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Mode-I crack in a two-dimensional fibre-reinforced
generalized thermoelastic problem
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A general model of the equations of the Lord–Şulman theory including one relaxation time and the Green–Lindsay

theory with two relaxation times, as well as the classical dynamical coupled theory, are applied to the study of the

influence of reinforcement on the total deformation for an infinite space weakened by a finite linear opening mode-

I crack. We study the influence of reinforcement on the total deformation of rotating thermoelastic half-space and

their interaction with each other. The material is homogeneous isotropic elastic half space. The crack is subjected to

prescribed temperature and stress distributions. The normal mode analysis is used to obtain the exact expressions for

displacement components, force stresses, and temperature. The variations of the considered variables with the horizontal

distance are illustrated graphically. Comparisons are made with the results obtained in the three theories with and

without rotation. A comparison is also made between the two theories for different depths.
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1. Introduction

The linear theory of elasticity is of paramount
importance in the stress analysis of steel, which is
the most common engineering structural material. To
a lesser extent, linear elasticity describes the me-
chanical behaviour of other common solid materials,
e.g., concrete, wood, and coal. However, the theory
does not apply to the behaviour of many new syn-
thetic materials of the clastomer and polymer type,
e.g., polymethyl-methacrylate (Perspex), polyethy-
lene, and polyvinyl chloride.

For ultrasonic waves, i.e., for the case of elastic vi-
brations characterized by high frequencies and small
wavelengths, the influence of the body microstructure
becomes significant. Metals, polymers, composites,
solids, rocks, and concrete are typical media with mi-
crostructures. More generally, most natural and man-
made materials including engineering, geological, and
biological media possess microstructures. The influ-
ence of the microstructure results in the development
of new types of waves, which are not described in the
classical theory of elasticity. A reinforced concrete
member shall be designed for all conditions of stresses
that may occur, and should be in accord with the prin-
ciple of mechanics.

Fibre-reinforced composites are used in a vari-
ety of structures due to their low weight and high
strength. The characteristic property of a reinforced
composite is that its components act together as a
single anisotropic unit as long as they remain in the
elastic condition. The wave propagation in reinforced
media plays a very interesting role in civil engineer-
ing and geophysics. The study of the propagation,
reflection, and transmission of waves is of great inter-
est to seismologists. Such studies help them to ob-
tain a rock’s structure as well as its elastic proper-
ties, and the information regarding minerals and flu-
ids present inside the earth. The idea of introducing
a continuous self reinforcement at every point of an
elastic solid was given by Belfied et al.[1] The model
was later applied to the rotation of a tube by Verma
and Rana.[2] Verma[3] has also discussed magneto elas-
tic shear waves in self-reinforced bodies. Singh[4]

showed that for wave propagation in fibre-reinforced
anisotropic media, the decoupling can not be achieved
by the introduction of the displacement potential.
Sengupta and Nath[5] discussed the problem of sur-
face waves in fibre-reinforced anisotropic elastic me-
dia. Hashin and Rosen[6] gave the elastic moduli for
fibre-reinforced materials. The problem of the re-
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flection of plane waves at the free surface of a fibre-
reinforced elastic half-space was discussed by Singh et
al.[7] Chattopadhyay and Choudhury[8] have discussed
the problem of propagation, reflection, and transmis-
sion of magneto elastic shear waves in a self–reinforced
medium. The reflection and the transmission of a
plane SH wave through a self-reinforced elastic layer
sandwiched between two homogeneous visco-elastic
solid half-spaces have been studied by Chaudhary et
al.[9] Chattopadhyay and Chaudhury[10] studied the
propagation of magneto-elastic shear waves in an in-
finite self-reinforced plate. Pradhan et al.[11] studied
the dispersion of Loves waves in a self-reinforced layer
over an elastic non-homogenous half space. The prop-
agation of plane waves in fibre-reinforced media was
discussed by Chattopadhyay et al.[12]

