Chin. Phys. B Vol. 21, No. 1 (2012) 014204

Role of phase fluctuation and dephasing in
the enhancing continuous variable entanglement

of a two-photon coherent beat laser

Sintayehu Tesfa'

Max Planck Institute for the Physics of Complex Systems, N6thnitzer Str. 38, 01187 Dresden, Germany
Physics Department, Dilla University, P. O. Box 419, Dilla, Ethiopia

(Received 23 April 2011; revised manuscript received 29 August 2011)

A steady state analysis of the nonclassical features and statistical properties of the cavity radiation of a two-

photon coherent beat laser is presented. Results show that the degree of two-mode squeezing, detectable entanglement

and intensity of the cavity radiation can increase with the deviation of the phase fluctuations of the laser employed

in preparing the atoms, but decrease with the increasing rate at which the induced coherence superposition decays.

Although it is found that varying the phase fluctuations and dephasing can lead to modification in the quantum features

and statistical properties of the radiation, it does not alter the similarity in the nature of the degree of entanglement

detectable by the criteria following from Duan—Giedke-Cirac—Zoller and logarithmic negativity in a perceivable manner.

Since the intensity and quantum features can be readily enhanced, this system is expected to be a viable source of a

strong robust entangled (squeezed) light under various conditions. Moreover, comparison of the mean number of photon

pairs with intensity difference shows that the chance of inciting a two-photon process can be enhanced by changing the

rate of dephasing and phase fluctuations.
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1. Introduction

The study of the statistical properties, two-mode
squeezing and bipartite entanglement of the cavity
radiation of a three-level cascade laser of various
schemes has received a great deal of attention over the
years.l! =11 The nonclassical features arising from the
strong correlations are essentially linked to the coher-
ent superposition. The atomic coherence in the cas-
cade configuration, where a direct spontaneous tran-
sition between the upper and the lower energy levels
is presumed to be electric dipole forbidden, can be
induced by either coupling these levels by an exter-
nal driving mechanism!* = or preparing the atoms in
an initial superposition of the two.["8! For the sake of
clarity, the amplification of light when spontaneously
emitted photons are correlated by the atomic coher-
ence resulting from the initial preparation and the ex-
ternal pumping is designated earlier as a coherent beat
laser."? In order to establish the lasing process, the
initially prepared atoms are assumed to be injected
into the cavity at a constant rate and removed after
they decay to the levels that do not directly involve
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in the lasing process. The coherence beating, on the
other hand, can be introduced by pumping the atoms
externally while they are traveling across the cavity.
However, in a normal practical setting, it may be
impossible to prepare the atoms initially at an arbi-
trary coherence at will due to the pertinent instabil-
ity of the employed laser and an inevitable imperfec-
tion in the setup.'2=!71 This means that the atoms
can only be prepared in a partial coherent superpo-
sition. Most recently, based on a proposal that the
phase fluctuations that emerge in connection to the
faulty preparation may enhance nonclassical features

via creating indirect spontaneous emission roots,!'?

there is an indication that the two-mode squeezing!!?]
and entanglement!'¥ can increase with the phase fluc-
tuation especially when there is strong external pump-
ing. In addition, the laser that can be utilized for an
external driving has a corresponding instability which
leads to fluctuations in the induced coherence. In or-
der to limit the otherwise emerging complications, the
effect of phase fluctuations resulting from the exter-
nal pumping is not considered here, although taking

the phase as randomly fluctuating c-number parame-
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ter can lead to a substantial decrease in the degree of
entanglement.[w’l&lg] Moreover, despite the frequent
assumptions that the rate at which the initially pre-
pared coherence decays is the same as the atomic de-
cay rate, the involved quantum fluctuations and the
possibility of phase locking encourage us to consider
the case when they are actually different.[20:21]

Because of these underlying physical processes,
the study of the effects of the phase fluctuations and
dephasing on the statistical properties and quantum
features of the cavity radiation appears to be very im-
portant. Based on the fact that the bipartite entangle-
ment and intensity of the radiation exhibit oscillatory
nature when there is no external radiation!'¥ at the
early stages of the lasing process, the main objective
in this study is to investigate if the same condition
prevails at steady state. Since many optical experi-
ments have been carried out under the steady state
condition with promise of applicability over a longer
time span, it is envisaged that this study can be very
vital in enriching the existing understanding of the
entanglement to be detected. With this conviction,
the degree of two-mode squeezing is compared with
the bipartite entanglement detectable by applying the
criteria of the logarithmic negativity. In earlier com-
munications, comparison between the two reveals that
the detectable entanglement exhibits a similar trend to
the two-mode squeezing for certain parameters.[l‘l’m
Taking this as a motivation, the nature of the relation
between the detectable degree of entanglement when
different criteria are employed and how the emerg-
ing tendency changes with the phase fluctuation and
dephasing are analyzed. Moreover, aiming at under-
standing the strength of the emitted radiation and the
efficiency of the process of two-photon emission, the
corresponding photon statistics is studied.

