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In the context of the covariant teleparallel framework, we use the 2-form translational momentum to compute the

total energy of two general spherically symmetric frames. The first one is characterized by an arbitrary function H(r),

which preserves the spherical symmetry and reproduces all the previous solutions, while the other one is characterized

by a parameter ξ which ensures the vanishing of the axial of trace of the torsion. We calculate the total energy by using

two procedures, i.e., when the Weitzenböck connection Γα
β is trivial, and show how H(r) and ξ play the role of an

inertia that leads the total energy to be unphysical. Therefore, we take into account Γα
β and show that although the

spacetimes we use contain an arbitrary function and one parameter, they have no effect on the form of the total energy

and momentum as it should be.
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1. Introduction

In the gravitational field, particles with differ-
ent masses and compositions acquire the same accel-
eration and follow the same path. Such universal-
ity referred to as the universality of free fall and is
the most fundamental characteristic of gravitational
interaction.[1,2] This universality is usually identified
as the weak equivalence principle (WEP), which es-
tablishes the equality between inertial (passive) and
gravitational masses. In order to move along the
same trajectory (path), the motion of different par-
ticles must be independent of their masses, which
have to be canceled out from the equations of mo-
tion. Since this cancelation can only be made when
the inertial and gravitational masses coincide, this co-
incidence will naturally imply universality. The most
well-known gravitational theory is Einstein’s general
relativity (GR), which is fundamentally based on the
WEP. This theory, up to now, is consistent with ob-
servational data. The geometry which Einstein GR
is based on is the Riemannian geometry with unique
metric and unique connection. However, due to the
geometric structure and the WEP of the gravitational
theory, the problem of energy remained unsolved for
a long time. Using the Lagrange–Noether approach,
one can derive the conserved currents that arise from

the invariance of the classical action under transfor-
mations of fields. However, in Riemannian geometry,
one cannot find symmetries that can be used to gen-
erate the conserved energy-momentum currents. One
can only speak about the energy of asymptotically flat
spacetime. More details of how this problem has been
tackled can be found in Refs. [3]–[7] and references
therein.

From the gauge-theoretic point of view, teleparal-
lel gravity is distinguished from the other metric-affine
gravity (MAG) models[8−12] by reducing the affine
symmetry group to the translation subgroup. In ge-
ometric language, teleparallelism arises from the gen-
eral metric-affine spacetime after we impose two con-
straints, by putting curvature and nonmetricity equal
to zero. In this sense, teleparallelism can be treated,
both physically and geometrically, as a particular case
of the general MAG theory.

Teleparallel theories are interesting for several
reasons: first of all, GR can be viewed as a particu-
lar theory of teleparallelism and, thus, teleparallelism
could be considered, at the very least, as a different
point of view that can lead to the same results.[13]

Second, in this framework, one can define an energy-
momentum complex for the gravitational field that is a
true tensor under general coordinate transformations,
but not under local Lorentz transformation. This is
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the reason why teleparallelism was reconsidered by
Møller when he was studying the problem of defin-
ing an energy-momentum tensor for the gravitational
field.[14,15] The idea was taken over by Pellegrini and
Plebański, who constructed the general Lagrangian for
these theories.[16] The third reason why these theories
are interesting is that they can be seen as gauge the-
ories of the translation group (not the full Poincare
group), so they give an alternative interpretation of
GR.[17,18−23]

An important difference between Einstein’s the-
ory and teleparallel theories is that it is possible to
distinguish gravitational field from inertia.[24] Since
inertia is in the realm of the pseudotensor behaviour
of the usual expressions for the gravitational energy-
momentum density, it turns out to be possible in
teleparallel gravity to write down a tensorial expres-
sion for such a density.[25] With the purpose of giv-
ing a deeper insight into the covariant teleparallel
formalism, as well as to test how it works, Lucas et
al.[26] have computed the total energy of two impor-
tant examples, namely, the Schwarzschild and Kerr
solutions. Recently, Obukhov et al.[27] have com-
puted the energy and momentum transported by exact
plane gravitational-wave solutions of Einstein equa-
tions using the teleparallel equivalent formulation of
Einstein’s theory. It is our aim to generalize the cal-
culations performed by Lucas et al.[26] using general
spherically symmetric frames, one with an arbitrary
function H(r) and the other with a parameter ξ,[28,29]

and to reanalyse the calculation of the total energy.
We will calculate the total energy and momentum as-
sociated with these coframes using two different proce-
dures: one is when Γα

β = 0 and the other is when we
take Γα

β into account (we will use the same notation
given in Ref. [26]).

