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By considering a double Jaynes–Cummings model, we investigate the dynamics of quantum correlations, such as

the quantum discord and the entanglement, for two atoms in their respective noisy environments, and study the effect

of the purity and the cavity temperature on the quantum correlations. The results show that the entanglement suffers

sudden death and revival, however the quantum discord can still reveal the quantum correlations between the two atoms

in the region where the entanglement is zero. Moreover, when the temperature of each cavity is high the entanglement

dies out in a short time, but the quantum discord still survives for quite a long time. It means that the quantum discord

is more resistant to environmental disturbance than the entanglement at higher temperatures.
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1. Introduction

Entanglement, quantum discord and quantum
dissension of a given system are different ways of
charecterizing the quantum correlations presented in
that system. The quantum entanglement corresponds
to the global states of a composite system, which can-
not be written as a product of the states of the indi-
vidual subsystems. This characteristic yields correla-
tions between quantum systems that cannot be found
in any classical system. Moreover, entanglement, as
a new quantum resource which cannot be performed
by means of classical resources, plays a key role in
quantum information processing.[1−4] The quantum
discord is an independent measure of the quantum
correlations, which might include the entanglement
and is defined as the difference between the total and
the classical correlations for a given state. It has a
significant application in the deterministic quantum
computation with one qubit (DQC1).[5−7] Moreover,
the quantum discord can also be used to measure
the quantum correlation between relatively acceler-
ated observers,[8] to get a better understanding of the

quantum phase transition,[9] and to define the class
of the initial system-bath states for which the quan-
tum dynamics is equivalent to a completely positive
map.[10] Very recently, the quantum discord has been
investigated widely due to its potential value in quan-
tum information theory.[11−17] Quantum dissension is
a similar notion of quantum discord but excludes en-
tanglement, and is used to quantify the quantum cor-
relation in multipartite systems.[18,19] The present pa-
per studies both the entanglement and the discord
dynamics of two isolated two-level atoms (such as two
qubits located anywhere in a large network[20,21]) each
separately interacting with a cavity field that is ini-
tially in the single-mode thermal state. A thermal
field, which frequently appears in problems of deco-
herence, is a highly chaotic field and provides us with
minimal information about the field. It can help us to
understand the decoherence mechanisms and to simu-
late the interaction of the environment (thermal noise)
with the quantum bits (atoms interacting in a cavity,
for example).

As we all know, a realistic quantum system un-
avoidably interacts with the environment, which can
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lead to noise related decoherence, and entanglement

is very sensitive to the system–environment inter-

action and the initial state of the system. When

we consider an initial entangled state exposed to lo-

cal noisy environments the phenomenon of entangle-

ment sudden death (ESD) often occurs, due to the

decoherence.[20−23] Fortunately, it has been demon-

strated that the mixed separable (unentangled) states

can also have nonclassical correlation[24−27] and the

use of such states can improve some computational

tasks (compared to the classical case).[5−7] Such a

performance improvement is attributed to the corre-

lations not presented in the classical systems. These

quantum correlations can be identified through quan-

tum discord. Recently, much research has shown that

quantum discord is more robust against decoherence

than entanglement.[28,29] It is natural for us to study

the quantum correlations under the influence of the

mixed thermal environment. Despite the fact that a

thermal field alone may induce an entanglement be-

tween two atoms,[30] the thermal noise generally has

destructive effects. Therefore, it would be interest-

ing to investigate the quantum correlation of two non-

interacting atoms under the influence of the thermal

environment. Is there any difference between quan-

tum discord and entanglement in this case? To the

author’s knowledge, these problems have never been

discussed before. In the present paper, we consider

a double Jaynes–Cummings (JC) model system,[20,21]

which consists of two physically independent ideal cav-

ities, each containing a two-level atom. Thereafter,

there is no physical interaction between the atoms,

and with each interacting solely with the correspond-

ing cavity field. The two atoms have been initially

prepared in the Werner mixed state, and each cavity

field is in the single-mode thermal state. We study

both the entanglement and the discord dynamics of

the two atoms under the same conditions, and com-

pare their time dependence characteristics. We also

investigate the dynamics of the quantum discord of

two qubits, in which the ESD can occur, and analyze

the effects of the purity and the temperature (mixed-

ness) on the quantum correlation.