The theory of coupled thermo-elasticity was ex-
tended by Lord and Şhulman[13] and Green and
Lindsay[14] by including the thermal relaxation time
in the constitutive relations. Those two theories elimi-
nate the paradox of the infinite velocity of heat propa-
gation and are termed generalized theories of thermoe-
lasticity. There exist the following differences between
the two theories: i) the Lord–Şulman (L–S) theory
involves one relaxation time of thermoelastic process
(τ0). The Green and Lindsay (G–L) theory involves
two relaxation times (τ0, ν0). ii) The L–S energy equa-
tion involves first and second time derivatives of the
strain, whereas the corresponding equation in the G–
L theory needs only the first time derivative of the
strain. iii) In the linearized case, according to the
approach of the G–L theory, heat cannot propagate
with a finite speed unless the stresses depend on the
temperature velocity, whereas according to the L–S
theory, heat can propagate with a finite speed even
though the stresses there are independent of the tem-
perature velocity. iv) The L–S theory can not be ob-
tained from the G–L theory.

Choudhuri and Debnath[15,16] and Othman[17−20]

studied the effect of rotation in a micropolar gener-
alized thermoelastic and thermo-viscoelasticity half
space using different theories. The propagation of
plane harmonic waves in a rotating elastic medium
without the thermal field has been studied. It was
shown that the rotation causes the elastic medium to
be dispersive and isotropic. Those problems are based
on more realistic elastic models, since the Earth and
its moon, and other planets all have angular velocities.

Othman and Song[21] showed the effect of the
initial stress, thermoelastic parameter, and thermal
boundary condition on the reflection amplitude ra-

tios. The problem of magneto-elastic transverse sur-
face waves in the self-reinforced elastic solid was stud-
ied by Verma et al.[22] The problem of wave propa-
gation in thermally conducting linear fibre-reinforced
composite materials was discussed by Singh.[23]

Othman and Lotfy[24] studied the two-
dimensional problem of generalized magneto-
thermoelasticity under the effect of temperature de-
pendent properties. Othman and Lotfy[25] studied
transient disturbance in a half-space under the gener-
alized magneto-thermoelasticity with moving internal
heat sources. Othman and Lotfy[26] studied the plane
waves in a generalized thermo-microstretch elastic
half-space by using a general model of equations of
generalized thermo-microstretch for a homogeneous
isotropic elastic half space. Othman and Lotfy[27]

studied the generalized thermo-microstretch elastic
medium with temperature dependent properties us-
ing different theories. Othman and Lotfy[28] stud-
ied the effect of magnetic field and inclined load in
micropolar thermoelastic medium possessing cubic
symmetry under three theories. The normal mode
analysis was used to obtain the exact expression for
the temperature distribution, thermal stresses, and
the displacement components.

In recent years, considerable efforts have been
devoted to the study of failure and cracks in solids.
This is due to the application of the latter in indus-
try and particularly in the fabrication of electronic
components. Most of the studies of the dynamical
crack problem are done using the equations of coupled
or even uncoupled theories of thermoelasticity,[29−32]

which is suitable for most situations where long time
effects are sought. However, when the short time be-
haviours are important, as in many practical situa-
tions, the full system of the generalized thermoelastic
equations must be used.[13]

In the present work, we shall formulate the fibre-
reinforced two-dimensional problem of thermoelastic-
ity for an infinite space weakened by a finite linear
opening mode-I crack. The normal mode method is
used to obtain the exact expressions for the consid-
ering variables. The distributions of the considering
variables are represented graphically. A comparison is
carried out between the generalized thermo-elasticity
L–S and the coupled theories for the temperature, the
stresses, and the displacements in the half space fibre-
reinforced problem. A comparison is also made be-
tween the two theories for different depths.
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2. Formulation of the problem

and basic equations

The constitutive equations for a fibre-reinforced
linearly elastic anisotropic medium with respect to the
reinforcement direction a are (Belfied et al.[1])

σij =λekkδij + 2µTeij + α(akamekmδij + aiajekk)