In Section 2, we use the language of exterior forms
to give an outline of the teleparallel approach. A brief
review of the covariant formalism for the gravitational
energy-momentum which is described by the pair
(ϑα, Γα

β) is given. In Section 3, we show that due to
an inconvenient choice of a reference system, the tra-
ditional computation of the total energies of the gener-
ally spherically symmetric spacetimes are unphysical.
Using the covariant formalism, the Weitzenböck con-
nection acts as a regularizing tool that separates the
inertial contribution and always provides the physi-
cally meaningful result. The final section is devoted
to the main results and discussion.

2. The teleparallel approach

2.1.Notation

We use the Latin indices i, j, . . . for local holo-
nomic spacetime coordinates and the Greek indices α,
β, . . . label (co)frame components. Particular frame
components are denoted by hats, 0̂,1̂, etc. As usual,
the exterior product is denoted by ∧, while the inte-
rior product of a vector ξ and a p-form Ψ is denoted
by ξcΨ . The vector basis dual to the frame 1-forms
ϑα is denoted by eα and they satisfy eαcϑβ = δβ

α.
Using local coordinates xi, we have ϑα = hα

i dxi and
eα = hi

α∂i, where hα
i and hi

α are the covariant and
contravariant components of the tetrad field. We de-
fine the volume 4-form by η

def.= ϑ0̂ ∧ ϑ1̂ ∧ ϑ2̂ ∧ ϑ3̂.

Furthermore, with the help of the interior product,
we define

ηα
def.= eαcη =

1
3!

εαβγδ ϑβ ∧ ϑγ ∧ ϑδ,

where εαβγδ is completely antisymmetric with ε0123 =
1. Furthermore,

ηαβ
def.= eβcηα =

1
2!

εαβγδ ϑγ ∧ ϑδ,

ηαβγ
def.= eγcηαβ =

1
1!

εαβγδ ϑδ,

which are bases for 3-, 2- and 1-forms respectively.
Finally,

ηαβµν
def.= eνcηαβµ = eνceµceβceαcη,

is the Levi-Civita tensor density. The η-forms satisfy
the useful identities

ϑβ ∧ ηα = δβ
αη, ϑβ ∧ ηµν = δβ

ν ηµ − δβ
µην ,

ϑβ ∧ ηαµν = δβ
αηµν + δβ

µηνα + δβ
ν ηαµ,

ϑβ ∧ ηαγµν = δβ
ν ηαγµ − δβ

µηαγν + δβ
γ ηαµν − δβ

αηγµν .(1)

The line element ds2 def.= gαβϑα
⊗

ϑβ is defined
by the spacetime metric gαβ .

2.2.Brief review of teleparallel gravity

Teleparallel geometry can be viewed as a gauge
theory of translation.[17−34] The coframe ϑα plays the
role of the gauge translational potential of the gravita-
tional field. GR can be reformulated as the teleparallel
theory. Geometrically, teleparallel gravity can be con-
sidered as a special case of the metric-affine gravity in
which ϑα and the local Lorentz connection are subject
to the distant parallelism constraint Rα

β = 0.[35−44]

In this geometry the torsion 2-form

Tα = Dϑα = dϑα + Γβ
α ∧ ϑβ =

1
2
Tµν

αϑµ ∧ ϑν
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=
1
2
Tij

αdxi ∧ dxj (2)

arises as the gravitational gauge field strength, with
Γα

β being the Weitzenböck 1-form connection, d the
exterior derivative and D the exterior covariant deriva-
tive. The torsion Tα can be decomposed into three ir-
reducible pieces,[26] the tensor part, the trace and the
axial trace given, respectively, by