2. Measurements of quantum

correlation

In this section, we briefly review the measure-
ments of the quantum correlation considered in the
present study.

2.1.Quantum entanglement

Several different measurements have been pro-
posed to identify the entanglement between two
qubits, and we choose the Wootters entanglement
measurement.[31,32] The concurrence C is defined as

C = max(0,
√

λ1 −
√

λ2 −
√

λ3 −
√

λ4), (1)

where λ1, . . . , λ4 are the eigenvalues of matrix ρ̃ =
ρ(σy ⊗ σy)ρ∗(σy ⊗ σy), in which ρ is the density ma-
trix representing the quantum state, and the matrix
elements are taken in the basis of |ee〉, |eg〉, |ge〉, |gg〉.
The range of the concurrence is from 0 to 1. For the
unentangled qubits, C = 0, whereas C = 1 for the
maximally entangled qubits.

2.2.Quantum discord

The quantum discord, first introduced by Ollivier
and Zurek,[24] is defined as the difference between the
total correlation and the classical correlation

D(ρAB) = I(ρAB) −Q(ρAB). (2)

Here, the total correlation between two subsystems A
and B of a bipartite quantum system ρAB is measured
by the quantum mutual information

I(ρAB) = S(ρA) + S(ρB) − S(ρAB), (3)

where S(ρAB) = −Tr(ρAB log2 ρAB) is the Von Neu-
mann entropy,[33] ρA = TrB(ρAB) and ρB = TrA(ρAB)
are the reduced density operators of subsystems A
and B, respectively. The measurement of the classi-
cal correlation is introduced implicitly by Olliver and
Zurek and interpreted explicitly by Henderson and
Vedral.[34] The classical correlation between two sub-
systems A and B may be defined as

Q(ρAB) = max
{Πk}

[
S(ρA) −

∑
k

pkS(ρk)
]
, (4)

where {Πk} is a complete set of projectors to measure
subsystem B, ρk = TrB[(IA ⊗ Πk)ρAB(IA ⊗ Πk)]/pk
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is the state of subsystem A after the measurement re-
sulting in outcome k with probability pk = TrAB[(IA⊗
Πk)ρAB(IA ⊗ Πk)], and IA denotes the identity oper-
ator for subsystem A. Here, maximizing the quantity
represents the most information gained about system
A as a result of the perfect measurement {Πk}.

It can be shown that the quantum discord is zero
for states with only classical correlations and nonzero
for states with quantum correlations.

3. Dynamics of quantum correla-

tions

We consider a double JC model, which consists
of two identical two-level atoms labeled A and B and
two single-mode thermal cavity fields labeled a and
b. Each atom–cavity system is isolated (atom A in-
teracting only with field a, and similarly for atom B
and field b). There is no coupling (direct or indirect
interaction) between atoms A and B. The dynamics
of this model is given by the double JC Hamiltonian

H = HA + HB. (5)

The Hamiltonians (under the rotating wave approxi-
mation and assuming ~ = 1) are[35]

Hj = ωjσ
z
j + νja

+
j aj + gj(a+

j σ−
j + σ+

j aj),

j = A, B, (6)

where ωj is the transition frequency between the
atomic excited state and the ground state, νj is the
field frequency, and a+

j (aj) is the photon creation
(annihilation) operator of the cavity mode. The effec-
tive coupling constant between the cavity field and the
atom is gj , and σz

j , σ+
j , σ−

j are the atomic inversion,
raising, and lowering operators, respectively. For sim-
plicity, we assume that gA = gB = g, ωA = ωB = ω,
νA = νB = ν, and ω = ν (on-resonance interaction).
Using the standard techniques, it can be shown that
Hj gives rise to the following time evolution operator
in the interaction picture:

UIj = cos(
√

a+
j aj + 1gt)|e〉j〈e|

+cos(
√

a+
j ajgt)|g〉j〈g|

− i
sin(

√
a+

j aj + 1gt)√
a+

j aj + 1
aj |e〉j〈g|

− i
sin(

√
a+

j ajgt)√
a+

j aj

a+
j |g〉j〈e|. (7)

We assume that the two atoms are initially in the
Werner mixed state[36]

ρAB(0) = r|Φ(0)〉ABAB〈Φ(0)| + 1 − r

4
IAB, (8)

where r indicates the purity of the initial state, I is a
4×4 identity matrix, and |Φ(0)〉AB = (|eg〉+ |ge〉)/