+ 2(µL − µT)(aiakekj + ajakeki)

+ βakamekmaiaj

− γ
(
1 + ν0

∂

∂t

)
(T − T0)δij , (1)

where σij are the components of stress; eij are the
components of strain; λ, µT are the elastic constants;
α, β, (µL −µT) are the reinforcement parameters; γ =
(3λ + 2µ)αt, αt is the thermal expansion coefficient;
and a ≡ (a1, a2, a3),with a2

1 +a2
2 +a2

3 = 1. We choose
the fibre direction as a ≡ (1, 0, 0). The strains can be
expressed in terms of displacement ui as

eij =
1
2
(ui,j + uj,i). (2)

For the plane strain deformation in the xy plane (dis-
placement u = (u, v, 0)), ∂

∂z = 0, w = 0. Equation (1)
then yields

σxx = A11u,x + A12v,y − γ
(
1 + ν0

∂

∂t

)
(T − T0), (3)

σyy = A22v,y + A12u,x − γ
(
1 + ν0

∂

∂t

)
(T − T0), (4)

σzz = A12u,x + λv,y − γ
(
1 + ν0

∂

∂t

)
(T − T0), (5)

σxy = µL(u,y + v,x), σzx = σzy = 0, (6)

where
A11 = λ + 2(α + µT) + 4(µL − µT) + β,

A12 = α + λ, A22 = λ + 2µT. (7)

Since the medium is rotating uniformly with an angu-
lar velocity Ω = Ωn (Fig. 1), where n is a unit vector
representing the direction of the axis of rotation, the
displacement equation of motion in the rotating refer-
ence frame has two additional terms, the centripetal
acceleration Ωx (Ωxu) due to the time-varying mo-
tion only and the Corioli’s acceleration 2Ωxu̇, where
u is the dynamic displacement vector.

Fig. 1. Geometry of the problem.

The equations of motion in the rotating reference
frame in the context of generalized thermo elasticity
are

ρ[üi + {Ωx(Ωxu)}i + (2Ωxu̇)i] = σij,j ,

(i, j = 1, 2, 3). (8)

The heat conduction equation is

kT,ii =
(
n1

∂

∂t
+ τ0

∂2

∂t2

)
ρCET

+ γT0

(
n1

∂

∂t
+ n0τ0

∂2

∂t2

)
ui,i, (9)

where ρ is the density, k is the thermal conductivity,
CE is the specific heat at a constant strain, and T is
the temperature above reference temperature T0.

Using the summation convection, from Eqs. (3)–
(6), we note that the third equation of motion in
Eq. (8) identically satisfies and the first two equations
become

ρ
(∂2u

∂t2
− Ω2u − 2Ωv̇

)
=A11

∂2u

∂x2
+ B2

∂2v

∂x∂y
+ B1

∂2u

∂y2
− γ

(
1 + ν0

∂

∂t

)∂T

∂x
,

(10)

ρ
(∂2v

∂t2
− Ω2v + 2Ωu̇

)
=A22

∂2v

∂y2
+ B2

∂2u

∂x∂y
+ B1

∂2v

∂x2
− γ

(
1 + ν0

∂

∂t

)∂T

∂y
,

(11)

where B1 = µL, B2 = α + λ + µL.
Equations (3)–(6) and (9)–(11) are the field equa-

tions of the generalized thermoelasticity elastic solid
applicable to the L–S, the G–L, and the classical cou-
pled (CD) theories, as they become the equations of
i) the coupled thermo-elasticity theory, when n0 = 0,
n1 = 1, τ0 = ν0 = 0; ii) the L–S theory, when
n1 = n0 = 1, ν0 = 0, τ0 > 0; iii) the G–L theory,
when n1 = 1, n0 = 0, ν0 ≥, τ0 > 0. Neglecting the
angular velocity (i.e. Ω = 0) in Eqs. (10) and (11), we
obtain the transformed components of displacement,
stress forces, and temperature distribution in a non-
rotating generalized thermoelasticity medium.