Tα def.= Tα − (2)Tα − (3)Tα, (3a)

with

Tα def.=
1
3
ϑα ∧ T, (3b)

where T =
(
eβcT β

)
, eαcT = Tµα

µ, vector of trace of
torsion; and

Tα def.=
1
3
eαcP, (3c)

where P =
(
ϑβ ∧ Tβ

)
, eαcP = Tµνληµνλα, axial of

trace of torsion.
The Lagrangian of the teleparallel equivalent of

GR has the form

V = − 1
2κ

Tα ∧∗
(

(1)Tα − 2(2)Tα − 1
2

(3)Tα

)
, (4)

where κ = 8πG/c3, G is the Newton gravitational con-
stant, c is the speed of light and ∗ denotes the Hodge
duality in the metric gαβ which is assumed to be flat
Minkowski metric gαβ = oαβ = diag(+1,−1,−1,−1)
used to raise and lower local frame (Greek) indices.

The variation of the total action with respect to
the coframe gives the field equations in the form

DHα − Eα = Σα, (5)

where
Σα

def.=
δLmattter

δϑα

is the canonical energy-momentum tensor 3-form of
matter considered to be the source. In accordance
with the general Lagrange–Noether scheme,[11,31] one
derives from (4) the translational momentum 2-form
and the canonical energy-momentum 3-form of the
gravitational field

Hα
def.= − ∂V

∂Tα
=

1
κ
∗

(
(1)Tα − 2(2)Tα − 1

2
(3)Tα

)
, (6)

Eα
def.=

∂V

∂ϑα
= eαcV +

(
eαcT β

)
∧ Hβ . (7)

Due to geometric identities,[45] the Lagrangian (4) can
be recast as

V = −1
2
Tα ∧ Hα. (8)

The presence of the connection field Γα
β plays an im-

portant regularizing role due to the following reasons:
1) The theory becomes explicitly covariant under

local Lorentz transformations of the coframe, i.e., the
Lagrangian (4) is invariant under the change of vari-
ables

ϑ′α = Λα
βϑβ ,

Γ ′
α

β = Λµ
αΓµ

ν(Λ−1)β
ν − (Λ−1)β

γ dΛγ
α. (9)

Due to the non-covariant transformation law of Γα
β ,

see Eq. (9), if a connection vanishes in a given frame,
it will not vanish in any other frame related to the
first by a local Lorentz transformation.

2) Γα
β plays an important role in the teleparal-

lel framework. This role represents the inertial effects
which arise from the choice of the reference system.[25]

The contributions of this inertial object in many cases
lead to unphysical results for the total energy of the
system. Therefore, the role of the teleparallel connec-
tion is to separate the inertial contribution from the
truly gravitational one. Since the teleparallel curva-
ture is zero, the connection is a pure gauge, that is

Γα
β = (Λ−1)β

γ dΛγ
α. (10)

The Weitzenböck connection always has the form
of Eq. (10). The translational momentum has the
form[26]

H̃α =
1
2κ

Γ̃ βγ ∧ ηαβγ , Γα
β def.= Γ̃α

β − Kα
β , (11)

where Γ̃α
β is the purely Riemannian connection and

Kµν is the contortion 1-form which is related to the
torsion through

Tα = Kα
β ∧ ϑβ . (12)

3. Total energy of spherically

symmetric spacetimes with an

arbitrary function H(r) and a

parameter ξ

In this section, we are going to show how the
Weitzenböck connection Γα

β acts as an inertia and
contributes to the physical quantities like energy, mo-
mentum etc., when it is trivial. In addition, when this
connection is not trivial, we show how it separates
the inertia from the physical quantities. We will show
this by studying two different spherically symmetric
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spacetimes which are related by local Lorentz trans-
formation. This study is carried out for the spherically
symmetric cases only.

