kρ0
m + i k3

3ρ0
m

)]
. (23)

The traffic flow will remain stable as long as the imagi-
nary part of ωm is negative. We can obtain the neutral
stability condition as

(ρ0
m)2 − 2βc0

mρ0
m

V̄ ′
m

< −
[
(1 + β2)
2TmV̄ ′

m

]
. (24)

This shows that the model is stable against all in-
finitesimal perturbations for inequality (24). There is
an intermediate range of density, 0 ≤ ρc1 ≤ ρm ≤ ρc2 ,
in which V̄ (ρm, γρn) is so sensitive to the change in
ρm that the homogeneous flow is unstable. Following
inequality (24), we can find the critical values (ρc1and
ρc2) from the equation

(ρ0
m)2 −

(
2βc0

m

V̄ ′
m

)
ρ0

m +
[
(1 + β2)
2TmV̄ ′

m

]
= 0. (25)

The speed of the critical disturbances is given by

C̄(ρ0
m) = V̄ (ρ0

m) + V̄ ′(ρ0
m)

(
ρ0

m +
β

2 Tmc0
m

)
, (26)
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which is slower than the steady state traffic speed
v0

m = V̄m(ρ0
m, γρ0

n), since V̄ ′
m is negative. This is in

accordance with the kinematic wave speed for a single
lane (when γ = 0) mentioned in Ref. [19]

3. Numerical simulation

In this section, we present the numerical method
for the multilane new anisotropic model using the fi-
nite difference method. In doing so, the freeway to
be modeled is divided into I nodes and the period of
analysis into J time steps. The following difference
equations are obtained by applying the finite differ-
ence scheme on the set of partial differential Eqs. (9)
and (10):

ρm(i, j + 1)

= ρm(i, j) +
∆t

∆x
ρm(i, j)(vm(i, j) − vm(i + 1, j))

+
∆t

∆x
vm(i, j)(ρm(i − 1, j) − ρm(i, j))

+∆t(snm(i, j) − smn(i, j)). (27)

a) For heavy traffic (i.e., vm(i, j) < −2βcmρm(i, j))

vm(i, j + 1)

= vm(i, j) +
∆t

∆x

(
− 2βcρm(i, j) − vm(i, j)

)
× (vm(i + 1, j) − vm(i, j))

− ∆t

τ
(vm(i, j) − V̄m)

+
∆t

τ
V̄m

′
[
ρm(i − 1, j) − ρm(i, j)

2∆xρm(i, j)

+
ρm(i − 1, j) − 2ρm(i, j) + ρm(i + 1, j)

6(∆x)2(ρm(i, j))2

− ρm(i − 1, j) − ρm(i, j)2

2(∆x)2(ρm(i, j))3

]
+ r1∆tsnm(i, j) − r2∆tsmn(i, j); (28)

b) for light traffic (i.e., vm(i, j) ≥ −2βcmρm(i, j))

vm(i, j + 1)

= vm(i, j) +
∆t

∆x

(
− 2βcρm(i, j) − vm(i, j)

)
× (vm(i, j) − vm(i − 1, j))

− ∆t

τ
(vm(i, j) − V̄m)

+
∆t

τ
V̄m

′
[
ρm(i − 1, j) − ρm(i, j)

2∆xρm(i, j)

+
ρm(i − 1, j) − 2ρm(i, j) + ρm(i + 1, j)

6(∆x)2(ρm(i, j))2

− (ρm(i − 1, j) − ρm(i, j))2

2(∆x)2(ρm(i, j))3

]

+ r1∆tsnm(i, j) − r2∆tsmn(i, j), (29)

where indexes i and j represent the road section and
the time, respectively, and m,n = 1, 2. Here ∆t and
∆x are the grid sizes of the finite difference mesh in
time and space dimensions, respectively.

The above difference scheme is suitable for the
traffic flow, as it maintains the physical properties of
the traffic flow even under extreme conditions. These
equations give the density and the velocity at the i-th
node of the m-th lane at time step j+1 obtained from
the known values at the previous time step j.