For convenience, the following non-dimensional
variables are used:

x′ = c1ηx, y′ = c1η y, u′ = c1η u, v′ = c1η v,

t′ = c2
1η t, τ ′

0 = c2
1η τ0, Ω′ =

Ω

c2
1η

, ν′
0 = c2

1η ν0,

θ = γ
(T − T0)
λ + 2µT

, σ′
ij =

σij

µT

, i, j = 1, 2, (12)

where η =
ρCE

k
, c2

1 =
λ + 2µT

ρ
.

In terms of the non-dimensional quantities defined
in Eq. (12), the above governing equations reduce to
(dropping the dash for convenience)
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∂2u

∂t2
− Ω2u − 2Ωv̇ = h11

∂2u

∂x2
+ h2

∂2v

∂x∂y
+ h1

∂2u

∂y2
−

(
1 + ν0

∂

∂t

)∂θ

∂x
, (13)

∂2v

∂t2
− Ω2v + 2Ωu̇ = h22

∂2v

∂y2
+ h2

∂2u

∂x∂y
+ h1

∂2v

∂x2
−

(
1 + ν0

∂

∂t

)∂θ

∂y
, (14)

∂2θ

∂x2
+

∂2θ

∂y2
=

(
n1

∂

∂t
+ τ0

∂2

∂t2

)
θ + ε

(
n1

∂

∂t
+ n0τ0

∂2

∂t2

)(∂u

∂x
+

∂v

∂y

)
, (15)

where

(h11, h22, h1, h2) =
(A11, A22, B1, B2)

(λ + 2µT)
,

ε =
γ2T0

ρCE(λ + 2µT)
,

µTσxx = A11u,x + A12v,y − A22

(
1 + ν0

∂

∂t

)
θ, (16)

µTσyy = A22v,y + A12u,x − A22

(
1 + ν0

∂

∂t

)
θ, (17)

µTσzz = A12u,x + λv,y − A22

(
1 + ν0

∂

∂t

)
θ, (18)

µTσxy = µL

(
u,y + v,x

)
, σzx = σzy = 0. (19)

3. Normal mode analysis

The normal mode analysis gives exact solutions
without any assumed restrictions on temperature, dis-
placement, and stress distributions. It is applied
to a wide range of problems in different branches
(Othman,[33] Ezzat et al. [34,35] Othman and Singh,[36]

Othman and Kumar[37]). It can be applied to
boundary-layer problems, which are described by the
linearized Navier–Stokes equations in electro hydro-
dynamics. The normal mode analysis is, in fact, to
look for the solution in the Fourier transformed do-
main, assuming that all the field quantities are suf-
ficiently smooth on the real line so that the normal
mode analysis of these functions exists. The solution
of the considered physical variable can be decomposed
in terms of normal modes as

[u, v, θ, σij ](x, y, t)

= [u∗(x), v∗(x), θ∗(x), σ∗
ij(x)] exp(ωt + i ay), (20)

where ω is the (complex) time constant, i =
√
−1, a is

the wave number in the y direction, and u∗(x), v∗(x),
θ∗(x), and σ∗

ij(x) are the amplitudes of the field quan-
tities. Using Eq. (20), Eqs. (13)–(19) take the form

(h11D
2 − A1) u∗ + (2Ωω + i ah2D)v∗ = QDθ∗, (21)

(h1D
2 − A2) v∗ + (−2Ωω + i ah2D) u∗ = i aQθ∗, (22)

A4D u∗ + i aA4v
∗ = (D2 − A3)θ∗, (23)

µTσ∗
xx = A11D u∗ + i aA12v

∗ − A22Qθ∗, (24)

µTσ∗
yy = A12D u∗ + i aA22v

∗ − A22Qθ∗, (25)

µTσ∗
zz = A12D u∗ + i aλ v∗ − A22Qθ∗, (26)

µTσ∗
xy = µL(i a u∗ + D v∗), σ∗

zx = σ∗
zy = 0, (27)

where

A1 = ω2 − Ω2 + h1a
2, A2 = ω2 − Ω2 + h22a

2,

Q = 1 + ων0, A3 = a2 + ω(n1 + ωτ0),

A4 = ωε(n1 + n0ωτ0), D =
d
dx

.

