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Mixed polarization in determining the film thickness

of a silicon sphere by spectroscopic ellipsometry∗

Zhang Ji-Tao(ÜU7)†, Wu Xue-Jian(ÇÆè), and Li Yan(o ñ)

State Key Laboratory of Precision Measurement Technology & Instruments, Department of Precision Instruments

and Mechanology, Tsinghua University, Beijing 100084, China

(Received 15 June 2011; revised manuscript received 7 July 2011)

The effect of a spherical shape on the measurement result of spectroscopic ellipsometry (SE) is analyzed, and a

method to eliminate this effect is proposed. Based on the simulation result of the SE measurement on a silicon sphere

by ray tracking, we find that the sphere makes the parallel incident beam of the SE be divergent after reflection, and

the measurement error of the SE caused by this phenomenon is explained by the mixed polarization theory. By settling

an aperture in front of the detector of the SE, we can almost eliminate the error. For the silicon sphere with a diameter

of 94 mm used in the Avogadro project, the thickness error of the oxide layer caused by the spherical shape can be

reduced from 0.73 nm to 0.04 nm by using the proposed method. The principle of the method and the results of the

experimental verification are presented.
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1. Introduction

The kilogram is the only base unit still defined
by an artificial material, which is unstable and can be
damaged or destroyed. Scientists all over the world
have been devoted to the redefinition of the kilogram
for nearly thirty years. One route to redefine the
kilogram is by linking the unit of mass to a fun-
damental physical constant—the Avogadro constant
(NA).[1−3] For this purpose, NA should be determined
with a relative uncertainty better than 2×10−8. The
X-ray crystal density (XRCD) method is considered
to be one of the most accurate approaches to measure
NA.[4,5] According to the XRCD method, the diame-
ter of a ∼94 mm single crystal silicon sphere should
be measured with an uncertainty better than 0.3 nm
by using interferometers. However, when the single
crystal silicon is exposed in air, an oxide layer grows
on the surface because of natural oxidization. This
layer causes an additional phase shift in the optical in-
terferometer, so the measured diameter of the silicon
sphere will contain an additional systematic error. For
instance, an oxide layer of 1 nm thickness will result in
an error of nearly 1.9 nm in the diameter,[6] which is
too large to be accepted by the Avogadro project. To

determine NA with a relative uncertainty of 2×10−8,
the measurement uncertainty of the thickness of the
oxide layer should be no more than 0.1 nm.

The layer has been measured by using many
methods,[4,7−9] among which spectroscopic ellipsom-
etry (SE) is frequently used. SE is indeed a power-
ful technique to determine the thickness of film.[10−12]

However, except for some specific ellipsometries,[13]

the basic principle of SE is based on the assumption
that the shape of the film is a plane, which is in con-
flict with the fact that the silicon sphere has a spher-
ical shape. To our knowledge, the effect of the shape
of the silicon sphere on the measurement of SE has
not yet been studied carefully so far.

In this paper, we evaluate the effect of the spher-
ical shape on the SE result by using the ellipsometric
theory for the first time. It is shown that the spheri-
cal shape will cause an effect of mixed polarization on
the result of the SE, and the corresponding error of
the measurement may be as large as 1 nm. A method
named aperture-filtering method is proposed to elim-
inate this effect, and its validity has been confirmed
by experiment.
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2. Effect of spherical shape on the

SE

2.1.Divergent beam after reflection

Figure 1 shows the different behaviours of reflec-
tion on a plane sample (e.g., a silicon wafer) and a
spherical sample (e.g., a silicon sphere) for the same
incident parallel beam.

Fig. 1. Reflection of parallel rays on (a) a plane and (b)

spherical samples.

It is clearly indicated in Fig. 1(b) that the outgo-
ing rays are divergent after being reflected by a spher-
ical sample. For a silicon sphere used in the deter-
mination of NA, we simulate the behaviour of the SE
beam on the surface of the sphere by using the ray
tracking method. Setting the diameter of the parallel
incident beam of SE to 1 mm, the incident angle to
70◦ (this angle makes the ellipsometer have the high-
est sensitivity for silicon samples), and the diameter
of the silicon sphere to 93.6 mm. Let the central ray
of the incident beam hit the top point of the silicon
sphere, and the receiver is set along the optical axis
of the reflected rays. The simulation result is shown
in Fig. 2. It shows that the shape of the SE incident
beam is diverged to an ellipse after being reflected by
the silicon sphere, and the size of the ellipse is enlarged
as the receiver is moved far away from the top point
of the sphere.