4. Shock and rarefaction waves

As already pointed out by Daganzo,[9] shock and
rarefaction waves are important traffic flow conditions,
and the realistic description of the shock fronts in traf-
fic is a particularly difficult problem. Numerical tests
are carried out to investigate whether our model can
describe the congestion and the dissipation of the traf-
fic flow. Let us consider the two Riemann initial con-
ditions, one describing the congested upstream and
nearly free downstream and vice versa on the two
lanes. These two conditions are

(i)

 ρ1
1u = 0.03,

ρ1
2u = 0.04,

 ρ1
1d = 0.12,

ρ1
2d = 0.18,

(30a)

(ii)

 ρ2
1u = 0.12,

ρ2
2u = 0.18,

 ρ2
1d = 0.03,

ρ2
2d = 0.04,

(30b)

where ρ1
1u, ρ1

2u, ρ2
1u, ρ2

2u and ρ1
1d, ρ1

2d, ρ2
1d, ρ2

2d are, re-
spectively, the upstream and the downstream densities
of the two lanes. These situations are realistic in the
traffic flow and correspond to a situation where nearly
free-flow traffic meets a queue of nearly stopping vehi-
cles, i.e., a shock-wave situation. While the following
condition (31) is just opposite to condition (30) and
corresponds to a situation of a dissolving queue, i.e.,
the rarefaction wave situation.

For the initial speed conditions, we take

v1, 2
1u = V̄1(ρ

1, 2
1u , ρ1, 2

2u ), v1, 2
1d = V̄1(ρ

1, 2
1d , ρ1, 2

2d ), (31a)

v1, 2
2u = V̄2(ρ

1, 2
1u , ρ1, 2

2u ), v1, 2
2d = V̄2(ρ

1, 2
1d , ρ1, 2

2d ). (31b)

The equilibrium speed-density relationship developed
by Del Castillo and Benitez[31] is modified by substi-
tuting ρm + γρn and is given as

V̄1(ρ) = v1f

[
1 − exp

(
1 − exp

(
c1,jam

v1f
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×
(

ρ1,jam + γρ2,jam

ρ1 + γρ2
− 1

)))]
, (32a)

V̄2(ρ) = v2f

[
1 − exp

(
1 − exp

(
c2,jam

v2f

×
(

ρ2,jam + γρ1,jam

ρ2 + γρ1
− 1

)))]
, (32b)

where v1,f , v2,f and ρ1,jam, ρ2,jam are the free flow
speeds and the maximum or the jam densities of lanes
1 and 2, respectively, c1,jam and c2,jam are the kine-
matic wave speeds under jam densities ρ1,jam and
ρ2,jam, respectively. The free boundary conditions are
used, i.e., ∂ρm/∂x and ∂vm/∂x are equal to zero on
both sides.[12,17,27]

We take a test road section of 20 km long. For the
numerical calculations, it is divided into 100 meshes
of equal length. According to real observation and the
parameter identification process, the parameter values
are chosen as follows:

v1f = 40 m/s, ρ1,jam = 0.15 m−1, T1 = 8 s,

c1,jam = 7 m/s, v2f = 30 m/s, ρ2,jam = 0.2 m−1,

T2 = 7 s, c2,jam = 6 m/s, a = 0.01,

b = 5 s, γ = 0.1, σ = φ = 1, and β = 2. (33)

0.2

0.1

0
1000

800
600
400
200

0 0 5 10
15 20

30

20

10

0
0
250

500
750

1000 20
15

10

5

0

t/s

t/s

x/
km

x/km

v
1
/
m
Ss
-
1

ρ
1
/
m
Ss
-
1

(a)

(b)

Fig. 1. (colour online) Shock waves under the Rie-

mann initial conditions of Eq. (30a). Panels (a) and (b)

show temporal evaluations of density ρ1(x, t) and velocity

v1(x, t) on lane 1, respectively.

Note that the jam density of lane 2 is higher than that
of lane 1. Figures 1–6 depict the wave that develops
from the Riemann initial conditions (30a) and (30b).
Figures 1, 2, 4 and 5 show that different Riemann
conditions lead to different fronts between the con-
gested and the free-flow traffics, which results in den-
sity changing on both lanes with lane change (Figs. 3
and 6). Figures 1 and 2 show how the backward mov-
ing shock-wave front evolves under condition (30a) on
lanes 1 and 2, respectively. It shows that the traffic
becomes more congested, which is often seen during
rush hours. Figures 4 and 5 describe how the rarefac-
tion wave front evolves under condition (30b) on both
lanes. It is clear from Figs. 4 and 5 that the moving
front is smoothed over time and eventually leads to a
continuous traffic flow, which shows the consistency of
our model with real traffic flow. There is a queue in
the process of dissolution, which is consistent with our
daily experiences in real traffic. Such types of results
are also found by Han et al.[26] and Hua and Han.[27]