Eliminating θ∗(x) and v∗(x) in Eqs. (21)–(23), we ob-
tain the partial differential equation satisfied by u∗(x)

(D6 − AD4 + B D2 − C) u∗(x) = 0, (28)

where

A =
1

h1h11
(h11A2 + h1A1 + h1A4Q

+ h1h11A3 − h2
2a

2), (29)

B =
1

h1h11

[
A1A2 + h11A2A3 + h1A1A3

+ Q(h11a
2A4 + A2A4 − 2h2a

2A4)

+ 4Ω2ω2 − h2
2a

2A3

]
, (30)

C =
1

h1h11
(A1A2A3 + A1A4a

2Q + 4Ω2ω2A3). (31)

In a similar manner, we get(
D6 − AD4 + BD2 − C

)
{v∗(x), θ∗(x)} = 0. (32)

The above equation can be factorized as

(D2 − k2
1)(D

2 − k2
2)(D

2 − k2
3)u

∗(x) = 0, (33)

where k2
n (n = 1, 2, 3) are the roots of the following

characteristic equation

k6 − Ak4 + Bk2 − C = 0. (34)

The solution of Eq. (33), which is bounded at x → ∞,
is given by

u∗(x) =
3∑

n=1

Mn(a, ω) exp(−knx). (35)

Similarly

v∗(x) =
3∑

n=1

M ′
n(a, ω) exp(−knx), (36)

θ∗(x) =
3∑

n=1

M ′′
n (a, ω) exp(−knx), (37)
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where Mn, M ′
n, and M ′′

n are some parameters de-
pending on a and ω. Substituting Eqs. (35)–(37) into
Eqs. (21)–(23), we have (n = 1, 2, 3)

M ′
n(a, ω) = H1nMn(a, ω), (38)

M ′′
n (a, ω) = H2nMn(a, ω), (39)

where

H1n =
− i ah11k

2
n + i aA1 + 2Ωω kn + i ah2k

2
n

2 i aΩω + h2kna2 + h1k3
n − A2kn

, (40)

H2n =
−A4 kn + i aA4H1n

k2
n − A3

. (41)

Thus, we have

v∗(x) =
3∑

n=1

H1n Mn(a, ω) exp(−knx), (42)

θ∗(x) =
3∑

n=1

H2nMn(a, ω) exp(−knx). (43)

Substituting Eqs. (35), (42), and (43) into Eqs. (24)–
(27), we obtain

σ∗
xx =

3∑
n=1

H3n Mn(a, ω) exp(−knx), (44)

σ∗
yy =

3∑
n=1

H4n Mn(a, ω) exp(−knx), (45)

σ∗
zz =

3∑
n=1

H5n Mn(a, ω) exp(−knx), (46)

σ∗
xy =

3∑
n=1

H6n Mn(a, ω) exp(−knx), (47)

where

H3n = (−A11kn + i aA12H1n − A22QH2n)/µT, (48)

H4n = (−A12kn + i aA22H1n − A22QH2n)/µT, (49)

H6n = µL(i a − knH1n)/µT, (50)

H5n = (−A12kn + i aλH1n − A22QH2n)/µT. (51)

Fig. 2. Displacement of an external mode-I crack.

