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We study the spontaneous symmetry breaking of a superfluid Bose–Fermi mixture in a two-dimensional double-

well potential. The mixture is described by a set of coupled Gross–Pitaevskii equations. The symmetry breaking

phenomenon is demonstrated in the two-dimensional double-well potential in the mixture. The results are summarized

in the phase diagrams of the mixture particle numbers, which are divided into symmetric and asymmetric regions by the

asymmetry ratios. The dynamical pictures of the spontaneous symmetry breaking induced by a gradual transformation

of the single-well potential into a double-well one are also illustrated. The properties of the quantum degenerate mixture

are explored using the realistic parameters for a 40K–87Rb system.
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Using the sympathetic-cooling technique, de-
generate Bose–Fermi (BF) mixtures of atoms were
produced.[1] A series of successful experimental and
theoretical investigations of the mixtures of the
trapped degenerate Fermi gas (DFG) and the Bose–
Einstein condensate (BEC) have been performed by
different groups.[2−10] One topic of great interest of the
BF mixtures is the spontaneous symmetry breaking
(SSB) of nonlinear fields trapped in the double-well
potentials (DWPs). SSB is a phenomenon in which
symmetric states in symmetric potentials appear to
be broken when the strength of the self-attractive
nonlinearity exceeds a certain critical value.[11,12] In
a coupled two-component Bose–Einstein condensate,
both the mean-field and the full quantum dynamics
of SSB have been studied. In particular, in various
two-dimensional (2D) settings,[13−15] the matter-wave
solitons and the solitary vortices were predicted un-
der the combined action of the harmonic traps and
the optical-lattice potentials.[16] SSB was also studied
in a nonlinear DWP, which was induced by the spa-
tial modulation of the nonlinearity coefficient rather
than the use of the linear potential.[11] Several other
settings have also been studied theoretically, includ-
ing optical models with the cubic-quintic nonlinear-
ity acting inside linearly coupled cores,[17] dipolar
BECs,[18] BEC mixtures,[19] BF mixtures,[2] Fermi

superfluids[20] and solitons in two-component linearly
coupled nonlinear systems.[21]

Very recently, Adhikari et al.[22] have reported the
SSB of the superfluid BF mixture in a one-dimensional
(1D) DWP. They introduced a model, which consid-
ered the SSB in a semi-trapped BF mixture with the
DWP acting on either the fermions or the bosons. The
results demonstrated that the symmetry breaking was
possible in the mixture with an attraction between the
fermions and the bosons.

In this article, we study the SSB of the trapped
BF mixture due to the BF attractive interaction in a
2D DWP and deal with the system with the confining
potential acting on both the components. We take
physical parameters corresponding to the mixture of
the ultracold 40K–87Rb atoms. By means of numeri-
cal solutions of the Gross–Pitaevskii (GP) equations,
the symmetry breaking phenomenon is demonstrated
for the mixture in the 2D DWP. The results are sum-
marized in the phase diagrams of the mixture particle
numbers, which are divided into symmetric and asym-
metric regions by the asymmetry ratios. The dynami-
cal pictures of the SSB induced by a gradual transfor-
mation of the single-well potential into the DWP are
also illustrated.

The action obtained from the density-functional
theory[23,24] for the superfluid of the BF mixture is
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given by

S =
∫

(LB + LF + LBF)d3rdt, (1)

where LB, LF, and LBF are the Lagrangian densi-
ties of the ordinary Bose gas, the Fermi gas with two
equally populated spin components and the interac-
tion between the two components, respectively. Ref-
erence [22] gives a detailed account of their expres-
sions. The confining potentials for the bosons and
the fermions are UB(r) = 1

2mBω2
⊥Bx2 + VB(y, z) and

UF(r) = 1
2mFω2

⊥Fx2 + VF(y, z), respectively, where
mB and mF are the masses of the bosons and the
fermions, respectively, ω⊥B and ω⊥F are the frequen-
cies of the confining harmonic potentials in the x di-
rection. The VB(y, z) and VF(y, z) are the potentials
acting in the (y, z) plane,