√
2

is a superposition of Bell states.
The two cavity fields a and b are initially in the

single-mode thermal field states

ρfa(0) =
∑

n

Pn|n〉〈n|,

ρfb(0) =
∑
m

Pm|m〉〈m|. (9)

The weight functions Pn and Pm are

Pn =
n̄n

(1 + n̄)n+1
, Pm =

m̄m

(1 + m̄)m+1
, (10)

where
n̄ = [exp(~ω/κBTa) − 1]−1

and
m̄ = [exp(~ω/κBTb) − 1]−1

are the mean photon numbers of the two thermal cav-
ity fields a and b, corresponding to equilibrium cavity
temperatures Ta and Tb, respectively, and kB is the
Boltzmann constant.

The calculation of the density operator follows the
traditional route in quantum optics. By using the evo-
lution operator, we can generate the density operator
evolution of the system at time t

ρ(t)

= UIA⊗UIB[ρAB(0)⊗ρfa(0)⊗ρfb(0)]U+
IB⊗U+

IA. (11)

We can obtain the reduced density matrix ρIAB(t) of
the two atoms at time t by tracing over the field vari-
ables. In atomic bases |ee〉, |eg〉, |ge〉, |gg〉, the reduced
density matrix ρIAB(t) can be written as

ρIAB(t) = Trf [ρ(t)] =


ρ11 0 0 0

0 ρ22 ρ23 0

0 ρ32 ρ33 0

0 0 0 ρ44

 , (12)

where the matrix elements are expressed as

ρ11 = ΣnΣm

(
1 − r

4
PnPmC2

n+1C
2
m+1
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+
1 + r

4
PnPm−1C

2
n+1S

2
m−1

+
1 + r

4
Pn−1PmS2

n−1C
2
m+1

+
1 − r

4
Pn−1Pm−1S

2
n−1S

2
m−1

)
,

ρ22 = ΣnΣm

(
1 − r

4
PnPmC2

n+1S
2
m+1

+
1 + r

4
PnPmC2

n+1C
2
m

+
1 + r

4
Pn−1PmS2

n−1S
2
m+1

+
1 − r

4
Pn−1PmS2

n−1C
2
m

)
,

ρ23 = ΣnΣm

(
r

2
PnPmC2

nC2
mC2

n+1C
2
m+1

)
,

ρ33 = ΣnΣm

(
1 − r

4
PnPmS2

n+1C
2
m+1

+
1 + r

4
PnPm−1S

2
n+1S

2
m−1

+
1 + r

4
PnPmC2

nC2
m+1

+
1 − r

4
PnPm−1C

2
nS2

m−1

)
,

ρ32 = ρ∗23, ρ44 = 1 − ρ11 − ρ22 − ρ33. (13)

Here ∗ stands for the complex conjugate, Pn and Pm

are given by Eq. (10), and the time-dependent func-
tions are given by

Cn = cos[
√

ngt], Cm = cos[
√

mgt],

Sn = sin[
√

ngt], Sm = sin[
√

mgt]. (14)

The concurrence for the density matrix of Eq. (12)
is given by

C(t) = 2max{0, |ρ23| −
√

ρ11ρ44}. (15)

For the calculation of the amount of the dis-
cord, we propose a complete set of orthogonal pro-
jectors {Π1 = |θ‖〉〈θ‖|,Π2 = |θ⊥〉〈θ⊥|} for a lo-
cal measurement performed on subsystem B, where

|θ‖〉 = cos θ|0〉 + ei φ sin θ|1〉 and |θ⊥〉 = − cos θ|1〉 +

e− i φ sin θ|0〉. Then we can evaluate the maximum of

Q(ρAB) numerically by varying angles θ and φ from 0

to 2π, respectively.

The dynamics of the quantum correlations of the

two isolated two-level atoms versus gt are plotted

in Fig. 1 for different values of purity r and given

n̄ = m̄ = 1, and in Fig. 2 for different values of mean

photon numbers and given r = 1. Both figures indi-

cate that the entanglement suffers sudden death. In

this case, the entanglement can terminate abruptly in

finite time and will remain zero for a period of time

before it recovers, and the time periods are related to

the initial atomic state and the values of the mean

photon numbers (corresponding to the cavity temper-

ature). However, the quantum discord can still cap-

ture the quantum correlations between the two atoms

in some states that are not entangled.

