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An analytical solution is presented for the electromagnetic scattering from an infinite-length metallic carbon

nanotube and a carbon nanotube bundle. The scattering field and scattering cross section are predicted using a modal

technique based on a Bessel and Hankel function for the electric line source and a quantum conductance function for

the carbon nanotube. For the particular case of an isolated armchair (10, 10) carbon nanotube, the scattered field

predicted from this technique is in excellent agreement with the measured result. Furthermore, the analysis indicates

that the scattering pattern of an isolated carbon nanotube differs from that of the carbon nanotube bundle of identical

index (m, n) metallic carbon nanotubes.
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1. Introduction

Single-walled carbon nanotubes (SWNTs) com-
prise a family of more than several hundred struc-
tures characterized by different diameters and helic-
ity, which determine their electronic structure and
optical properties.[1,2] They can be either metallic or
semiconducting, sensitively dependent on the atomic
structure. This richness and diversity makes car-
bon nanotubes so promising for various applications.
In this paper, we consider electromagnetic scattering
from infinite-length metallic single-walled carbon nan-
otubes and a carbon nanotube bundle.[3] The diameter
and helicity of an SWNT are uniquely characterized
by the vector Ch = na1+ma2, where n, m are integers
and a1, a2 are lattice basis vectors. The (n, m) indices
determine the metallic or semiconducting behaviour
of SWNTs. Armchair (m = n) SWNTs are metal-
lic, with cross-section radius a = 3mb/(2π), where

b is the inter-atomic distance in grapheme. The ho-
mogeneous carbon nanotube bundle under considered
is composed of identical index (m, m) armchair nan-
otubes. The model utilized here combines an effective
boundary condition to describe the wave propagation
around carbon nanotubes, together with the quantum
conductance function for the carbon nanotubes.[4]

During the past years, different theoretical mod-
els have been used to describe electromagnetic wave
scattering by carbon nanotubes and other scattering
configurations.[5−9] Recent studies on the Rayleigh
scattering spectra of SWNTs provide spectroscopic
information about the system through the scatter-
ing resonant enhancement when the photon energy
matches that of an electronic transition. These data
permit us to test key theoretical constructs concerning
the scattering properties of carbon nanotubes.[10,11]

This paper presents an exact analytical solution
of the scattering of cylindrical waves from infinitely
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long metallic SWNTs and bundles excited by an elec-
tric line source. The analysis shows that the scatter-
ing intensity peak shifts and narrows the line shape in
bundle in comparison with the SWNT case. The nan-
otube bundle radius plays a critical role in governing
the scattering characteristics. It also shows that a rel-
atively large amplitude scattered field can be obtained
from a carbon nanotube bundle.

2. Analytic development

The SWNTs illuminated by an electric line source
with a constant electric current Ie placed parallel to
the nanotube is depicted in Fig. 1. The carbon nan-
otube is located in the cylindrical coordinate system
with the associated Cartesian coordinate system as
shown in the figure. It is of infinite extent in the z-
direction, has a radius of a, and is centered at the ori-
gin of the coordinate systems. The ambient medium is
free space. The position vector of a given observation
point is ρo, while the position vector of the electric
line source is ρs. The bundle is modeled by N metal-

lic CNTs closely packed together with infinite length.
Thus, the bundle can be modeled as a multishell struc-
ture comprising p concentric shells. The total number
of CNTs within the bundle is N = 3p2 − 3p + 1. The
cross sectional radius R, determined by the radius of
SWNT and the distance between two parallel SWNT,
is given by R = (2p − 1) × a + (p − 1) × 0.34.
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φ′ φ 
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Fig. 1. A carbon nanotube illuminated by an electric line

source located in free space.