3.1.Case I: total energy and spatial mo-

mentum of spherically symmetric

spacetime with an arbitrary func-

tion H(r)

Using the spherical local coordinates (t, r, θ, φ),
the Reissner Nordström solution is described by the
coframe components

ϑ
AF

α =
(
Λ1

α
γ

)
(Λ2

γ
δ) ϑR

δ, (13)

where the coframe ϑR
δ has the form

ϑR
0̂ =

1
α

dt, ϑR
1̂ = αdr,

ϑR
2̂ = rdθ, ϑR

3̂ = r sin θdφ,

α
def.=

(
1 − 2m

r
+

q2

r2

)− 1
2

, (14)

where m and q are the mass and charge parameters,
respectively.

(
Λ1

α
γ

)
and (Λ2

γ
δ) are the local Lorentz

transformations that are defined respectively as

(
Λ1

α
γ

) def.=



1 0 0 0

0 sin θ cos φ cos θ cos φ − sinφ

0 sin θ sinφ cos θ sinφ cos φ

0 cos θ − sin θ 0


,

(15)

(Λ2
γ

δ)
def.=



β H sin θ cos φ H sin θ sinφ H cos θ

−H sin θ cos φ −1 + (1 − β) sin2 θ cos2 φ (1 − β) sin2 θ sinφ cos φ (1 − β) sin θ cos θ cos φ

−H sin θ sinφ (1 − β) sin2 θ sinφ cos φ −1 + (1 − β) sin2 θ sin2 φ (1 − β) sin θ cos θ sinφ

−H cos θ (1 − β) sin θ cos θ cos φ (1 − β) sin θ cos θ sinφ −1 + (1 − β) cos2 θ


,(16)

where β =
√

H2 + 1, H ≡ H(r) is an arbitrary func-
tion of radial coordinate r which preserves spheri-
cal symmetry. Shirafuji et al.[46] studied the general
spherically symmetric tetrad derived in Ref. [47] and
divided it into two sets:

Set I In this set, the axial trace of the tor-
sion vanishes identically. The spacetime in this case
contains an arbitrary function which preserves the
spherical symmetry and generates all the previous
solution.[46]

Set II In this set, the axial trace of the torsion
did not vanish identically. The authors of Ref. [46]
have derived the condition that makes the axial trace
of torsion vanish and have obtained a spacetime with
an arbitrary parameter.

The coframe given by Eq. (13) with the arbitrary
function is similar to Set I. All the previous solutions
derived in Refs. [28] and [48] can be derived when H(r)
takes the form

H(r) =

r2B′2 − 2rB′ +
2m

r
− q2

r2

1 − 2m

r
+

q2

r2


1/2

, (17)

with B(r) representing an arbitrary function which

reproduce all previous solutions derived in Refs. [26],

[49] and B′ = dB(R)/dR. In this paper, we will re-

place the constants m and q appearing in Eq. (16) by

another constants c1 and c2. The motivation for this

change is due to the fact that the parameter m ap-

peared in the local Lorentz transformation given by

(4.14) presented in Ref. [26] (which represents an in-

ertia) contributes to the physical quantities. It is our

aim to show in an explicate way how this inertia con-

tributes to the physical quantity. This is not clear in

general, since when Lucas et al.[26] calculated the en-

ergy of a freely falling tetrad using trivial Weitzenböck

connection, they obtained a trivial value for the en-

ergy. The reason of this triviality of energy is related

to the fact that the gravitational mass appearing in

the coframe (4.1) cancels the constant m appearing in

the local Lorentz transformation (4.14) of Ref. [26].