In order to achieve these goals, the rate equations
of the auto- and cross-correlations are solved at steady
state by setting the time derivatives to be zero, al-
though the general solutions of the coupled differential
equations were provided elsewhere.['?] This approach
significantly reduces the otherwise involving long steps
with unnecessary lengthy expressions. By dividing the
existing equations into two based on their relation-
ships, and then simultaneously solving the emerging
c-number equations, we can obtain the required mean
photon numbers of the modes and the correlations be-
tween the two radiations. It is found that the phase
fluctuation inherent with the imperfect preparation
can be applicable in enhancing the detectable entan-

glement and squeezing, particularly when the atoms
are initially prepared in an arbitrary coherent super-
position and externally driven by a strong classical

radiation.

2. Various correlations

The interaction of a pumped nondegenerate three-
level atom with a resonant two-mode cavity radiation
can be represented by the rotating-wave approxima-
tion and the interaction picture by the Hamiltonian of
the form

I = igfala) (o — [B){ala” + Bib) (el — Je) 01
F12 (16l — lael] (1)

where {2 is a real-positive constant proportional to the
amplitude of the driving radiation and g is a coupling
constant chosen to be the same for both transitions.
Here, a and b are the annihilation operators that rep-
resent the two cavity modes. In the cascade configu-
ration, the transition from the upper energy level |a)
to the intermediate level |b) and from level |b) to the
lower energy level |c) are taken to be resonant with
the cavity radiation, whereas the direct spontaneous
transition between |a) and |c) is electric dipole forbid-
den.

Due to various quantum effects associated with
the preparing procedure, it is assumed that the atoms
can only be initially prepared in an imperfect coher-
ent superposition of the upper and lower energy levels
described by

74(0)) = Ca(0)la) + Cc(0) e'¥le), (2)

where C,(0) and C.(0) e'? are probability amplitudes
for the atom to be initially in the upper and lower en-
ergy levels, respectively, and ¢ is an arbitrary phase
difference between the two states. Note that this term
does not include the fluctuations originated from the
instability and broadening of the pump laser. In prin-
ciple, ¢ can be randomly distributed about a fixed
mean phase ¢g, wherein addressing the contribution
of every phase change does not seem realistic. Con-
sequently, assuming the phase fluctuations as a Gaus-
sian random process!'®~ '8l and using the deviation of
the phase fluctuation instead of the actual phase have
led to more tractable situations.[*3:14 In this context,

employing the property of the Gaussian variables, 23]
we can obtain
(exp(£i8p)) = exp(—(8p%/2)). (3)
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Moreover, for a Gaussian random process, (6¢p) is zero,
where (82¢/2) = 0 represents the deviation of the
phase fluctuations from ¢q, taken as zero for conve-
nience, which is generally designated simply as a phase
fluctuation.

In studying the nonclassical features and statis-
tical properties of the generated radiation, deriving
various correlations from the master equation is essen-
tial. For the system under consideration, the master
equation was provided as!!?l

where k is the cavity damping constant,

s ®)
B=(4+¢)(1+0), (6)
Dy =2¢"” +2x £n(¢'¢ — 2x), (7)
By = (20 + V1 —n2e*i?, (8)
Fr=3n¢' = (2= {OVI-n2e*®, (9)