Figures 3 and 6 show that the lane-changing behaviour
occurs more frequently at large densities than that at
small densities on both lanes.
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5. Local cluster effect

The new multilane model can also describe the
nonlinear theory of the cluster effect in a traffic flow,
i.e., the effect of the appearance of a region of high
density and low average velocity vehicles in an initially
homogeneous flow. To investigate the local cluster ef-
fect, we apply the numerical scheme given in Section 4.
Let us consider the behaviour of a small localized per-
turbation given by Herrmann and Kerner,[32] which
occurs at time t = 0 in an initial homogeneous state
of traffic flow and is given by

ρm(x, 0) = ρmh + ∆ρm0

{
cosh−2

[
160
L

(
x − 5L

16

)]
− 1

4
cosh−2

[
40
L

(
x − 11L

32

)]}
, (34)

vm(x, 0) = V̄m(ρm(x, 0)), (35)

where x ∈ [0, L], and L is the length of the road section
under consideration. The periodic boundary condition
to describe the amplification of small disturbances is
used and is given by

ρm(L, t) = ρm(0, t), vm(L, t) = vm(0, t). (36)

For the equilibrium speed-density relationship, the re-
lation proposed by Kerner and Konhäuser[4] is modi-
fied by substituting ρm + γρn in place of the density
and is defined as

V̄m(ρ)

= umf

{[
1 + exp

(
(ρm + γρn)/ρm,jam − 0.25

0.06

)]−1

− 3.72 × 10−6

}
. (37)

For the computational purpose, the space domain is
divided into equal intervals of length 200 m, and the
time interval is chosen to be 1 s.

We take the following set of parameters to show
that our model can also describe the local cluster effect
of the traffic flow:[17,23,27]

v1f = 40 m/s, ρ1,jam = 0.15 m−1,

∆ρ10 = 0.008 m−1, T1 = 8 s,

v2f = 30 m/s, ρ2,jam = 0.2 m−1,

∆ρ20 = 0.001 m−1, T2 = 7 s, a = 0.01,

b = 5 s, γ = 0.1, σ = φ = 1, and β = 2. (38)

The steady states on both lanes are presented in
Fig. 7. At small densities, the flows on both lanes

increase with the increase of the density. Note that
on the fast lane (first lane), the flow rate reaches the
maximum at a smaller density ρc1, while on the slow
lane (second lane), it reaches at ρc2. In the density
range of ρc1 < ρ < ρc2, the flow rate on the first lane
decreases, that on the second lane increases, and they
become equal at ρc. Below ρc, the flow on the fast lane
is always greater than that on the slow lane. Above
ρc, the flow on the slow lane become greater than that
on the fast lane. This is consistent with the findings
of Tang et al.[25]

0.8 

0.6 

0.4 

0.2 

0 

uf=30 mSs-1

uf=40 mSs-1

ρc1 

ρc 

ρc2 

F
lo

w
/
s-

1
 

0 0.04 0.08 0.10 0.16 0.20 

Density/m-1 

Fig. 7. Fundamental diagram of the steady states of

asymmetric two-lane traffic.

To reproduced the lane usage inversion phe-
nomenon, we consider three different cases, in which
the initial densities on both lanes are the same and
equal to ρc, less than ρc, and greater than ρc, re-
spectively. The three cases are shown graphically in
Figs. 8–10, respectively. Figure 8 depicts the spatio–
temporal patterns of the density on both lanes when
the initial density on each lane is less than ρc. It is
clear from Figs. 8(a)–8(d) that some vehicles change
lanes from lane 2 to lane 1, as below ρc, the flow rate
on lane 1 is larger than that on lane 2. Figures 9(a)–
9(d) show that when the initial densities on both lanes
are equal to ρc, then there is no lane change except at
the location of the perturbation. If ρmh > ρc, more
vehicles prefer to drive on lane 2 rather than to be
trapped on lane 1 (Figs. 10(a)–10(d)). So, ρc appears
as an inversion point, where the vehicles are evenly
distributed on both lanes.

