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Both the maximal and the total skew information have been studied. For a three-qubit system implemented in

three nonlinear interaction models, we give the exact state vector at any time t. Based on this, we give the maximal

and the total skew information. It is found that they have the same form and their evolution periods are dependent

on the energy difference between the ground state and the second excited state in these models. The maximal skew

information is always in the (Sx, Sy) plane. We give the condition for the occurrence of |GHZ〉Sy , in which they can

reach the extreme values of 9/4 and 15/4, respectively. In three different decoherence channels, two kinds of information

and the concurrence are calculated. We find that the phenomenon of the concurrence of sudden death occurs, but the

above two kinds of information do not die suddenly. In the phase-damping channel, the two kinds of information will

not be lost completely.
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1. Introduction

It is well known that spin squeezing is connected
with the minimum spin fluctuation in the plane that is
perpendicular to the mean spin direction.[1−3] To gen-
erate spin squeezing and spin squeezed states, Kita-
gawa and Ueda first introduced the one-axis twist-
ing and the two-axis countertwisting models.[1] Sub-
sequently, the one-axis twisting model has been stud-
ied widely.[4−8] It was shown that an external field in
the one-axis twisting model as well as in the two-axis
countertwisting model can improve the spin squeezing
and the entanglement.[9,10] Possible realizations of the
one-axis twisting Hamiltonian have been studied in a
two-component Bose–Einstein condensate[11−16] and
an atomic ensemble system in the dispersive regime.
Sørensen et al. also proposed that spin squeezing
can be used as a measure of many-particle quantum
entanglement.[11] In the above models, only the one-
axis twisting model can be solved analytically within
the Heisenberg picture. However, for a system with a

few spins[17−22] the exact solutions for the state vec-
tors of the models are possible at any time t.

The Wigner–Yanase skew information corre-
sponds to the fluctuation of a pure state.[23] It
is essentially a particular kind of quantum Fisher
information[24−26] and is closely connected to the
Heisenberg uncertainty principle.[27,28] It has been
shown that it can be used to detect entanglement.[29]

However, the study of the Wigner–Yanase skew in-
formation in a spin system is still lacking. Based
on the concept of the Wigner–Yanase skew informa-
tion, the maximal Wigner–Yanase skew information
(MSI) and the total Wigner–Yanase skew information
(TSI) are introduced. For the two-qubit pure states,
they are equivalent to the spin squeezing and concur-
rence that is a measure of the degree of the two-qubit
entanglement.[30−33] In this paper, for a three-qubit
system, in terms of the eigenstates of Sz, we first
present the states generated via the one-axis twisting
model with an external field, the two-axis counter-
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twisting model with an external field, and a mixture
of the two models. Further, we will study the MSI and
the TSI of the states and find the nonlinear interac-
tions among the elementary spins that are important
ingredients for good MSI and TSI. Moreover, we can
show that one of them possesses the same form in the
three models. We give a requirement of the exter-
nal field for the occurrence of |GHZ〉Sy state. On the
quantum resource, the effects of the environment sur-
rounding the quantum system are very important, so
naturally we should consider the decay of the quantum
state. In order to examine the capacity of the skew in-
formation to overcome decoherence, we calculate the
MSI and the TSI in three different decoherence chan-
nels within the Heisenberg picture.

This paper is organized as follows. In Section 2,
we study the relation between the MSI, the TSI, and
the linear entropy in symmetric pure states. In Section
3, we consider three nonlinear models for a three-qubit
system, then present the explicit expressions for the
state vectors at any time t and study the MSI and the
TSI. In Section 4, we further study the MSI, the TSI,
and the concurrence of these models with three qubits
in three different decoherence channels. Finally, a con-
clusion is given in Section 5.