VB(y, z) =
1
2
mBω2

B

(
y2 + z2

)
+A exp(−y2

/
2σ2

0), (2)

VF(y, z) =
1
2
mFω2

F

(
y2 + z2

)
+A exp(−y2

/
2σ2

0), (3)

where ωB and ωF are the frequencies of the confin-
ing harmonic potentials in the y and the z direc-
tions, respectively, and A and σ0 are the height and
the width of a Gaussian profile modeling the barrier
between the two potential wells along the z direc-
tion. For the numerical results presented below, we
set ω⊥B/ωB = ω⊥F/ωF = 10, A = A0~ωF, A0 = 5,
σ0 = 0.2ah0 , where ~ is the reduced Planck constant,
and ah0 =

√
~/(2mFωF) is the oscillator length in the

y and the z directions. The harmonic frequency for
K is ωF = 2π × 40 Hz, and ωB = ωF/

√
mB/mF.[1]

The system is quasi-2D, that is, the BF mixture is
disk shaped in the (y, z) plane. The variational wave
functions for the macroscopic BEC and the Fermi gas
at unitary can be written as

ψB(r, t) =
√

NB
e−x2/(2a2

⊥B)(
π1/2a⊥B

)1/2
ϕB (y, z, t) , (4)

ψF(r, t) =
√

NF
e−x2/(2a2

⊥F)(
π1/2a⊥F

)1/2
ϕF (y, z, t) , (5)

where NB and NF are the particle numbers of the
bosons and the fermions, a⊥B =

√
~/(mBω⊥B) and

a⊥F =
√

~/(2mFω⊥F) are the characteristic harmonic
lengths of the oscillators in the x direction. By insert-
ing expressions (4) and (5) into Eq. (1), we can write
the action as

S = S(2D) − ~ω⊥BNBt/2 − ~ω⊥FNFt/4, (6)

with the effective 2D action

S(2D) =
∫

dt

∫ +∞

−∞
dy

∫ +∞

−∞
dz

× (L(2D)
B + L

(2D)
F + L

(2D)
BF ), (7)

where the usual 2D GP Lagrangian densities are

L
(2D)
B = NB

[
i ~
2

(
ϕ∗

B

∂ϕB

∂t
− ϕB

∂ϕ∗
B

∂t

)
− ~2

2mB

(∣∣∣∣∂ϕB

∂y

∣∣∣∣2+ ∣∣∣∣∂ϕB

∂z

∣∣∣∣2)
−VB |ϕB|2 − GB |ϕB|4

]
, (8)

L
(2D)
F = NF

[
i ~
4

(
ϕ∗

F

∂ϕF

∂t
− ϕF

∂ϕ∗
F

∂t

)
− ~2

8mF

(∣∣∣∣∂ϕF

∂y

∣∣∣∣2 +
∣∣∣∣∂ϕF

∂z

∣∣∣∣2 )
−VF |ϕF|2 − GF |ϕF|10/3

]
, (9)

L
(2D)
BF = −GBFNBNF |ϕB|2 |ϕF|2 . (10)

The coupling constants GB, GF and GBF are the intra-
and inter-species atom–atom interaction strengths, re-
spectively. These constants are given by

GB = (2π)1/2
NB~2aB/(mBa⊥B), (11)

GF = 3πξ(3/5)1/2 (3NF)2/3 ~2/
(
10mFa

2/3
⊥F

)
, (12)

GBF = 2~2aBF

[
π/

(
a2
⊥B + a2

⊥F

)]1/2
/mR, (13)

where mR = mBmF/(mB + mF) is the reduced
mass. In the mixture, 40K is in two equally
populated hyperfine states |F = 9/2, MF = −9/2〉
and |F = 9/2, MF = −7/2〉, and 87Rb is in the
|F = 2, MF = 2〉 state. The s wave corresponds to
an attractive BF interaction aBF ≈ −284a0, where a0

is the Bohr radius.[5] The boson–boson scattering pa-
rameter is aB = 108a0.[5] We introduce units of length
and frequency as a = 1 µm and ω = 2π × 100 Hz, re-
spectively.