The incident field generated by the source is given
by[12]

Ei
z = −ωµ0Ie

4

∞∑
m=−∞

 Jm(k0ρo)H
(2)
m (k0ρs) em(φ−φ′) for (ρo < ρs)

Jm(k0ρs)H
(2)
m (k0ρo) em(φ−φ′) for (ρo > ρs)

 , (1)

Ei
φ = Ei

ρ = 0, (2)

where the function Jm(x) is the Bessel function of the
first kind, while H

(2)
m (x) is the m-order Hankel func-

tion of the second kind. The scattering electric field
Es

z and the transmitting field Et
z due to the existence

of the SWNT can then be written as

Es
z = −ωµ0Ie

4

∞∑
m=−∞

SmH(2)
m (k0ρo) em(φ−φ′), (3)

Et
z = −ωµ0Ie

4

∞∑
m=−∞

TmJ(
mk0ρo) em(φ−φ′), (4)

where Sm and Tm are the unknown coefficients, and
Hankel function of the second kind is also selected to
indicate that the scattering field is a wave traveling
in the outward radial direction. It is remarkable that
the field inside the SWNT is not exactly zero or even
decaying, where the modified Bessel function simply
does not satisfy the wave equation of the problem.
The effective boundary conditions are then applied at
the carbon nanotube surface in order to determine Sm

and Tm, and the final result is

Sm =
−ησcn(ω)[Jm(k0a)]2H(2)

m (k0ρs)

2/(πk0a) + ησcn(ω)Jm(k0a)H(2)
m (k0a)

, (5)

Tm =
2/(πk0a)H(2)

m (k0ρs)

2/(πk0a) + ησcn(ω)Jm(k0a)H(2)
m (k0a)

, (6)

where the quantum conductivity σcn(ω) of the carbon
nanotube is given by

σcn(ω) =
 e2ω

π2~a

{
1

ω(ω − ν)

m∑
s=1

∫
∂Fc

∂pz

∂εc

∂pz

− 2
m∑

s=1

∫
dpzεc|Rvc|2

Fc − Fv

~2ω(ω − ν) − 4ε2
c

}
,

(7)

where e is the charge of an electron, ν = 1/τ is the
phenomenological relaxation frequency with τ being
the relaxation time, ~ is the reduced Planck’s con-
stant, Fc,v and εc,v are the equilibrium Fermi distri-
bution function and electron dispersion relation in the
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conduction or valance bands, respectively, and Rv,c is
the matrix element for the tube. Details of the expres-
sions for these quantities have been omitted and can
be obtained in Ref. [4]. The effective surface conduc-
tivity of the bundle is given by σeff = Dσcn(ω)/2πR,
where D is the number of SWNT of the pth shell in
bundle.[13] The current induced on the surface of the
SWNT can be written as

Jz = −ωµ0Ieσcn(ω)
4

×
∞∑

m=−∞

[
2/(πk0a)H(2)

m (k0ρs)Jm(k0a)

2/(πk0a) + ησcn(ω)Jm(k0a)H(2)
m (k0a)

× em(φ−φ′)

]
. (8)

One of the most important parameters in scatter-
ing is the scattering cross section obtained by knowing
the scattering field in the far zone. From Eqs. (1), (3),
and (5), the scattering width is given by

σ2D = lim
ρo→∞

2πρo

∣∣∣∣−ωµ0Ie

4

√
2

πk0ρo
ek0ρo

∞∑
m=−∞

mSm em(φ−φ′)

∣∣∣∣2∣∣∣∣−ωµ0Ie

4
H

(2)
0 (k0 |ρo − ρs|)

∣∣∣∣2
 =

4
k0

∣∣∣∣ ∞∑
m=−∞

mSm em(φ−φ′)

∣∣∣∣2∣∣∣H(2)
0 (k0 |ρo − ρs|)

∣∣∣2 , (9)

which is dependent on φ even for small radius nan-
otubes.

3. Results and discussion

To test the validity of our solution, the metallic
armchair (10, 10) carbon nanotube under considera-
tion is compared with the exact Rayleigh spectroscopy
experiments in Ref. [10]. Figure 2 shows that the scat-
tering cross section predicted from Eq. (9) is in excel-
lent agreement with the measured result in the range
of 1.7–2.6 eV. The Rayleigh spectrum of (10, 10) car-
bon nanotube exhibits a well-defined resonant charac-
teristic and line shape, which are perfectly represented
by our analyses.
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Fig. 2. (colour online) Comparison of the scattering width

between measurement and theory.