We now apply above analysis to model-I crack as
shown in Fig. 2. The plane boundary subjects to an
instantaneous normal point force, and the boundary
surface is isothermal, the boundary conditions at the
vertical plan y = 0 and in the beginning of the crack

at x = 0 are

σyy(x, y, t) = −p(0, y, t), (52)

θ(x, y, t) = f(0, y, t),
∂θ

∂y
= 0, (53)

σxy(x, y, t) = 0. (54)

Substituting the expressions of the variables consid-
ered into the above boundary conditions, we obtain

3∑
n=1

H3nMn(a, ω) = −p, (55)

3∑
n=1

H2nMn(a, ω) = f, (56)

3∑
n=1

H6nMn(a, ω) = 0. (57)

Invoking boundary conditions (55)–(57) at surface
x = 0 of the plate, we obtain a system of three equa-
tions. After applying the inverse of matrix method, we
have the values of the three constants Mj(j = 1, 2, 3)

M1

M2

M3

 =


H41 H42 H43

H21 H22 H23

H61 H62 H63


−1 

−p∗

f∗

0

 .

Hence, we obtain the expressions for the displace-
ments, the temperature distribution, and another
physical quantities of the plate muscles.

4. Numerical results

With the analytical procedure presented earlier,
we now consider a numerical example, for which com-
putational results are given. The results depict the
variations of temperature, displacement, and stress
fields in the context of the three theories. To study
the effects of rotation and reinforcement on the wave
propagation, we use the following physical constants:

λ = 7.59 × 109 N/m2
, µT = 1.89 × 109 N/m2

,

µL = 2.45 × 109 N/m2
, α = −1.28 × 109 N/m2

,

β = 0.32 × 109 N/m2
, ρ = 7800 kg/m2

,

αt = 1.78 × 10−5 N/m2
, k = 386, CE = 383.1,

τ0 = 0.02, a = 1, T0 = 293 K, f∗ = 1,

p∗ = 2, ω = ω0 + i ξ, ω0 = 2, ξ = 1,

CE = 383.1 J/(kg · K), µ = 3.86 × 1010 kg/ms2.

The calculations are carried out for a time of t = 0.1.
The numerical technique outlined above is used for the
distribution of the real part of the thermal tempera-
ture θ, the displacements u and v, the distributions of
stresses σxx, σyy, σzz, and σxy for the problem. The
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field quantities including temperature, displacement
components u, v, and stress components σxx, σyy, σzz,
and σxy depend not only on space x and time t, but
also on thermal relaxation time τ0 and ν0. Here all
the variables are taken in the non-dimensional forms.
Two different values of Ω (Ω = 0 and Ω = 0.2 i.e.,
in the absence and the presence of the rotation) are
considered.

The results are shown in Figs. 3–9. The graphs
show the three results predicted by the different the-
ories of thermoelasticity. In these figures, the solid
lines represent the solution of the coupled theory, the
dotted lines represent the solution of the generalized
Lord and Şhulman theory, and the dashed lines repre-
sent the solution derived using the Green and Lindsay
theory. We notice that the results for the tempera-
ture, the displacement, and stress distributions with
the relaxation time included in the heat equation are
distinctly different from those without the relaxation
time in the heat equation, because the thermal wave in
the Fourier theory of heat travel has an infinite speed
of propagation as opposed to the finite speed in the
non-Fourier case. This demonstrates clearly the dif-
ference between the coupled theory and the theory of
thermoelasticity (L–S theory).

The value of y, namely y = 1, is substituted
in performing the computation. It should be noted
(Fig. 3) that in this problem, the crack size x is taken
to be the length, so 0 ≤ x ≤ 2. The y = 0 represents
the plane of the crack, which is symmetric with respect
to the y plane. It is clear from the graph that θ obtains
the maximum value at the beginning of the crack, and
it begins to fall just near the crack edge (x ≈ 1.1),
where it experiences smooth decreases (with the max-
imum negative gradient at the crack end). The value
of temperature quantity converges to zero with the
increase of distance x. The effect of rotation on tem-
perature decreases the value of the amplitude of θ.