If we take tetrad (13), as well as the non-vanishing

components of Riemannian connection of coframe

(13), i.e., Γ̃ βγ (The Riemannian connection compo-

nents of coframe (13) are very lengthy), and substitute
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it into Eq. (11), we finally obtain

H̃0̂ =
r sin θ

8π

{
[1 − sin2 θ cos2 φ

− cos θ sinφ (1 + sin θ cos φ)]

× (β − 1) − 2β

α

}
(dθ ∧ dφ) + · · · . (18)

Computation of the total energy at a fixed time in the
3-space with a spatial boundary 2-dimensional surface
∂S = {r = R, θ, φ} gives the form

Ẽ =
∫

∂S

H̃0̂ =
R

3

[
2 + β

(
1 − 3

α

)]
. (19)

Using Eq. (18), we discuss the following cases:
1) When H(R) = 0, then Eq. (16) gives β = 1

and from Eq. (18) we obtain the energy in the form

Ẽ ∼= m − q2

2R
.

In this case the local Lorentz transformation given by
Eq. (16) will be identical to the Minkowski metric,
oαβ = diag(+1,−1,−1,−1). We call the tetrad for-
mulating from this case the proper tetrad.

2) When

H(R) =

R2B′ 2 − 2RB′ +
2c1

R
− c2

2

R2

1 − 2c1

R
+

c2
2

R2


1/2

, (20)

we obtain

Ẽ =
R

3

[
2 + β1

(
1 − 3

α

)]
, (21)

where

β1 =
(1 − RB′)√

1 − 2c1

R
+

c2
2

R2

,

and B = B(R) is an arbitrary function. This case can
be divided into the following subcases:

1○ When B(R) = 0, or B(R) = constant, and
c1 = c2 = 0, then from Eq. (21), β1 = 1 and we
obtain

Ẽ = m − q2

2R
,

which is the energy of Reissner Nordström.[28,48] We
call this case the proper tetrad for Reissner Nordström
since the local Lorentz transformation of Eq. (16) will
have the Minkowski metric.

2○ When B(R) = 0 or B(R) = constant, and
c1 6= c2 6= 0, then we obtain

Ẽ =
R

3

[
2 + β2

(
1 − 3

α

)]
, (22)

where
β2 =

1√
1 − 2c1

r
+

c2
2

r2

.

This choice makes the total energy different from
Reissner Nordström energy.[28,48] Equation (22) shows
clearly how the constants c1 and c2 share the physical
quantity.

3○ When B(R) = 0 or B(R) = constant, c1 = m

and c2 = q, then from Eq. (21) β1 = α, we obtain

Ẽ =
1
3

(
m − q2

2R

)
,

which is also not the form of Reissner Nordström
energy.[28,48]

4○ When

B(R) =
∫ 1 −

√
1 − 2c1

R + c22

R2

R
dR,

then β1 = 1 and we obtain

E = m − q2

2R
.

The tetrad, resulting from the choice of this case, is
called the proper tetrad because (Λ2

µ
ν) will have the

form of Minkowski metric.
Equation (19) informs us that the total energy in

general depends on the arbitrary function H(r) which
keeps spherical symmetry. By giving a specific value
of H(r) as we discuss above, we obtain different val-
ues of the energy. To overcome this problem, we are
going to use the regularization framework based on
the covariance property, i.e., we will take into account
the Weitzenböck connection Γα

β . The non-vanishing
components of Γα

β have the form

Γ1̂
0̂ =

√
β − 1

{
1

β
√

β − 1

(
d
dr

)
(
√

β − 1)[cos2 φ sin2 θ − sinφ cos θ(1 − sin θ cos φ)]dr

+ [sin φ cos φ cos 2θ + sin θ(sinφ + 2 cos θ cos2 φ)]dθ

− [2 sin φ cos φ sin2 θ + cos θ(cos φ − 2 sin θ cos2 φ + sin θ)]dφ

}
,
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Γ2̂
0̂ =

√
β − 1

{
1

β
√

β − 1

(
d
dr

)
(
√

β − 1)(sinφ cos φ sin2 θ + sin θ cos θ sin2 φ + cos θ cos φ)dr

+ [cos θ sinφ(2 sin θ cos φ − 1) − sin2 θ + 2 cos2 φ sin2 θ]dθ + [sin θ cos φ(2 cos θ sinφ − 1)

+ cos 2θ − cos 2θ cos2 φ]dφ

}
,

Γ3̂
0̂ =

√
β − 1

[
1

β
√

β − 1

(
d
dr

)
(
√

β − 1) sin θ(cos φ cos θ − sinφ sin θ)dr + (cos φ cos 2θ − sin 2θ sinφ)dθ

− (cos φ sin2 θ + cos θ sin θ sinφ)dφ

]
.