Using the Euler–Lagrange equations with respect
to ϕ∗

B and ϕ∗
F to effective action (7), we obtain a set

of coupled 2D GP equations

i
∂

∂τ
ΦB =

[
− λB

2

(
∂2

∂Y 2
+

∂2

∂Z2

)
+ WB

+ gB |ΦB|2 + gBFNF |ΦF|2
]
ΦB, (14)

i
2

∂

∂τ
ΦF =

[
− λF

4

(
∂2

∂Y 2
+

∂2

∂Z2

)
+ WF
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+ gF |ΦF|4/3 + gBFNB |ΦB|2
]
ΦF, (15)

where Y = y/a, Z = z/a, τ = ωt, ΦB = aϕB,
ΦF = aϕF, WB = VB/(~ω), WF = VF/(~ω),
λB = a2

⊥Bω⊥B/
(
a2ω

)
, λF = a2

⊥Fω⊥F/
(
a2ω

)
, and the

rescaled coupling constants derived from expressions
(11)–(13) are

gB = 2 (2π)1/ 2
NBaBa⊥B/a2, (16)

gBF = 2~aBF

[
π/

(
a2
⊥B + a2

⊥F

)]1/2
/
(
mRωa2

)
, (17)

gF = (3/5)1/2
π~ξ (3NF)2/3

/
(
2mFωa

2/3
⊥Fa4/3

)
. (18)

In our numerical simulations, we adopt the Crank–
Nicolson finite-difference scheme in imaginary time
and use the FORTRAN codes provided in Ref. [25].
The discretization used in our calculations is ∆τ =
0.002 in time and ∆Y = ∆Z = 0.045 in space. The

calculation is performed in an area that is large enough
to trap the mixture.
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Fig. 1. (colour online) The 2D double-well potential.

Fig. 2. (colour online) The 2D ground-state density profiles of the 40K and 87Rb mixture. The numbers of bosons NB

are 200 for panels (a) and (b), 340 for panels (c) and (d), and 350 for panels (e) and (f). The number of fermions NF

is fixed at 400.
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We consider the 2D DWP (Eqs. (2) and (3)) act-
ing on the two components. The 2D DWP is depicted
in Fig. 1. We demonstrate that the BF interaction
can substantially affect the symmetry of the degen-
erate mixture by varying the values of NB and NF.
In Fig. 2, we plot the 2D density profiles of the 40K
and 87Rb mixture in the ground state obtained by
evolving Eqs. (14) and (15) in imaginary time with
different values of NB and a fixed number of fermions
(NF = 400). We can clearly see that the wave func-
tions of both components are symmetric and equally
distributed in the two wells in Fig. 2(a) and 2(b) for
NB = 200 and NF = 400. The repulsive interactions
between boson and boson and between fermion and
fermion make the density distributions of both com-
ponents very broad. When we increase the number of
the bosons, the profile of the ground state is not sym-
metric, as shown in Figs. 2(c) and 2(d) for NB = 340

and NF = 400, that is to say, an attractive interac-
tion can lead to SSB and narrower distributions for
a sufficiently large number of bosons. For NB = 350
and NF = 400, Figs. 2(e) and 2(f) show that the den-
sity profile of the asymmetric states evolves from the
double-peak pattern into an asymmetric single-peak
one and concentrtes nearly in one of the wells. SSB
happens when NB is in the range from 200 and 340
with a fixed number of fermions (NF = 400).

Similar to that shown in Fig. 2, the symmetric
ground state is also replaced by an asymmetric one
with the increase of NF at fixed NB. An example
of the transition from the symmetric ground state of
the BF mixture to an asymmetric one is displayed in
Fig. 3. When the number of the fermions increases
from 200 to 390 at NB = 350, the SSB phenomenon
appears.