d D f— 4 f— ft . 1
dp _ E[Qaﬁfﬂ _ atap — patal ¢ =0/, ¢ /T and x = v/I'. Moreover, 7 is
e 2 the rate of dephasing (the rate at which the coherence
n AD, [Q&Tﬁd — paat —aat ﬁ} superposition decays while the atoms traverse in the
12BAD cavity), I' is the spontaneous atomic decay rate, r,
+ 5 <B + /<;> [23;33[ - ﬁlA)TlA) - Eflgﬁ} is the rate at which the atoms are injected into the
cavity and 7 is the population inversion.
AL+ T35t~ atpa — btbp + aatp
+ 2B [ po! —a'pa—0'bp + aa p} Making use of the master equation and the fact
AE_ 7. .- apa ) = H ) ) i
. [bﬁb* e bt ﬁaaﬂ that (d/dt)(O(t)) = Tr ((dp/dt)O) (where O is any
AQ}E operator), it is not difficult to verify that
+ 55 [aTﬁéT —btatp+ bpa — ai),a]
AP_ [ st b o Stan) =~ () ) + iten, (o)
+ [af pbt — gbtat + bpa — ﬁab] a 2 5 )
ACQUACQ) ot a srtot  aia s and i — — (EE0=N ey - Ot
+ — 55 [bTan —pbtat —abp + pab), (4) dt<b(t>> = 5 (b(t)) B) (@'(t)), (11)
|
d i A1) bs 1 i St ()bt
(@' (a@) = =(s+ay){a' (Oa) + 5 [(a(O)b(t) + (@' (b ()] — by, (12)
d s P by .. .- b 4 on
a@f(t)b(t)) = —(r+a-) (T (1)b(1)) — 7+<a(t)b(t)> - §<af(t)bT(t)>7 (13)
d . 25+ ar +a_ o b_ . by - A b_
—(a(t)b(1)) = — [ ———=—— ) (@(®)b(t)) — 5 (@' (H)a(1)) + == (b (1)b(t)) — = (14)
dt 2 2 2 2
d ) . ~
&@2(0) = —(r+a)(@3(1) + by @(t)d' (1)), (15)
d . . s
E<b2(t)> = —(rk+a-)(P*(t)) — b (a()b' (1)), (16)
d A.i. ~ AT -~ b+ 29 b_ AT2
SN Ob) = —(+a_ +a4) (@ (OB + = (2(0) - 5@ (), (1)
where ‘order, it would be mathematically more appealing us-
A ing the corresponding c-number equations associated
ax = Z[20+ 06 +n(2x ~ ') o poneTs . O e
" 8 with the normal order in the forthcoming discussion.
2
1:1 (™ + X)]’ (18) It is a common practice that the various correla-
by = B (3¢’ + (¢'¢=2)0 £ (1+Q)], (19)  tions of interest can be determined at steady state by
in which setting the time derivatives of the preceding expres-

O=re’1-n (20)

Note that the above expressions are c-number equa-
tions. Since the operators are already put in a normal

sions to be zero. Assuming the cavity to be initially
in a two-mode vacuum state and the noise force at
a time is not statistically related to the cavity mode

variables at earlier times, one can find
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(a(t)) = (B(1)) = (a®(1)) = (B*(1)) = (" ()B(t)) =0, (21)
. L [E(Q=p)* + Mg (1—p) L(1+p)* = Mgy (1 +p) L(1 —p*) + Mgyp
e Il e A o e e M
. (L +Mq_(1+p) Lg®> — Mq_(1—p) Lg®> + Mq_p
(0300 = a [ |2Em B [ >
_ _ 2 _ 2
(a(t)ﬁ(t)):A[QLq(l p) Jlrﬁl\gi 2 +qq+)} _A[Lq(ler) 153\2(:_ p +qq+)}
2Lg-p+ M1 +p* —q-q+)
4 { AB(pt + p) ] ' @
Here,
L=2¢"+2x—(2¢' +¢)© —n(2x — ¢¢), (25)
M =1+ +2-¢06 -3, (26)
s = g + % [(2¢" + Q)0 +n(2x - ¢'¢) + Z], (27)
p= 2 (28)
g — 1+ F [3ch - (2- C’C)@]’ (20)
where

Z=/C2(1+ ()2 +4(C*+x)2 — [Bn¢ — (2 - ('¢)O]2.

It is possible to assert from a straightforward alge-
bra that the steady state solution would be physically
plausible as long as g+ > 0. Hence, since py is al-
ways positive, the analysis in this study is limited to
the case when p_ > 0.

3. Quantum features

3.1. Two-mode quadrature squeezing

It has been experimentally demonstrated that a
three-level laser of various scheme can be a source of

t.24-30] Specifically, the com-

two-mode squeezed ligh
petition between the coherence induced by pump-
ing and atomic configuration in a similar cascade
scheme (coherence beating) in the framework of four-
wave mixing[*¥ and phase locking[?® lead to a strong
two-mode squeezing. Moreover, a recent theoret-
ical work on the time evolution of the two-mode
squeezing (when the atoms are partially prepared with
50% probability to be in the upper energy level ini-
tially) showed that dephasing and phase fluctuation
can enhance the degree of squeezing under certain
conditions.['3] Taking this as a motivation and follow-
ing a similar approach, the nature of the two-mode

quadrature squeezing at steady state is studied for an

arbitrary initial preparation. It is expected that this
consideration provides a far more general picture of
the situation.
Nowadays, it is a common experience describing
a two-mode cavity radiation by an operator
1 N

é:ﬁ(d—i—b),

where G and b represent the separate modes. Then,

(30)

the pertinent quadrature operators that can be ap-
plied in studying the two-mode squeezing are defined

as

i =¢te (31)
and

(32)

e =i(et —e),

where the corresponding variances can be readily ex-
pressed in terms of the c-number variables associated
with the normal ordering for the system as

A =1+ (" (t)a(t)) + (B (1)A())

+ [ (057 (1) + (a®)BEN] . (33)

In what follows, the nature of the two-mode
squeezing is analyzed for various cases applying
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Egs. (22)-(29) and (33). It is expected that the
spontaneous emission during cascade transitions es-
tablishes more correlations in time (supported by the
injection process), which can ultimately overcome the
thermal fluctuations and hence lead to a strong two-
mode squeezing at steady state. Aiming at circum-
venting the unpleasantness corresponding to the num-
ber of involved parameters, the values of the linear
gain coefficient and amplitude of the driving radia-
tion are fixed at A = 2 and {2 = 10I", respectively.
Note that these values are chosen in accordance with
the pertinent steady state condition.