Γ1̂
2̂ = (β − 1){[sin θ cos φ(1 + cos2 θ) + sin φ cos3 θ]dθ − [cos2 φ + 2 cos2 θ − 3 cos2 φ cos2 θ + 2 cos2 φ cos4 θ

+ sin φ cos θ sin2 θ − cos4 θ − sin θ cos φ cos θ(cos θ − 2 sin φ sin2 θ)]dφ},
Γ1̂

3̂ = (β − 1){[sin2 θ cos φ − sin θ sin2 φ + cos2 θ(sinφ cos φ cos θ − sin θ sin2 φ)]dθ − [4 cos φ cos2 θ

+ sin θ cos2 θ − 3 cos3 φ cos2 θ − 2 sin2 φ cos φ cos4 θ + sin3 θ sinφ cos 2φ cos θ − cos φ(1 + sin2 φ)]dφ},
Γ2̂

3̂ = (β − 1){[sin2 θ sinφ − cos φ(cos φ cos3 θ − sin θ sinφ cos2 θ − sin θ sinφ)]dθ

+ sin2 φ(cos2 φ sinφ cos 2θ + sin θ cos θ cos φ cos 2φ + cos θ + sinφ)dφ}. (23)

Using coframe (13), Γ̃ β̂
α̂ as well as Γα̂

β̂ given by Eq. (22) we finally obtain the superpotential

H0̂ =
rβ sin θ(1 − 1/α)

4π
(dθ ∧ dφ) + · · · . (24)

If we compute the total energy at a fixed time in the 3-space with a spatial boundary 2-dimensional surface
∂S = {r = R, θ, φ}, with R → ∞, we obtain

E∗ ∼= m − q2 − 2m(· · · )
2R

+ O(1/R2). (25)

Let us now turn our attention to calculate the spatial momentum associated with coframe (13). The
non-vanishing components needed to calculate these physical quantities H̃α̂ = Hα̂ (α̂ = 1, 2, 3) have the form

H̃1̂ = H1̂
∼=

rH(r)(1 − 1
α ) sin θ[sinφ cos φ(1 − sin θ cos θ) − cos2 φ sin2 φ]

4π
(dθ ∧ dφ) + · · · ,

H̃2̂ = H2̂
∼=

rH(r)(1 − 1
α ) sin θ[cos θ cos φ(sin θ cos φ − 1) − cos φ sinφ sin2 θ − cos θ sin θ]

4π
(dθ ∧ dφ) + · · · ,

H̃3̂ = H3̂
∼=

rH(r)(1 − 1
α ) sin2 θ(cos θ cos φ − sin θ sinφ)

4π
(dθ ∧ dφ) + · · · . (26)

Using Eq. (25) in Eq. (11), we finally obtain the spatial momentum in the form

P1 =
∫

∂S

H̃1̂ = RH(R)(1 − 1
α1

) ∼= m H(R) = O

(
1
R

)
, (27)

if H(R) ∼ O

(
1
R

)
, P2 = P3 = 0, which is also in agreement with the previous results.[48]

3.2.Case II: total energy and spatial momentum of spherically symmetric spacetime

with an arbitrary parameter ξ

Using the spherical local coordinates (t, r, θ, φ), the Reissner Nordström solution is described by the coframe
components

ϑ
P

α = (Λ1
α

γ)(Λ3
γ

δ)ϑR
δ, (28)

where the coframe ϑR
δ has the form (13), (Λ1

γ
δ) is given by Eq. (14) and (Λ3

γ
δ) is the local Lorentz transfor-

mation which has the form
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(Λ3
γ