2. Theoretical model

Let us first review the concept of the Wigner–
Yanase skew information. In order to further study
the measurement theory from an information-theory
point of view, Wigner and Yanase introduced a
quantity[23] called the Wigner–Yanase skew informa-
tion (SI), which is the amount of information of the
observables not commuting with A. In terms of the
density matrix ρ and the operator A, it is defined as[23]

I(ρ,A) = −1
2

Tr[ρ1/2, A]2. (1)

From Eq. (1), we know that I(ρ,A) may be inter-
preted as the degree of non-commutativity between ρ

and A.[34] Note that the SI can be rewritten as

I(ρ,A) = Tr ρA2 − Tr ρ1/2Aρ1/2A. (2)

In particular, if the pure state of a system is consid-
ered, then this state can be described by |ψ〉. The cor-
responding density matrix ρ has the property ρk = ρ.
So the SI of the state has the following form:

I(ρ,A) = 〈ψ|A2|ψ〉 − 〈ψ|A|ψ〉2. (3)

It is actually the fluctuation of operator A. A col-
lection of N spin- 1

2 particles are represented by the
collective operators

Sµ =
N∑

i=1

Si,µ, µ ∈ {x, y, z}, (4)

where Si,µ are the spin operators for the i-th qubit.
The cyclic commutation relations are satisfied

[Si,µ, Si,ν ] = i εµνγSi,γ , (5)

[Sµ, Sν ] = i εµνγSγ , µ, ν, γ ∈ {x, y, z}, (6)

where εµνγ is the Levi–Civita symbol. For the pure
states, as the SI equals the spin fluctuation the MSI
is actually the maximal spin fluctuation, and we use
Im to denote this quantity. If the mean spin direction
n1 is along the z axis, and its collective angular mo-
mentum operators satisfy the condition 〈[Sz, Sx]+〉 =
〈[Sz, Sy]+〉 = 0, then the maximal spin fluctuation has
the following form:[8]

max(∆Sn)2 = max(∆S2
z ,max∆S2(x, y)), (7)

where Sn is defined as

Sn = sin Θ cos ΦSx + sinΘ sinΦSy + cos ΘSz,

and max∆S2(x, y) is the maximum fluctuation in
the (Sx, Sy) spin plane.[8] We can use the method in
Refs. [4], [35], and [36] to obtain

max∆S2(x, y) =
1
2
(S2 + S − 〈S2

z 〉 + |〈S2
+〉|). (8)

Fortunately, in the states generated by both the one-
axis and the two-axis models, the mean spin direction
n1 is along the z axis, and the condition 〈[Sz, Sx]+〉 =
〈[Sz, Sy]+〉 = 0 can be satisfied.

Based on the SI, we can define a quantity that is
the sum of the SI in the x, y, and z directions and will
be called the total skew information. For convenience,
we denote it as

Isum =
∑

µ

∆S2
µ, µ ∈ {x, y, z}. (9)

On the other hand, the linear entropy is defined
as[37,38]

EL = 1 − Tr(ρ2
i ), (10)

where ρi is the reduced matrix of the i -th particle. For
the states belonging to the subspace with the maximal
spin angular momentum S = N/2, there is a clear re-
lation between the linear entropy and the expectation
values of Sµ

EL =
1
2

[
1 − 4

N2
(〈Sx〉2 + 〈Sy〉2 + 〈Sz〉2)

]
. (11)
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Then we can obtain the relation between the linear
entropy and the TSI

Isum =
N

2
+

N2

2
EL. (12)

If the condition 〈Sx〉 = 〈Sy〉 = 0 can be satisfied in
Eq. (11), for example, in the one-axis and the two-axis
models,[7−16]then the linear entropy and Isum depend
on 〈Sz〉2 as follows:

EL =
1
2
[1 − 4

N2
〈Sz〉2], (13)

Isum = S(S + 1) − 〈Sz〉2. (14)

Under the above restrictive condition, 〈Sz〉2 is an es-
sential ingredient of the linear entropy and the TSI.
In the following section, we focus on the calculation
of 〈Sz〉, 〈S2

z 〉, and |〈S2
+〉|.