The results in Figs. 1 and 2 show that a two-
photon coherent beat laser can be a source of two-
mode squeezed light under a broad range of condi-
tions as might anticipated from the form of the mas-
ter equation. Figure 1 particlularly indicates that the
degree of two-mode squeezing increases with the de-
creasing rate at which the coherent superposition de-
cays. This demonstrates that if we lock the upper
and lower energy levels without significantly compro-
mising the spontaneous emission while the atoms tra-
verse in the cavity, there would be a good chance for
enhancing the squeezing. Moreover, we can find that
other than shifting Acz up or down, varying the rate
of dephasing does not fundamentally alter the general
nature of the squeezing for the parameters under con-
sideration. Since the degree of squeezing depends on
the linear gain coefficient and amplitude of the driv-

ing radiation, 731

it would be reasonable to expect
changes in the above trend while the involved param-
eters are manipulated.'¥ For instance, at the early
stages of the lasing operation, the dependence of the

squeezing on the dephasing was found to be different

in the weak and strong driving limits.[*3]
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Fig. 1. (colour online) The variance of the minus quadra-
ture (Ac?) of the cavity radiation for x = 0.5, § = 0.1,
A =2, 2 =10I" and different values of v/I".
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Fig. 2. (colour online) The variance of the minus quadra-
ture (Ac2) of the cavity radiation for x = 0.5, v = 0.95I",
A =2, 2 =10I" and different values of 6.

In addition, Figure 2 clearly shows that the de-
gree of two-mode squeezing increases with the devi-
ation of the phase fluctuations. A similar nature of
squeezing was demonstrated at the early stage of the
lasing process when there is a strong external driving
radiation.['3] Tt is also possible to learn from Eq. (20)
that, when n = 1, the degree of squeezing would be in-
dependent of the phase fluctuation, since n = 1 corre-
sponds to the absence of coherent superposition at the
beginning. This asserts that the existence of a strong
correlation near 7 = 1 can be fairly attributed to the
external driving mechanism and dephasing. In-depth
analysis reveals that a similar tendency of squeezing
exists as long as the rate at which the atoms are in-
jected into the cavity is kept to be small (A is small).
Therefore, varying the degree of phase fluctuation can
shift Ac?, but it does not change the overall trend of
the squeezing in a perceivable manner, at least for the
parameters under consideration.

Furthermore, the degree of two-mode squeezing is
found to be higher when the atoms are initially pre-
pared in the maximum coherent superposition (n = 0)
despite the assumed strength of the external driving
radiation. It is established based on earlier studies
that the appearance of the squeezing for n = 0 is
attributed to the coherence induced by the external
driving mechanism, without disregarding the contri-
bution of dephasing and phase fluctuation. Moreover,
comparison of the results presented in Figs. 1 and 2
reveals that by varying the rate at which the coherent
superposition decays and fluctuations of the laser de-
ployed for the initial preparation of the atoms along
with the way the atoms are prepared, it is possible to
optimize the generated squeezing. Even though the
values of A and 2/I" are fixed in this work for con-
venience, it is not difficult to envisage that the degree

014204-5



Chin. Phys. B Vol. 21, No. 1 (2012) 014204

of squeezing can be further manipulated upon vary-
ing the rate at which the atoms are injected into the
cavity and the amplitude of the driving radiation.®!]

On the other hand, based on the fact that for the
nondegenerate three-level cascade laser, the sum of the
variance of the Einstein-Podelsky—Rosen (EPR) type
quadrature operators®? is related to the variance of
the quadrature operators by (details can be found for
instance in Refs. [7] and [33])

Au? + Av? = 2A¢2

it is obvious that the discussion provided earlier for
the two-mode squeezing equally holds for a bipar-
tite entanglement detectable using the criterion from
Duan-Giedke-Cirac-Zoller (DGCZ).4 With this un-
derstanding, it is possible to conclude that the gener-
ated bipartite entanglement can be enhanced by de-
creasing the rate at which the coherent superposi-
tion decays and by slightly increasing the deviation
of the fluctuations associated with the laser deployed
Note that the actual opti-
mum value can be obtained by choosing the proper

for preparing the atoms.

parameters involved.