The quantum conductance function in Eq. (7)
is based on the tight binding model including op-
tical transitions.[14,15] The energy of optical transi-
tion in metallic SWNTs is labeled by Eii = 3sbγ0/a,

where s = 1, 2, 3, . . . , and γ0 is the overlap integral
(γ0 = 3.03 eV). In Ref. [10], the Rayleigh spectrum
of the (10, 10) armchair nanotube exhibits a well-
defined single E11 resonance feature, and the peak is
lied in E11 = 1.88 eV, which agrees with our computa-
tional value of 1.89 eV and the theoretical prediction
E11 = 1.903 eV based on the tight binding model.

The validity of this prediction is important not
only for fundamental understanding of the scattering
properties of SWNTs but also for its critical role in
nano antenna in lower infrared and THz bands.

The following two figures deal with the current
density induced over the surface of an SWNT at
φ = π/3. Figures 3 and 4 show the real and imag-
inary parts of the current density for the armchair
carbon nanotube (m=10, 40, and 60), respectively. It
can be seen that the value of Jz decreases with the
increasing radius of the nanotube, which is apparent
from Eq. (8).
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Fig. 3. The real part of the current density over the sur-

face of an SWNT. Results correspond to a = 0.678 nm

(solid line), a = 1.356 nm (dashed line), and a = 2.712nm

(dotted line).
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Fig. 4. The imaginary part of the current density over the

surface of an SWNT. Results correspond to a = 0.678 nm

(solid line), a = 1.356 nm (dashed line), and a = 2.712 nm

(dotted line).

For the present system in the optical band and
lower band, the radius a of the SWNT is much less
than the wavelength (a ¿ λ). From Eq. (9), the
first term in the infinite series dominates and it is suf-
ficient to represent the scattering cross section. In
this case, the Bessel function of the first kind and the
Hankel function of the second kind for zeroth-order
can be approximated as J0(k0a) ≈ 1 and H

(2)
0 (k0a) ≈

−2/[π ln(0.89k0a)].
Although the scattering cross section increases

with the increasing radius of the nanotube, the magni-
tude of the scattering cross section increases by only
0.02% when the radius of the nanotube is changed
from 0.678 nm to 2.712 nm. As can be seen from
Fig. 5, the scattering pattern for an armchair SWNT
(m = 10, a = 0.768 nm) is almost identical to that of
the case of an SWNT (m = 40, a = 2.712 nm). On
the other hand, the scattering pattern of an SWNT is
significantly different from that of a bundle.
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Fig. 5. (colour online) Normalized scattering cross sec-

tion of an SWNT for m = 10 and m = 40.

Figures 6 and 7 show the normalized scattering
cross section of an armchair (40, 40) SWNT and a

bundle for φ′ = 0◦ and φ ∈ [90◦, 94◦], respectively. In
both the cases, the scattering width is dependant on
φ, and when φ = 92◦, σ2D approaches its maximum.

Fig. 6. (colour online) Scattering feature of armchair car-

bon nanotube with a = 2.712 nm.

From Figs. 6 and 7, it can be observed that com-
pared with the SWNT case, the scattering intensity
peak shifts to a lower frequency and narrows the line
shape in the bundle, which is determined by the quan-
tum conductance of the SWNT and the effective sur-
face conductivity of the bundle.

Fig. 7. (colour online) Scattering feature of a nanotube

bundle with R = 2.7 µm.

4. Conclusion

The analytical solution for the electromagnetic
scattering from the carbon nanotube exited by an elec-
tric line source has been presented. It is shown that
the scattering pattern from an SWNT is significantly
different from the bundle case when the bundle con-
tains the identical armchair SWNT. It has been found
that the maximum scattering cross section coefficient
increases with the increasing nanotube radius, and
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that the scattering cross section peak increases and
its position shifts toward low frequencies in the bun-
dle case.
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