NB/

NF/

NB/

NF/

NB/

NF/

NB/

NF/

NB/

NF/

NB/

NF/

Fig. 3. (colour online) The 2D ground-state density profiles of the 40K and 87Rb mixture. The numbers of fermions

NF are 200 for panels (a) and (b), 370 for panels (c) and (d), and 390 for panels (e) and (d). The number of bosons

NB is fixed at 350.
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The SSB can be further illustrated by using the phase diagram of the mixture in the (NB, NF) plane.
As the potential barrier divides the well into two portions along the Y axis, we analyze the Y -symmetric and
asymmetric ground states of the system. The asymmetry of the Fermi and the Bose components is characterized
by the asymmetry ratio, which is defined as

θB,F =

∣∣∣∫ +∞
0

dY
∫ +∞
−∞ dZ |ΦB,F (Y,Z)|2 −

∫ 0

−∞ dY
∫ +∞
−∞ dZ |ΦB,F (Y,Z)|2

∣∣∣∫ +∞
−∞ dY

∫ +∞
−∞ dZ |ΦB,F (Y,Z)|2

. (19)

The denominator in the above expression is actually
1 for both species. The 3D profiles of the asymmetry
ratios of the bosons and the fermions are displayed in
Fig. 4. Figures 4(a) and 4(b) show similar transitions
from the symmetric ground state to the asymmetric
one when the numbers of bosons and fermions are in-
creased, that is to say, both the boson–boson and the
BF interactions are increased. We can see that each
figure can be divided into a symmetric region and an
SSB region by the critical values of the numbers of the
bosons and the fermions. In the symmetric region, the
bosons and the fermions are trapped in the symmetric
state with respect to the DWP. In the SSB region, the
mixture is trapped in the asymmetric ground state.

NB

NB

(a)

(b)

N
F

N
F

Fig. 4. (colour online) Phase diagrams of the 40K and
87Rb mixture in the (NB, NF) plane for the asymmetry

ratios of bosons (a) and fermions (b).

The dynamical property of the system is demon-
strated. The mixture in the ground state is initially
prepared with A0 = 0. Then we linearly increase A0

to 5 in the time interval of 0 < t < 5. In this pro-
cess, the single potential well is split into two wells.
Figures 5(a) and 5(b) show the boson and the fermion
populations in the ground states. At t = 0, the sin-
gle potential well acts on the mixture, the densities of
the bosons and the fermions are equally distributed
in a very narrow area due to their mutual attraction.
Then the distributions in Figs. 5(a) and 5(b) show
a leap from narrow to broad at t ≈ 2.3. The bifur-
cations of the populations indicate the appearance of
new stationary states induced by the increased po-
tential barrier and the mutual attraction. At t > 4.8,
both components are mainly localized in the same well
due to the mutual attraction, which means the break-
ing of the left-right symmetry of the DWP.

(a)

(b)

Fig. 5. (colour online) Contour plots for the evolution of

densities
R +∞
−∞ |ΦB (Y, Z)|2 dZ and

R +∞
−∞ |ΦF (Y, Z)|2 dZ

of (a) bosons and (b) fermions in the 87Rb and 40Kb mix-

ture.

In this work, we have introduced a physical model
that gives rise to the SSB of the 2D DWP in a BF
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system. Previously, this effect was studied in a 1D
setting. Our model is based on a 2D set of coupled
GP equations derived from the density functional in
the unitarity limit. We study the SSB in the trapped
BF mixture with the DWP acting on both species.
We have demonstrated that the SSB is possible by
varying the values of NB and NF in the 2D DWP for
87Rb and 40K atoms due to the attraction between
them. The 3D phase diagrams of the asymmetry ra-
tio of the bosons and the fermions in the (NB, NF)
plane are calculated by means of numerical methods.
They clearly show the transition from the symmet-
ric ground state to the asymmetric one. Finally, we
study the dynamical process of the SSB induced by
a gradual transformation of the single-well potential
into the DWP. The populations of the fermions and
the bosons are mainly trapped in the same well in-
stead of equally distributed in the two wells with the
increased potential barrier.
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