3.2. Continuous variable entanglement

Nowadays, many criteria can be applicable in de-
tecting a bipartite entanglement.®~%1 In many in-
stances, different criteria give different conclusions,
since fundamentally they are derived based on differ-
ent contexts and also by measuring different aspects
of the system.?2 One of the inseparability criteria for
the continuous variable bipartite system corresponds
to a logarithmic negativity (Fx)“2744 that can be
defined asl*4—46]

Ex = max|0, — log, V4, (34)

where V5 is the smallest eigenvalue of the symplectic
matrix.[*44%] The inseparability condition pertaining
to this approach (which is usually dubbed as logarith-
mic negativity) is based on the well established fact
that for the composite state to be separable to its
constitute, the product density operator should have
a positive partial transpose.

By solving the eigenvalue equations for the sym-
plectic spectrum of the covariance matrix of the par-
tially transposed density operator, the form of the

smallest eigenvalue turns out to bel*?

1/2
—-\/52-4det5] / (35)
2 )

‘/S:

where

& = detop + detop — 2detoap, (36)

in which for the system under consideration(22:47]

detop =1+ 4a*(H)a(@))[{a*()at)) +1],  (37)
detop = 1+ 4(8"(1)B(0))[(6"(1)B(1)) + 1], (38)
(t)

detoap = —4{a(t)B(t))?, (39)
sz = 10 L4 000+ 60500
+ {a” (t)a () (3" ()B(1)) — (a(t)B(1))?

(40)

It is well known that the two-mode Gaussian
product state would be entangled provided that Ex =
log,y Vs, which implies that log, Vi should be negative.
This in other word means that

Vi<l (41)

stands for the condition of detecting entanglement.

Applying criterion 41, a substantially robust bi-
partite entanglement for a similar scheme at steady
state and early stages of the lasing operation were sep-
arately reported.'*22 In particular, when the atoms
are initially prepared with a maximum partial co-
herence, the degree of detectable entanglement ex-
hibits fluctuations with time when there is no external
pumping.! Following a similar approach, the degree
of detectable entanglement is analyzed for various val-
ues of the population inversion, rate of dephasing and
deviation of phase fluctuations.

It can be seen from Figs. 3, 4 and 5 that the gen-
erated radiation exhibits a robust bipartite entangle-
ment. Figure 3 shows that the degree of detectable en-
tanglement decreases with the increasing rate at which
the coherent superposition decays. Even though it is
not included in this work, it has been demonstrated
earlier that in the absence of the external pumping,
there is no entanglement for n = 1.22) However, in
relation to the strength of the external driving radi-
ation ({2 = 10I'), the degree of entanglement is sig-
nificantly large when the atoms are initially prepared
at the lower energy level. The phase fluctuation has
no effect on the outcome. This result is not surpris-
ing since substantial correlation of the two radiations
was predicted earlier when there was a strong external
driving and 17 = 1.1/ Note that although the degree of
detectable entanglement generally decreases with in-
creasing v/I", the general nature of the entanglement
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does not change in a perceivable manner while the rate
of dephasing is narrowly varied. In addition, when the
coherent superposition is induced by the initial prepa-
ration (n # 1) and there is a strong external pumping
(2 > I'), the existence of the coherence beating de-
creases the nonclassical correlation except for certain
particular cases.

0.72
N /,,—" ~,
f” A
0.68 |
— 7 =0.95I"
ey =0.90T
v =0.85I"
0.66 . . : :
0 0.2 0.4 0.6 0.8 1.0
n

Fig. 3. (colour online) The smallest eigenvalue Vi of the
cavity radiation for k = 0.5, 6 = 0.1, A =2, 2 =10I" and
different values of v/I".

Figures 4 and 5 show that other than near n =1,
the degree of detectable entanglement increases with
the deviation of the phase fluctuations. As discussed
elsewhere, for the time-dependent case, this situation
remains true as long as there is a strong external driv-
ing radiation.'¥ Specifically, the effect of the phase
fluctuation is more prominent when the atoms are
initially prepared in a maximum coherent superposi-
tion. At this juncture, the phase fluctuation weakens
the expected strong coherence superposition resulting
from the initial preparation and the external driving
mechanism. In the process, it serves in lessening the
emerging locking of the upper and lower energy lev-
els and in a way facilitates the cascade spontaneous
emission, which is basically the source of the nonclas-
sical correlations in such a system. However, it is also
possible to realize that, upon comparing the results
given in Figs. 4 and 5, if one manages to decrease the
rate at which the coherence decays while the atoms
traverse in the cavity slightly without compromising
the emission process, the degree of detectable entan-
glement increases by a perceivable amount especially
near n = 0.