As shown in Fig. 4, horizontal displacement u in-
creases near the crack edge (always starts from a neg-
ative value and terminates at the zero value), then
smooth decreases again to reach its minimum magni-
tude just at about the crack end. Beyond the end, u

falls again to retain zero at infinity. The values of u for
Ω = 0.2 are smaller compared to those for Ω = 0.0.
The behaviours of displacement u in the CD, the L–S,
and the G–L theories for the two different values of
rotation are similar.

0 2 4 6 8 10 12

-0.4

-0.2

0

0.2

0.4

0.6

x

CD
L-S
G-LΩ=0.0

Ω=0.2

θ

Fig. 3. Temperature distribution θ at different rotation

speeds.
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-0.15

-0.1

-0.05

0

0.05

0.1

x

u

CD
L-S
G-L

Ω=0.0

Ω=0.2

Fig. 4. Horizontal displacement distribution u at different

rotation speeds.

Figure 5 shows vertical displacement v. We can
see that displacement component v always starts from
a negative value and terminates at the zero value when
Ω = 0.2. Also, at the crack end, it reaches the max-
imum value. It reaches zero at the three double of
the crack size (state of particle equilibrium). When
Ω = 0.0, displacement component v always starts
from a positive value, reaches the minimum value at
the crack end, and is zero at the three double of the
crack size (state of particle equilibrium).
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Fig. 5. Vertical displacement distribution v at different

rotation speeds.
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Fig. 6. Distributions of stress component σxx at different

rotation speeds.
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Fig. 7. Distributions of stress component σyy at different

rotation speeds.
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Fig. 8. Distributions of stress component σzz at different

rotation speeds.

Displacements u and v show different behaviours,
because the elasticity of the solid tends to resist verti-
cal displacements in the problem under investigation.
Both of the components show different behaviours, the
former tends to increase to the maximum just before
the end of the crack. Then it falls to the minimum
with a highly negative gradient. Afterwards, it rises
again to the maximum beyond the crack end.

The stress component σxx reaches coincidence
with a negative value (Fig. 6) and satisfies the bound-
ary condition at x = 0. It reaches the minimum value
near the end of the crack and converges to zero with
the increasing distance x. The behaviours of the two
cases with different values of rotation are similar. The
rotation decreases the amplitudes of the stress. Fig-
ures 7 and 8 show the same behaviour as that found
in Fig. 6.
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Fig. 9. Distributions of stress component σxy at different

rotation speeds.

Figure 7 shows that stress component σxy satisfies
the boundary condition at x = 0 and has a different
behaviour compared to that of σxx. It decreases at
the beginning and starts to increase (maximum) in
the context of the three theories until reaching the
crack end for Ω = 0.2. When Ω = 0.0, it decreases
at the beginning and starts to increase (maximum)
in the context of the three theories until reaching the
crack end. These trends obey elastic and thermoelas-
tic properties of the solid under investigation.

Figures 10–16 show temperature θ, displacement
components u, v, force stress components σxx, σyyσzz,
and σxz for three different values of y (namely, y = 1,
y = 1.2, and y = 1.4) and two different values of rota-
tion under the G–L theory.

It is clear from the graph that θ increases to the
maximum value at the beginning of the crack (x = 0).
It begins to fall just near the crack edge (x ≈ 1.2),
where it experiences smooth decreases (with the min-
imum negative gradient at the crack end). The lines
for different values of y show different slopes at the
crack ends. More specifically, the temperature line for
y = 1 has the highest gradient compared with that for
y = 1.2 and y = 1.4 at the first range. In addition,
all lines begin to coincide to reach the reference tem-
perature of the solid when the horizontal distance x

is beyond the three doubles of the crack size. These
results obey the physical reality for the behaviour of
the fibre as a polycrystalline solid.
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Figure 11 shows horizontal displacement u. De-
spite the peaks (for different vertical distances y = 1,
y = 1.2, and y = 1.4) occur at the equal value of x, the
magnitudes of the maximum displacement strongly
depend on vertical distance y. It is also clear that
the rate of change of u decreases with the increasing
y as we go further away from the crack. On the other
hand, Fig. 12 shows the atonable increase of vertical
displacement v. It reaches the minimum value near
the crack end, and reaches zero at the three doubles
of the crack size (state of particle equilibrium).