δ) =



1 0 0 0

0 −1 0 0

0 0 −4f4 − ξ2

4f4 + ξ2

4ξf2

4f4 + ξ2

0 0 − 4ξf2

4f4 + ξ2
−4f4 − ξ2

4f4 + ξ2


, (29)

where f ≡ f(r) = ln(r − m +
√

r2 − 2mr + q2), and
ξ is an arbitrary parameter. The coframe given by
Eq. (28) with the arbitrary parameter ξ is similar
to set II discussed in Refs. [46] and [48]. The non-
vanishing components of the Riemannian connection
of coframe (28), i.e., Γ̃ β̂

α̂ have the form

Γ̃ 0̂
1̂

= sin θ cos φαα′dt, Γ̃ 0̂
2̂

= sin θ sinφαα′dt,

Γ̃ 0̂
3̂

= cos θαα′dt,

Γ̃ 2̂
1̂

=
1

4f4 + ξ2
{8ff ′ξ cos θdr + 4f2ξα sin θdθ

+ sin2 φ[4f4(1 − α) + ξ2(1 + α)]dφ},

Γ̃ 3̂
1̂

= − 1
4f4 + ξ2

(
8ff ′ξ sin θ sinφdr

+ {cos φ[4f4(1 − α) + ξ2(1 + α)]

− 4f2ξα cos θ sinφ}dθ

+ sin θ{cos θ sinφ[4f4(1 − α)

+ ξ2(1 + α)] + 4f2ξα cos φ}dφ
)
,

Γ̃ 3̂
2̂

=
1

4f4 + ξ2

(
8ff ′ξ sin θ cos φdr

−{sinφ[4f4(1 − α) + ξ2(1 + α)]

+ 4f2ξα cos θ cos φ}dθ

− sin θ{cos θ cos φ[4f4(1 − α)

+ ξ2(1 + α)] − 4f2ξα sinφ}dφ
)
, (30)

where

f ′ =
df(r)

dr
, α′ =

dα(r)
dr

.

If we use Eq. (28), as well as the non-vanishing
components of the Riemannian connection given by
Eq. (30), and substitute it into Eq. (11), we finally
obtain

H̃0̂ =
2 sin θ

κ

[
r
4f4(r) − ξ2

4f4(r) + ξ2
− 1

α

]
(dθ∧dφ)+· · · . (31)

Computation of the total energy at a fixed time in the
3-space with a spatial boundary 2-dimensional surface

∂S = {r = R, θ, φ}, has the form

Ẽ =
∫

∂S

H̃0̂ = R
4f4(R) − ξ2

4f4(R) + ξ2
− 1

α
. (32)

From Eq. (32), we can deduce that if the parameter
ξ = 0, then we recover the correct energy of the space-
time of Reissner Nordström.[48] This calculation also
shows clearly that the parameter ξ acts as an inertial
quantity.

Now we are going to calculate the Weitzenböck
connection to use its components in the regularized
form. The non-vanishing components of this connec-
tion have the form

Γ1̂
2̂ = − 1

4f4 + ξ2
(8ff ′ξ cos θdr

+4f2ξ sin θdθ + 2 sin2 φξ2dφ),

Γ1̂
3̂ =

1
4f4 + ξ2

[8ff ′ξ sin θ sinφdr

− 2ξ(2f2 cos θ sinφ − ξ cos φ)dθ

− 2ξ sin θ(2f2 cos φ + ξ cos θ sinφ)dφ],

Γ2̂
3̂ = − 1

4f4 + ξ2
[8ff ′ξ sin θ cos φdr

− 2ξ(2f2 cos θ cos φ + ξ sinφ)dθ

+2ξ sin θ(2f2 sinφ − ξ cos θ cos φ)dφ]. (33)

Using the regularization framework based on the
covariance property, i.e., taking into account the
Weitzenböck connection Γα

β in Eq. (11) and calcu-
lating the necessary components, we finally obtain the
superpotential

H0̂ =
sin θ

4π

[
r − 1

α

]
(dθ ∧ dφ) + · · · . (34)

If we compute the total energy at a fixed time in the
3-space with a spatial boundary 2-dimensional surface
∂S = {r = R, θ, φ}, with R ← ∞, we obtain

E = R

(
1 − 1

α

)
∼= m − q2

2R
+ O(1/R2). (35)

The components needed to calculate the spatial mo-
mentum in this case are trivial and so the spatial mo-
mentum will be identically vanishing.