Furthermore, in recent years, comparative stud-
ies on various approaches of detecting entanglement
indicate that there is an overlap of the predictions.??
Researchers try to detect entanglement using different
criteria to enrich the understanding of the pertinent

underlying mechanism, which may allow to ease the
practical challenges by providing an alternatives. In
what follows, the degree of entanglement that can be
detected applying the criteria obtained from the log-
arithmic negativity is compared with the sum of the
EPR-type quadrature operators for selected parame-
ters (note that Au? + Av? is multiplied by half so that
the comparison can be straightforward).

0.74
—9=0
--- 0 =005
0.737 9 =0.10
= o2t

0.71¢

0 0.2 0.4 0.6 0.8 1.0
n
Fig. 4. (colour online) The smallest eigenvalue Vi of the
cavity radiation for k = 0.5, vy =1, A =2, 2 = 10" and
different values of 6.
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0 0.2 0.4 0.6 0.8 1.0
n

Fig. 5. (colour online) The smallest eigenvalue Vi of the
cavity radiation for k = 0.5, v = 0.95I", A =2, 2 = 10I"
and different values of 6.

Figure 6 shows that the degree of entanglement
predicted by the logarithmic negativity is significantly
higher than the corresponding DGCZ, which is in
agreement with earlier work.'¥) For the parameters
under consideration, the tendency of the detectable
entanglement is similar. However, critical scrutiny re-
veals that the difference between the two is smaller
for n = 0, in connection to the fact that the two cri-
teria predicted maximum entanglement for different
values of . That is, for parameters used, the criterion
obtained from DGCZ predicts that the entanglement
would be maximum for 7 = 0, whereas the logarithmic
negativity when n = 1. This kind of disparity can be
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linked to the context from which they are derived and
the physical quantities they are referring to. Detailed
discussion on the disparity between the prediction of
the two criteria can be found in Ref. [22].

0.78
R
074} " —%
e 0.5(Au? + Av?)
072}
0.70 //—\
0.68 : - : :
0 02 04 06 08 1.0
n

Fig. 6. (colour online) The smallest eigenvalue Vs and the
variance of the minus quadrature operators (Ac? ) of the
cavity radiation for k = 0.5, v = 0.95I", A =2, 2 = 10I"
and 0 = 0.1.

4. Photon statistics

Despite the already existing detailed studies on
the statistical properties of the cavity radiation of a

713,33 it still seems neces-

three-level cascade laser,!
sary to investigate the changes in the mean photon
number, Mandel’s Q-factor and normalized intensity-
difference fluctuations at steady state in relation to

dephasing and phase fluctuations.

4.1. Mean photon number

In order to learn about the brightness of the gen-
erated light, it is necessary to study the mean number
of photon pairs describing the two-mode cavity radia-
tion that can be defined as

N = (e"(t)e(r)), (42)

where ¢é(t) is the annihilation operator given by
Eq. (30). On the basis that the operators in Eq. (42)
are already put in the normal order, it is possible to
rewrite it in terms of c-number variables associated

with the normal ordering as

1

N =5 [{a"(Oa(®) + (8" (0)B(E)]- (43)

Since (a*(t)a(t)) and (8*(¢)3(t)) represent the
mean photon numbers in mode a and mode b, respec-
tively, N can be interpreted as the mean number of
photon pairs. Therefore, the mean photon number

describing the cavity radiation can be taken as 2N.

Earlier study for a similar scheme when the atoms
are initially prepared in a partial maximum coher-
ence revealed that the mean photon number steadily
increases with time.['¥ This suggests that at steady
state a much more strong light is expected. For con-
venience, the parameters in this analysis are fixed to
be the same as the corresponding values in the preced-
ing discussion except for 6, which is slightly changed
for the purpose of clarity.

The result presented in Fig. 7 indicates that the
mean photon number increases with the decreasing
value of «/I', since more atoms are expected to par-
ticipate in the spontaneous emission process. How-
ever, Figure 8 shows that the mean photon number
increases with the deviation of the phase fluctuations.

3.5
----- v =0.95I"
g ---y=0.90I"
Q
= 0.85I"
E 25 y
=]
= )
: 7
+~ /,
o B
& -
B R e |
=l I .
N T
E ________________
0.5 . ‘ ‘ |
0 0.2 0.4 0.6 0.8 To

Fig. 7. (colour online) The mean photon number 2N of
the cavity radiation for k = 0.5, 0 = 0, A = 2, 2 = 10I"
and different values of v/I".

—0=0

Ldr - 9=0.25
6 =050

Mean photon number

0'80 0.2 0.4 0.6 0.8 1.0
n

Fig. 8. (colour online) The mean photon number 2N of
the cavity radiation for Kk = 0.5, vy =1", A =2, 2 = 10I"
and different values of 6.