The influence of the purity on the quantum cor-

relations is shown in Fig. 1 for n̄ = m̄ = 1. It is

interesting to notice from Fig. 1(a) that the quantum

discord is not zero for purity r = 0.3. These non zero

values of the quantum discord are a strong signature

for the presence of non classical correlations in the

region of r < 1/3, where the entanglement is zero.

This is one step toward evidence supporting the fact

that the quantum discord and the entanglement are

not synonymous. Figures 1(b) and 1(c) display the

dependence of the quantum correlations on the purity

when the two isolated atoms are initially entangled.

From these figures, we can find that the larger the ini-

tial concurrence of the two atoms (corresponding to a

larger value of the purity), the larger the possibility of

the revival for the entanglement.
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Fig. 1. (colour online) Dynamics of concurrence (dotted line) and quantum discord (solid line) of the two atoms versus

scaled time gt with the mean photon numbers n̄ = m̄ = 1 and the purity r being (a) 0.3, (b) 0.5, and (c) 0.8.
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Fig. 2. (colour online) Dynamics of concurrence (dotted line) and quantum discord (solid line) of the two atoms versus

scaled time gt with the purity r = 1 and the mean photon numbers (n̄ = m̄) being (a) 0.1, (b) 1, and (c) 40.

Figure 2 displays how the mean photon numbers
affect the evolution of the quantum correlation when
r = 1, which corresponds to the initial atomic state
|Φ(0)〉AB = (|eg〉 + |ge〉)/

√
2. The thermal state is a

weighted mixture of the Fock states with weight Pn

(or Pm) given by Eq. (10). The weight factor Pn (or
Pm) is a decreasing function of n (or m). When the
mean photon numbers are very small, corresponding
to the vacuum dominance, the evolution of the en-
tanglement is similar to that of the quantum discord,
as shown in Fig. 2(a). As the mean photon numbers
get moderately larger to 1, Pn (or Pm) becomes more
pronounced. Despite the fact that the entanglement
decays to zero, the quantum discord is sustained in
this case, as can be seen from Fig. 2(b). With the
increase of the mean photon number (see Fig. 2(c) for
n̄ = m̄ = 40, which means that the temperatures of
the cavities are high.) in each cavity, the entangle-
ment suffers sudden death and does not recover. This
is because when the mean photon number increases,
the weight factor Pn (or Pm) of the single-mode ther-
mal field becomes highly flat, which washes out the
quantum correlation. It is interesting to note that al-
though the entanglement type quantum correlations
die out in a short time, not all types of quantum cor-
relations are quickly lost because of the high temper-
ature in the thermal noisy environment. That means
that the quantum discord is more robust than the en-
tanglement for higher temperatures.

It is worth mentioning that for the initial state

ρAB(0) = r|Ψ(0)〉ABAB〈Ψ(0)| + 1 − r

4
IAB,

where |Ψ(0)〉 = (|ee〉 + |gg〉)/
√

2, the behaviors of the
quantum discord and the entanglement will be similar
to those we have shown above.

4. Conclusion

We have calculated the dynamics of quantum cor-
relations, such as the quantum discord and the entan-
glement for two non-interacting atoms in their cor-
responding noisy environments. Under the influence
of the purity and the cavity temperature, the sudden
death and the revival of the quantum correlations are
compared. The results show that the entanglement
suffers sudden death and revival. The larger the ini-
tial concurrence of the two atoms, the larger the pos-
sibility of the revival for the entanglement. Secondly,
the discord is more robust than the entanglement in a
noisy environment and is more comprehensive to de-
scribe the quantum correlation involved in the system.
Therefore, the quantum discord could be considered,
in this scenario, as a better indicator of the quantum
correlations than the entanglement. Even where there
is no entanglement, a large amount of quantum dis-
cord exists, which is a strong signature for the presence
of non classical correlations. Finally, when the tem-
perature of each cavity is high, the entanglement dies
out in a short time, but the quantum discord still sur-
vives for quite a long time. It means that the quantum
discord is more resistant to environmental disturbance
than the entanglement at higher temperatures. These
results indicate that in a thermal noise environment
the quantum discord can be a more valuable resource
for quantum information technologies than the entan-
glement.
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