Fig. 2. Reflection of the incident parallel beam on the sil-

icon sphere: (a) incident beam with a diameter of 1 mm;

(b) reflected beam received at a distance of 30 mm from

the top point of the sphere with a long axis of 5 mm and a

short axis of 1.8 mm; (c) reflected beam received at a dis-

tance of 376.1 mm from the top point of the sphere with

a long axis of 48.2 mm and a short axis of 6.7 mm.

For the common SE technique, it is assumed that
the shape of the sample is a plane and homogeneous,
which ensures that every ray of the SE beam has the
same incident angle. However, things are different for
the silicon sphere. In other words, only the central
ray has a given incident angle, others will have off-
sets. Since the incident angle is an input parameter of
the SE, the changes of the polarization state caused
by the same sample are varied with the incident an-
gles. Therefore, if the reflected beam from the silicon
sphere is totally received by the detector of the SE, the
mixture of the polarization state may cause additional
systematic error in the SE result.

2.2.Mixed polarization

The basic principle of SE can be described by[10]

ρ = Rp/Rs = tan ψ exp(i∆), (1)

where ρ is the ratio of the Fresnel reflection coefficients
Rp and Rs. Since ρ usually has a complex value, pa-
rameters ψ and ∆ vary for representing the magnitude
and the phase shift, respectively, which are two pa-
rameters measured by the SE. The methods for deter-
mining (ψ,∆) vary with the types of the SE. We here
use a type of rotating-analyser ellipsometry (RAE),[14]

whose setup is shown in Fig. 3.

Fig. 3. Principle of the rotating-analyser type spectro-

scopic ellipsometer, where L denotes light source, P de-

notes polarizer, C denotes compensator, A denotes rotat-

ing analyser, and D denotes detector.

The principle of RAE can be described by the
Jones matrix as EA

0

 =

 1 0

0 0

 cos A sinA

− sinA cos A

 Rp 0

0 Rs


×

 1 0

0 exp(−iδ)

 cos P

sinP

 , (2)

where EA is the amplitude of the electric field after
analyser A, A and P are the azimuth angles of the
analyser and the polarizer, respectively. Usually, the
azimuth angle of the polarizer is set to P = 45◦, and
the phase delay of C is set to δ = π/2. According to
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Eqs. (1) and (2), the intensity received by the detector
can be deduced as

I = |EA|2 = I0 (1 − S1 cos 2A + S2 sin 2A) , (3)

where S1 = cos 2ψ, S2 = sin 2ψ cos ∆, and I0 is a
constant coefficient. In RAE, by rotating analyser A
to different azimuth angles, the values of S1 and S2,
represented by (S1m, S2m), can be obtained, so as the
values of (ψ,∆).

According to the simulation result in Subsection
2.1, the incident angle is varied with the position of
the region illuminated by the SE beam on the silicon
sphere. Therefore, the measured values of S1 and S2

should be described as functions of the spherical co-
ordinates, S′

1m(θ, φ) and S′
2m(θ, φ), where θ and φ are

the inclination and the azimuth in the spherical coor-
dinate system, respectively. The measurement result
of the SE is a combination of S′

1m(θ, φ) and S′
2m(θ, φ)

from the whole illuminated region. To avoid confu-
sion with the measurement of the plane sample, the
measurement value on the silicon sphere is written as
(S̄1m, S̄2m).

Divide the illuminated region of the silicon sphere
into N sub-regions equally, and assume that the rays
in each sub-region have the same incident angle. Ac-
cordingly, the intensity received by the SE from each
sub-region can be described as

I(φi, θi) =
I0

N
(1 − S′

1m(φi, θi) cos 2A

+S′
2m(φi, θi) sin 2A), (4)

where i (= 1, 2, . . . , N) is the order of the sub-region.
The total intensity received by the SE is

I =
N∑

i=1

I(φi, θi)

= I0

(
1 − S̄1m cos 2A + S̄2m sin 2A

)
, (5)

S̄1m =
1
N

N∑
i=1

S′
1m(φi, θi), S̄2m

=
1
N

N∑
i=1

S′
2m(φi, θi). (6)

It is shown in Eqs. (5) and (6) that the signal
received by SE is a mixture of different polarization
states. The phenomenon above is named as the mixed
polarization in the SE measurement in this paper.