In both cases, the mean photon number increases with
1. Thus, the more the atoms are initially prepared in
the lower energy level, the stronger the intensity of
the radiation would be. This outcome bears meaning
when viewed in relation to the strength of the external
pumping radiation that inhibits a direct spontaneous
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emission severely due to coherence beating when the
coherent superposition is initially prepared. Moreover,
comparing the results obtained here with the discus-
sion on entanglement and two-mode squeezing, we find
that the mean photon number is significantly higher
for the case in which there is a strong nonclassical cor-
relation. Hence, based on the possibility of increasing
the intensity by a proper selection of the involved pa-
rameters, this may lead to the conclusion that the
system under consideration can be a source of bright
entangled (squeezed) light.

4.2. Mandel’s Q-factor

It is a common experience that a nonclassical pho-
ton number correlation can be studied applying the
measure of the departure of the photon statistics from
the Poisson character.[*8:49 This measure of departure
can be represented by the Mandel’s Q-factor defined

as
((An)?) — (A)
Q=" (44)
(7)
which can be expressed in terms of c-number variables
associated with the normal ordering as??
- t)B(t))?
Q = N + WP )Zf_?( Ihy (45)

It is well known that the negativity of the Man-
del’s parameter refers to a sub-Poissonian character
of the photon statistics that essentially refers to a
nonclassical property. Since the mean number of
photon pairs and (a(t)3(t))? are positive, the Man-
del’s @-factor in this case is definitely greater than
0. This ensures that the generated radiation demon-
strates super-Poissonian photon statistics while ex-
hibiting nonclassical properties such as squeezing and
entanglement. Detailed analysis shows that this be-
havior would not be affected in an essential way by
changing the rate of dephasing and phase fluctuation.
The situation in which a given state can exhibit non-
classical behavior even when the ()-factor is positive
has been reported earlier.22:50]

4.3. Normalized intensity-difference flu-
ctuations

The intensity-difference fluctuations allow us to
investigate how the difference between the mean pho-
ton numbers of the two radiations deviates from each

other. This study is based on the assumption that

there is a difference between the mean photon num-
ber of the two radiations due to the disparity of the
absorption-emission mechanism among the involved
atomic energy levels. Earlier report, in this direction,
showed that the variance of the intensity-difference per
mean photon number (normalized intensity-difference
fluctuations) lies between 0 and 1 when the atoms are
assumed to be initially prepared in an arbitrary co-
herent superposition.[”] In this study, the main task
is to check whether this outcome can be affected by
changing the rate of dephasing and phase fluctuation
or not.

Therefore, the variance of the intensity-difference
can be defined as

AIf = (IR) — (Ib)?, (46)

where the difference of the intensity is given by

In = af(t)a(t) — bi (¢)b(2). (47)

Hence, making use of Eq. (47), it is possible to ex-
press Eq. (46) in terms of c-number variables associ-
ated with the normal order asl”)

AIf = (" ()1 + (" (H)a(t))]
(BB + (B~ [)B(1)]
— 2(a(t)B(1))*. (48)

+

For simplicity, the normalized intensity-difference fluc-
tuations is defined as
AL

Al}p = N

(49)

Figures 9 and 10 show that the normalized
intensity-difference fluctuations lie between 0 and
1. We can also see that the normalized intensity-
difference fluctuations increase with the decreasing
rate of dephasing and deviation of the phase fluctu-
ations. Critical observation indicates that the overall
tendency follows the same pattern as the squeezing
and entanglement. Although the author is not clear
about this so far, the form of Eq. (48) and the ob-
served pattern are suggestive of some sort of a non-
classical behavior. With the comparative advantage
of measuring intensity difference fluctuations between
two lights, it is hoped that such a study can aid in
devising other approaches for detecting nonclassical
features. Note that the effects of the rate of dephas-
ing and phase fluctuations on squeezing, entangle-
ment and normalized intensity-difference fluctuations
are not generally the same.
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Fig. 9. (colour online) The normalized intensity-

difference fluctuations AII%D of the cavity radiation for
k=0.5,60=0A=2, 2 = 10" and different values of
y=1TI.
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Fig. 10. (colour online) The normalized intensity-

difference fluctuations AII%D of the cavity radiation for
k=05,y=1,A=2, 2 =10I" and different values of 6.