Figure 13 shows horizontal stresses σxx. The lines
for different values of y show different slopes at the
crack ends. In other words, the σxx component line
for y = 1.4 has the highest gradient compared with
that for y = 1.2 and y = 1 at the edge of the crack
when Ω = 0.2. In addition, all lines begin to coincide
to reach zero after their relaxations at infinity when
horizontal distance x is beyond the three doubles of
the crack size. The variation of y has a serious ef-
fect on all magnitudes of mechanical stresses. These
trends obey the elastic and thermoelastic properties
of the solid under investigation.

0 2 4 6 8 10 12

-0.2

0

0.2

0.4

0.6

x

y=1

y=1.2

y=1.4

θ

Fig. 10. Temperature distribution θ obtained with the

G–L theory.
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Fig. 11. Displacement distribution u obtained with the

G–L theory.
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Fig. 12. Displacement distribution v obtained with the

G–L theory.
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Fig. 13. Stress distribution σxx obtained with the G–L

theory.

Figure 14 shows stress component σyy. The line
for y = 1.4 has the highest gradient compared with
that for y = 1.2 and y = 1 in the range of 1.2 ≤ x ≤
2.4 (near the crack edge). The line for y = 1 has the
highest gradient compared with that for y = 1.2 and
y = 1.4 in the range of 2.4 ≤ x ≤ 5 (near the crack
end) and converges to zero when x > 10. These trends
obey elastic and thermoelastic properties of the solid,
which is also true for Fig. 15.
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Fig. 14. Stress distribution σyy obtained with the G–L

theory.
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Fig. 15. Stress distribution σzz obtained with the G–L

theory.
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Fig. 16. Stress distribution σxy obtained with the G–L

theory.

Figure 14 shows that stress component σxy sat-
isfies the boundary condition. It sharply decreases
at the beginning and starts to increase (minimum) in
the context of the three values of y until reaching the
crack end. The line for y = 1.4 has the highest gra-
dient compared with that for y = 1.2 and y = 1 in
the range of 0 ≤ x ≤ 2. The line for y = 1 has the
highest gradient compared with that for y = 1.2 and
y = 1.4 in the range of 2 ≤ x ≤ 3.5 and converges
to zero when x > 8. These trends obey elastic and
thermoelastic properties of the solid.

5. Conclusion

Analytical solutions based on the normal mode
analysis for the themoelastic problem in solids have
been developed and utilized. A linear opening mode-I
crack has been investigated and studied for the copper
solid. Temperature, radial, and axial distributions are
estimated at different distances from the crack edge.
The stress distributions and the temperature are eval-
uated as functions of the distance from the crack edge.
We find that the curves in the context of the CD, the

L–S, and the G–L theories decrease exponentially with
the increasing x, which indicates that the thermoelas-
tic waves are unattenuated and nondispersive, while
purely thermoelastic waves undergo both attenuation
and dispersion. The curves of the physical quantities
obtained with the CD theory in most of the figures
are lower in comparison with those obtained with the
L–S and the G–L theories, which is due to the relax-
ation time. The values of all the physical quantities
converge to zero with an increase in distance y, and
all functions are continuous. The fibre-reinforcement
has an important role on the distributions of the field
quantities. The presence of rotation plays a significant
role in all the physical quantities. The amplitudes of
all the physical quantities decrease when the rotation
speed increases. Therefore, the presence of rotation in
the current model is of significance. Crack dimensions
are significant to elucidate the mechanical structure
of the solid. Cracks are stationary, and the external
stress is demanded to propagate such cracks. It can
be concluded that a change of volume is attended by a
change of the temperature, while the effect of the de-
formation on the temperature distribution is the sub-
ject of the theory of thermoelasticity. The method,
which is used in the present article, is applicable to a
wide range of problems in thermodynamics and ther-
moelasticity.
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