To evaluate the effect of the mixed polarization
on the SE measurement, we first simulate the changes
of the measured (ψ,∆) along with that of the incident

angle of SE, and then obtain the relationship between
∆ and the thickness of the oxide layer. Assume that
the sample is a 5 nm thickness silicon dioxide (SiO2)
film on a substrate of single crystal silicon (c-Si). The
refractive indexes of the film and the substrate are
supposed to be nSiO2 = 1.462 and nSi = 3.88− 0.019i
at 633 nm, respectively, and the initial incident an-
gle of SE is set to 70◦. Let the incident angle be
varied within the range of ±2◦ around 70◦, we then
calculate the corresponding changes of the elliptical
angles (ψ,∆) by Eq. (1), and the result is shown in
Fig. 4. Furthermore, we calculate the relationship be-
tween offsets (δψ, δ∆) of the initial elliptical angles
(ψ0,∆0) and divergent incident angle δi of the SE in-
cident beam at 70◦ by Eqs. (5) and (6), and the results
are shown in Fig. 5. Finally, the relationship between
the film thickness and elliptical angle ∆ is presented
in Fig. 6.

Fig. 4. Relationship between incident angle and elliptical

angles (ψ, ∆) of the SE.

Fig. 5. Simulation results of the mixed polarization on

the basis of the physical principle presented in Eqs. (5)

and (6).

From Figs. 4 and 5 we note that the measured
thickness of the ultra-thin film (e.g., less than 10 nm)
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is sensitive to the change of ∆ but not ψ. Conse-
quently, we can usually determine the film thickness
based on the measured value of ∆. In addition, figure
6 shows that ∆ is almost varying linearly with the film
thickness. Therefore, we use a straight line to fit the
discrete data shown in Fig. 6 by using the least square
method. The fitted result is

∆ = −2.74t + 178.95, (7)

where ∆ = ∆0 + δ∆, the coefficient of correlation
equals 0.99979, and the standard deviations of the fit-
ted slope and the fitted intercept is 0.08 and 0.01,
respectively.

Fig. 6. Relationship between film thickness and elliptical

angle ∆.

Suppose the diameter of the incident beam (with
the nominal incident angle of 70◦) on the silicon
sphere is 1 mm, it can be deduced from Subsection
2.1 that the incident angle is within the range of
[70◦ − 1.71◦, 70◦ + 1.87◦]. According to Eqs. (5)–(7)
and Figs. 4–6, the systematic error of the film thick-
ness introduced by the mixed polarization is about
1 nm, which is too large to be accepted by the Avo-
gadro project. We then develop an aperture-filtering
method to reduce the effect of the mixed polarization.

2.3.Aperture-filtering method for elim-

inating the mixed polarization

The principle of the method for eliminating the
effect of the mixed polarization is shown in Fig. 7. An
aperture S with adjustable size is settled in the optical
path of the reflected light. It acts like a filter: only the
reflected rays around the top point of the sphere are
allowed to pass and be detected, and the others are
blacked. According to Subsections 2.1 and 2.2, the
effect of the mixed polarization can be almost elim-
inated by means of choosing an appropriate position

and size for the aperture. For instance, we set the dis-
tance between the aperture and the top point of the
silicon sphere to 376.1 mm (just in front of the SE de-
tector) and set the diameter of S to 4 mm. In this case,
it can be calculated that the variation of the incident
angles of the rays received by the detector is within
the range of ±0.15◦, and the corresponding value of
δ∆ is −0.024◦. According to Eq. (7), the systematic
error of the film thickness caused by the mixed polar-
ization is decreased to 0.01 nm, which is so small that
it can be ignored.

Fig. 7. Aperture-filtering method for eliminating the

mixed polarization caused by the spherical shape of the

silicon sphere.

The proposed method is inspired by the common
apertures attached in most commercial SE. It should
be noted that, however, according to the theoretical
analysis and the simulation in Subsection 2.2, the posi-
tion and the size of the aperture should be determined
specifically. We verify this method by experiments in
Section 3.