On the other hand, the extent to which the pho-
tons are emitted in a successive manner, which is
usually interpreted as a two-photon process, can be
evaluated by comparing the mean number of photon
pairs with the mean intensity difference. Based on
the mean intensity difference, (Ip) = (o (t)a(t)) —
(8*(t)B(t)) and, the mean number of photon pairs,
N = [(a*(t)a(t)) + (B*(t)B(t))]/2, it is not difficult
to see from Fig. 11 that the mean photon number in
mode a is greater than mode b. This implies that
the mean number of photon pairs of radiation emit-
ted when the atom decays from the upper energy
level to the intermediate is larger than that when it
goes from the intermediate to the lower energy level.
The fact that the mean number of photon pairs is
greater than the mean intensity difference implies that
[(a* (a(t))/3 < (*®)B(1) < (a*(Ha(t)). This in-
dicates that contrary to the earlier report, the mean
number of photons in mode b can be quite close to
that in mode a. This, on the other hand, can be inter-
preted as there is a significant probability for photons

with different frequencies to be emitted at the same
time. In other words, the external driving while sup-
ported by dephasing and phase fluctuation can provide
a chance for establishing a two-photon process which
can be useful when a twin beam source is required.
Therefore, it is possible to deduce that the nonclassi-
cal features and the photon statistics observed in this
work can be associated with the two-photon process
in the amplification of the correlated emission.

1.0
0.81
<§ mean number of photon pairs
. 0.6
I —
S 2N
= -
0.4f (p) ]
| mean intensity difference |
0.2 - ‘ - :
0 0.2 0.4 0.6 0.8 1.0

n

Fig. 11. (colour online) The mean photon number 2N
and mean intensity difference (Ip) of the cavity radiation
for k = 0.5,y =0.95I", A= 2, 2= 101" and 0 = 0.1.

5. Conclusion

In this study, the effects of the phase fluctuation
and dephasing on the quantum features and statisti-
cal properties of the cavity radiation of a two-photon
coherent beat laser is presented. It is found that the
degree of two-mode squeezing, detectable bipartite en-
tanglement, intensity and fluctuations of the intensity-
difference significantly rely on the rate of dephasing
and deviation of the phase fluctuations. Even in a
small range of change of dephasing from the usual as-
sumption (v = I'), the improvement in the degree
of squeezing and detectable entanglement is obvious,
especially when the atoms are initially prepared in a
maximum coherent superposition (1 = 0). Moreover,
slightly disturbing the initial preparation of the coher-
ent superposition with the aid of the associated phase
fluctuations leads to a significant modification in the
nonclassical features and photon statistics.

In connection to the strong external driving mech-
anism, the degree of two-mode squeezing and de-
tectable entanglement of the cavity radiation increases
with the deviation of the phase fluctuations, which
can be observed when the atoms are initially pre-
pared with a certain coherent superposition (n # 1).
It is shown that the effect of phase fluctuation and
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dephasing would be significant when the atoms can
be initially prepared in a maximum coherent super-
position. The other important aspect of including the
effect of phase fluctuation is witnessed by the incre-
ment of the mean photon number with the deviation
of the phase fluctuations especially near n = 0. These
results can be associated with the fact that the change
of the phase fluctuation affects the actually available
coherence locking of the involved energy levels which
is induced by preparation and driving.

To study the trend of the detectable entangle-
ment from different perspectives, the degree of en-
tanglement that can be predicted applying the log-
arithmic negativity is compared with the criterion of
DGCZ. It is shown that the general tendency is more
or less similar, although the actual values are not the
same. The criterion obtained from logarithmic nega-
tivity is violated more strongly than the correspond-
ing DGCZ criterion. Although the change in the pa-
rameters under consideration leads to a substantial
modification in the result, it generally does not al-
ter this trend much for a similar scheme.??l On the
other hand, the mean number of photon pairs and the
mean of intensity-difference are compared. It turns
out that the mean photon number of the radiation
emitted when the atoms spontaneously decay from up-
per to intermediate energy level is greater than that
when they go from intermediate to the lower energy
level. Nevertheless, the two mean photon numbers
are closer to each other in this case than the earlier
report.[3!] This indicates that the chance for obtaining
two-photon process is highly likely, which makes this
system a viable candidate when generation of a twin
beam is required.

This study demonstrates that by varying the rate
at which the coherent superposition decays and the
degree of phase fluctuations along with the initially
prepared coherent superposition, the rate at which
the atoms are injected into the cavity and the am-
plitude of the external driving radiation, it is possi-
ble to generate a strong entangled (squeezed) light.
Therefore, it is worth emphasizing that the degree of
detectable entanglement is larger when the intensity
of the radiation is also stronger. With the possibility
of manipulating the involved parameters, it is hoped
that the nondegenerate three-level cascade laser can
be a viable candidate for studying nontrivial nonclassi-
cal correlations. Moreover, the similarity between the
nature of normalized intensity-difference fluctuations
on one hand and the squeezing and entanglement on

the other suggests the possibility of detecting the lat-
ter via straightforward intensity measurement. This
study shows that the inclusion of the effect of phase
fluctuation and the rate at which the coherent super-
position decays provides a more flexible scenario in
the practical utilization of the system.
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