3. Maximal and total skew infor-

mation of nonlinear interaction

models for three-qubit system

Now we study the MSI and the TSI of the three-
qubit pure states dynamically generated from |111〉 via
the following three nonlinear interaction Hamiltonian
models, which do not change the parity of the initial
state. Quantum mechanics indicates that if the initial
state of a system can be expressed as a linear combi-
nation of the eigenstates of the Hamiltonian that is in-
dependent of time, i.e., ψ(0) =

∑
n

cnφn, then the final

state can be given by ψ(t) =
∑
n

e− i Entcnφn, where

En is the eigenvalue corresponding to eigenstate φn.
Here we let ~ = 1. We can then study the information
included in the final state ψ(t). For our problem the
first thing we need to do is find the eigenvalues and the
eigenstates of these nonlinear interaction Hamiltonian
models. For the case of a small number of particles,
the task is easy; here we only consider the three-qubit
case. Our central task is to calculate the expectation
values of 〈Sz〉, 〈S2

z 〉, and |〈S2
+〉| at any time t.

3.1.One-axis twisting model with an ex-

ternal field

The first model is the one-axis twisting model
with an external field. The corresponding Hamilto-
nian can be described by[5,9,15,16]

H = 2χ1S
2
x + ΩSz, (15)

where Ω (> 0) can be controlled by the strength of
the external field, and χ1 describes the nonlinear in-
teraction strength of the quantum correlations among
the elementary spins.[1] Several studies have identified
that the nonlinear interaction 2χ1S

2
x can be naturally

found in a trapped Bose condensate.[11,39,40] In prac-
tice, the Hamiltonian given by Eq. (15) can be applied
to a trapped spinor Bose condensate. If the initial
state is |111〉, we find that only two eigenstates φ±
and two energies E± are useful to our task by solv-
ing the eigenvalue equation of the Hamiltonian. State
φ+ is the second excited state with energy E+, state
φ− is the ground state with energy E−. Their exact
expressions are

φ± =
1

A±



0

(Ω + χ1 ±
√

Ω2 + 2Ωχ1 + 4χ2
1)√

3χ1

0

1


, (16)

E± = −Ω

2
+

5χ1

2
±

√
Ω2 + 2Ωχ1 + 4χ2

1, (17)

where A± are the normalization factors given by

A± =
√

3χ1{2[(Ω + χ1)2 + 3χ2
1

+(Ω + χ1)
√

Ω2 + 2Ωχ1 + 4χ2
1]}−1/2. (18)

If we set W = Ω + χ1 and χ =
√

3χ1, then the eigen-
states and the eigenvalues can be reduced to

φ± =
1

A±



0

(W ±
√

W 2 + χ2)
χ

0

1


, (19)

A± = χ[2(W 2 + χ2 ± W
√

W 2 + χ2)]−1/2, (20)

E± = −Ω

2
+

5χ1

2
±

√
W 2 + χ2. (21)

Under the initial condition c+φ+ + c−φ− ≡ |111〉, we
can obtain coefficients c± and the final state vector as

c± =

√
W 2 + χ2 ∓ W

2
√

W 2 + χ2
, (22)

ψ(t) =
(

0 a(t) 0 b(t)
)T

, (23)

a(t) = χ
e− i E+t − e− i E−t

2
√

W 2 + χ2
, (24)

b(t) =
( e− i E+t + e− i E−t)

2

− W ( e− i E+t − e− i E−t)

2
√

W 2 + χ2
. (25)
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In order to obtain the MSI and the TSI, we must
obtain the expectation values of 〈Sz〉, 〈S2

z 〉, and |〈S2
+〉|.

Based on the state vector ψ(t), by a straightforward
calculation, we can give their exact expressions as

〈Sz〉 =
−[3W 2 + χ2 + 2χ2 cos(2

√
W 2 + χ2t)]

2(W 2 + χ2)
, (26)

〈S2
z 〉 =

[9W 2 + 5χ2 + 4χ2 cos(2
√

W 2 + χ2t)]
4(W 2 + χ2)

, (27)

|〈S2
+〉| = {2W 2[1 − cos(2

√
W 2 + χ2t)]

+χ2 sin2(2
√

W 2 + χ2t)}1/2

√
3χ

(W 2 + χ2)
. (28)

These quantities are periodic functions with a time
scale ∆E, where ∆E = E+ − E− = 2