3. Experiments and results

The experimental setup is shown in Fig. 8. SE
with a spectral range of 190–400 nm and an incident
angle of 70◦ was used for the measurement, and the
light source was a deuterium lamp. The incident arm
(1) and receiving arm (2) were controlled by a pre-
cise goniometer, which had an angular accuracy bet-
ter than 0.05◦. An automatic collimating telescope
(ACT) was applied to monitor the position of the sam-
ple. The process to adjust the position of the silicon
sphere was as follows. First, set the incident and the
receiving arms to a given angle (70◦ in this paper)
by adjusting the goniometer. Second, by using a stan-
dard sample (e.g., a silicon wafer), we adjust the focus
point of the ACT to the intersection of the optical axis
between the incident and the receiving arms by mon-
itoring detectors D1 and D2. At last, by monitoring
the intensity of D1 and the image of cross plate C
in D2, we adjust the top point of the silicon sphere
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to the appropriate position. The intensity of D1 is
largest and the image of cross plate C is clearest at
this position. With the above adjustments, we can
make sure that the central light of the incident arm il-
luminates the top point of the sphere at the given inci-
dent angle accurately. Moreover, an aperture S3 with
adjustable diameter was settled in front of detector D,
whose distance from the top point of the sphere was
about 376 mm. The silicon sphere for the experiment
was made of single crystal silicon with a purity better
than 99.9999%, and its diameter was nearly 93.6 mm
with a sphericity better than 150 nm.

Fig. 8. Experimental set up for measuring oxide layer of

silicon sphere by spectroscopic ellipsometer. (1) Incident

arm includes light source (L), polarizer (P), compensator

(C1), and aperture (S1). (2) Receiving arm includes aper-

tures (S2) and (S3), rotating analyzer (AR), and detector

(D1). (3) Automatic collimating system includes: white

light source (WS), convergent lens (L1), (L2) and (L3),

cross plate (C), beam splitter (BS), scale plate (O), and

CCD camera (D2).

Two groups (A and B) of experiments were car-
ried out on the surface of the silicon sphere by using
SE with different sizes of aperture S3. For group A,
the diameter of S3 was set to 10 mm (usually the effec-
tive apertures of the optical elements in the SE were
larger than 10 mm), and for group B, the diameter of
S3 was set to 4 mm. The measurement result of each
group was averaged over ten-time repetitions, which
made sure that the random error of the SE was elim-
inated. The experimental standard deviations of the
elliptical angles in the two groups were both less than
0.1◦, as shown in Fig. 9.

Figure 10 shows the difference of the measured
elliptical angles of groups A and B at the same point
on the silicon sphere. It indicates that the mixed po-
larization caused by the spherical shape will cause an
error as large as 2◦ into the result of the elliptical an-
gle ∆ within a broad spectral range. After converting

to the film thickness by using Eq. (7), the correspond-
ing systematic error of the thickness is nearly 0.73 nm.
This is consistent with the simulation result in Sub-
section 2.2. The reason for the discrepancy between
the experiment and the simulation results is that the
effective apertures of the optical elements in the SE
are usually less than the size of the ellipse shown in
Fig. 2(c), which means that the real level of the mixed
polarization will be slightly less than that in the sim-
ulation.

Fig. 9. Standard deviation of the elliptical angles of ex-

periments (a) A and (b) B.

Fig. 10. Comparison results of the two groups of ex-

periments, the curves show the difference of the elliptical

angles (ψ, ∆) between the two groups of experiments.

A potential shortcoming of this method is that the
signal-noise ratio may be reduced, since fewer rays are
detected. However, it has been shown in Fig. 8 that
the standard deviation of ∆ is less than 0.1◦, which is
approximately equivalent to 0.04 nm in the film thick-
ness. This error is acceptable when considering the
uncertainty target of 0.1 nm in the thickness of the
oxide layer.

4. Conclusion

SE is a powerful tool for the determination of
the film thickness. However, for some specific ap-
plications, measurement accuracy should be evalu-
ated carefully. We have discussed the influence of the
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spherical shape on the measurement of SE on the ba-
sis of determining the thickness of the oxide layer on a
silicon sphere, and proposed a simple method to elim-
inate the effect of the mixed polarization caused by
the spherical shape.

The error of a measurement usually consists of
two parts, systematic error and random error. The
effect of the spherical shape causes a systematic er-
ror in SE. Without considering it, the result of SE
may be still precise but not accurate. The work pre-
sented in this paper has found that this effect cannot
be ignored when considering a target uncertainty of
0.1 nm in measuring the thickness of the oxide layer
in the Avogadro project.

The advantage of the proposed method is that it
only selects the central part of the reflected rays for
transmission, so that the influence of the polarization
state of the rays is reduced. The method also has its
limitation. Its working principle requires that the SE
light source has enough intensity and the detector has
a high sensitivity. An extension of the present study
to improve the sensitivity of the detector is under way.
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