A comparison between the results of the arbitrary
function which reproduces Reissner Nordström space-
time and its energy using different translational mo-
mentums are given in Table 1.
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Table 1. comparison between the results of the arbitrary function H(r) which keeps spherical symmetry and the

other constants which create Reissner Nordström spacetime and its energy using different translational momenta.

Spacetime Arbitrary The constants Translational Energy

function H(r) c1 and c2 momentum and reference

Møller within the

H(r) = 0, q = 0 c1 = 0, framework of E = m, Ref. [46]

in Eq. (14) c2 = 0 tetrad spacetime

Møller Within the

Schwarzschild H(r) 6= 0, q = 0 c1 = m, framework of E 6= m, Ref. [46]

in Eq. (32) c2 = 0 tetrad spacetime

H(r) 6= 0, q = 0 Equation (11) with trivial

in Eq. (14) c1 6= 0, Weitzenböck connection, E 6= m,

c2 = 0 i.e., Γ α
β = 0 Eq. (19)

Møller within the

H(r) = 0 c1 = 0, framework of E = m − q2

2r
,

c2 = 0 tetrad spacetime Ref. [48]

Reissner Møller within the

Nordström H(r) 6= 0 c1 = m, framework of E 6= m − q2

2r
,

c2 = q tetrad spacetime Ref. [48]

Equation (11) with non trivial

H(r) 6= 0 c1 6= 0, Weitzenböck connection, E = m − q2

2r
,

c2 6= 0 i.e., Γ α
β 6= 0 Eq. (25)

4. Discussion and conclusion

In this study, we have used two spherically sym-
metric frames, one with arbitrary function H(r),
which preserves spherical symmetry and reproduces
all previous solution,[28,29] and the other with an ar-
bitrary parameter ξ. These frames are similar to the
frames studied in Refs. [46] and [48] and are related
to each other by local Lorentz transformation which is
complicated and includes both the arbitrary function
and the arbitrary parameter. The above two frames
create the same spacetime which is the Reissner Nord-
ström metric that is characterized by the two con-
stants m, which is related to the mass of the system,
and q is the electric charge.

We have calculated the energy associated with the
above two frames using two different procedures. In
the first one, we took a trivial Weitzenböck connec-
tion, i.e., Γα

β = 0 and show that the two forms of
energies related to the above two frames depend on
the two constants c1, c2, the arbitrary function H(r)
and the arbitrary parameter ξ. The formulas of en-
ergies given by Eqs. (19) and (32) show that the ar-
bitrary function H(r) and the parameter ξ play the
role of inertia which make the total energy always un-
physical. The choices that make the two formulas of
energies always physical are H(r) = 0 for the first
frame and ξ = 0 for the second one. The vanishing of

the arbitrary function H and the parameter ξ make
the local Lorentz transformations given by Eqs. (16)
and (29) identical with the Minkowski metric. This
means that local the Lorentz transformation which is
responsible for the change of frame makes the total
conserved energy-momentum P̃α corresponding to H̃α

not transform covariantly.
In the second procedure, we have used the ten-

sorial expression for the energy-momentum density of
gravity, in which Γα

β 6= 0, and calculated the total en-
ergy associated with the above two coframes. Using
this procedure, we have obtained a physical quantity
of the energy which is well known in the literature
without the arbitrary function characterized the first
frame and from the arbitrary parameter characterized
the second one. This means that the Weitzenböck con-
nection acts as a regularizing tool which separates the
inertial energy-momentum density, leaving the tenso-
rial, physical energy-momentum density of the system
untouched. Finally, we calculate the spatial momen-
tum of the two frames using the above two procedures
and show that they gave the desired results.
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