The critical values ρ∗c1 and ρ∗c2 for lanes 1
and 2 with the parameters given in Eq. (38) are
0.02539 m−1, 0.0714 m−1 and 0.0351 m−1, 0.0932 m1,
respectively, which can be found out easily by substi-
tuting the parameter values into the stability condi-
tion (25). Taking different values of the initial density
for the sets of parameters given in Eq. (38), we inves-
tigate the traffic density pattern with respect to time,
and the results are shown in Figs. 11–15.
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Figure 11 shows that under the uncongested traffic conditions, when the traffic flow density is below the
critical density on both lanes, the perturbation dissipates with time and the traffic flows on both lanes are
stable. As the traffic density is very low, only a few vehicles change their lanes. Therefore, the front vehicle can
speed up freely, which results in the perturbation wave surface propagating in the backward direction. This is
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in good agreement with Han et al.,[26] Hua and Han,[27] and Herrman and Kerner theories[32] that below the
critical density, the initially homogeneous state of the traffic flow is stable with respect to the growth of any
non-homogeneous perturbations with small enough amplitudes.
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When the traffic density on lane 2 is increased
to a certain level while the density on lane 1 remains
unchanged, a traffic breakdown may occur if the per-
turbation is exerted to both lanes. Figure 12 shows
that when the initial density is just above the down
critical density, a single local cluster forms on both
lanes and moves in the backward direction. In this

situation, a number of vehicles on both lanes change

their lanes, which can be seen in Figs. 12(c) and 12(d).

This leads to the conclusion that a higher frequency

of lane changing occurs at large densities, which is

consistent with our daily experiences and the results

obtained by Hua and Han.[27]
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Further increasing the initial density of lane 2 to 0.095 while keeping that of lane 1 fixed at 0.031 leads to
a complex localized structure of two or more clusters, as illustrated in Fig. 13. The situation of the multiple
clusters corresponds to a stop-and-go traffic. Figures 13(c) and 13(d) show that lane 1 attracts a considerable
number of vehicles from lane 2.
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When the density on lane 1 is increased to 0.055
while the density on lane 2 remains 0.095, a dipole-like
structure on both lanes is obtained, as illustrated in
Fig. 14. Figures 14(c) and 14(d) show that even in the
dipole-like situation, lane-changing occurs. Finally, it
is clear from Fig. 15 that as the densities on both lanes
become greater than the up-critical density, a stable
regime is reached again on both lanes. Lane-changing
hardly occurs in this situation, as shown in Figs. 15(c)
and 15(d).

The above results show good agreement with the
results found by Huang et al.,[23] Hua and Han,[27] and
Herrmann and Kerner.[32]

6. Conclusion
In the literature of the macroscopic traffic the-

ory, especially that of higher-order models, research on
shock and rarefaction waves and the cluster effect are
important. Many previously developed higher-order
models mainly describe single lane traffic while leav-
ing multilane problems insufficiently discussed. In this
paper, we present a multilane generalization of a new
anisotropic continuum traffic flow model. A new single
lane traffic flow model is derived from the car-following
model and practically includes some of the well-known
non-equilibrium models as special cases. However, an
important difference between the new and the pre-
viously developed models is that our model can be
isotropic. The isotropic behaviour can be controlled
by an anisotropic factor β. In the limit of β → ∞, the
isotropic behaviour dies out and the model becomes
fully anisotropic.

Lane-changing behaviour is incorporated into the
extended GK model by introducing a source term and
a sink term of lane-changing rate, the coupling effect
between two lanes in the continuity equation, and two
corresponding terms in the speed dynamic equations.
Due to the separately modelings of the source term,
the sink term, and the coupling effect, the lane chang-
ing rate may be investigated in our model.

The conditions for securing the linear stability of
the new model are presented. The shock and the rar-
efaction waves together with the vehicle clustering are
investigated numerically in the extended two-lane GK
model. We present a simple finite difference scheme to
carry out the numerical simulation and discuss the ap-
plicability of the scheme in some special cases. Finally,
the numerical tests verify that the multilane contin-
uum model is able to describe the vehicle movement
and the amplification of small perturbations, and re-
produce some complex nonequilibrium traffic phenom-
ena, such as the stop-and-go, the ghost jams, the local
cluster, and the phase transition.

The findings obtained in this study reveal that the
two-lane continuum model is much more complicated
than that of the single lane traffic due to the existence
of the lane-changing. The lane-changingmay improve
the traffic in some cases; however, it may worsen the
situation in some other cases. Further investigations
need to be carried out to test the performance of the
new anisotropic continuum model in modelling real
traffic. So it may be reasonable to conclude that the
new multi-lane model provides a more accurate de-
scription of the traffic flow and the results obtained
are consistent with the spectrum of the nonlinear dy-
namic properties reported in the literature.
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