√
W 2 + χ2 is

the energy difference between the second excited state
and the ground state. Then the MSI and the TSI have
the extreme values synchronously. We find that the
MSI is always in the (Sx, Sy) plane when an arbitrary
external field is present. For comparison, we present
∆S2

z and max∆S2(x, y) in Figs. 1(a) and 1(b). This
conclusion is still valid for the other two models, as
shown in Figs. 2 and 3. When no external field is in-
volved, the MSI and the TSI have the extreme values
9/4 and 15/4 at time tm = π/∆E, respectively, as
shown in Figs. 1(a) and 1(c). We can explain this by
investigating state ψ(tm). By a simple calculation, we
observe that ψ(tm) has a simple form, which can be
rewritten as the superposition of eigenstates | 32 ,± 3

2 〉sy

of Sy with eigenvalues ± 3
2

ψ(tm) =
(

0
√

3
2

0 − 1
2

)T

=
1√
2

(∣∣∣∣32 ,
3
2

〉
sy

−
∣∣∣∣32 ,−3

2

〉
sy

)
, (29)

where∣∣∣∣32 ,
3
2

〉
sy

=
(√

2
4 i

√
3
8

−
√

3
8 i −

√
2

4

)T

,∣∣∣∣32 ,−3
2

〉
sy

=
(√

2
4 i −

√
3
8

−
√

3
8 i

√
2

4

)T

. (30)

As 〈Sµ〉 = 0 and µ ∈ {x, y, z}, it is obvious that the
state is |GHZ〉Sy with the maximal fluctuation Im =
∆S2

y = 9/4 for the extreme MSI and Isum = 15/4 for
the extreme TSI. It is worth noting that at time tm,
the linear entropy equals 0.5, but the concurrence is 0.
This implies that the extreme MSI and TSI do not cor-
respond to the maximal concurrence (Figs. 1(c) and
1(d)), which is different from the two-qubit case. With
the increase of Ω, the extreme values of the MSI and
the TSI decrease in the presence of external fields. In
fact, for the case of Ω À χ1, the nonlinear term 2χ1S

2
x

can be treated as a perturbation, then the states of the
system and the expectation values 〈F̂ 〉 do not deviate
too far away from their initial values. This illustrates
that the quantum correlation among individual qubits
is an essential ingredient to obtain good MSI and good
TSI.
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z , (C) Isum, and (d) C versus t with χ1 = 1. Parameter Ω takes 0, 1, 2, and 6 for dot-dashed,

dotted, dashed, and solid lines, respectively.
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3.2.Two-axis countertwisting model

with an external field

Consider the two-axis countertwisting model with

an external field. The Hamiltonian can be put as[9,15]

H =
χ2

2 i
(S2

+ − S2
−) + ΩSz. (31)

It is actually the LMG model. The LMG model, orig-

inally introduced in nuclear physics, has been widely

studied in other fields including statistical mechan-

ics of quantum spin system,[41] the Bose–Einstein

condensates,[42] and magnetic molecules such as Mn12

acetate.[43] The exact diagonalization of the Hamilto-

nian provides two available eigenstates and two eigen-

values

φ± =
1

A±



0

− i(W ±
√

W 2 + χ2)
χ

0

1


, (32)

A± = χ[2(W 2 + χ2 ± W
√

W 2 + χ2)]−1/2, (33)

E± = −W

2
±

√
W 2 + χ2, (34)

where W = Ω, χ =
√

3χ2, and A± are the normal-

ization factors. The second excited state φ+ and the

ground state φ− correspond to E+ and E−, respec-

tively. The expansion coefficients and the final state

vector are obtained as

c± =

√
W 2 + χ2 ∓ W

2
√

W 2 + χ2
, (35)

ψ(t) =
(

0 a(t) 0 b(t)
)T

, (36)

a(t) = iχ
e− i E+t − e− i E−t

2
√

W 2 + χ2
, (37)

b(t) =
( e− i E+t + e− i E−t)

2

− W ( e− i E+t − e− i E−t)

2
√

W 2 + χ2
. (38)

The expectation value 〈Sz〉 at any time t is given by

〈Sz〉 =
−[3W 2 + χ2 + 2χ2 cos(2

√
W 2 + χ2t)]

2(W 2 + χ2)
, (39)

〈S2
z 〉 =

[9W 2 + 5χ2 + 4χ2 cos(2
√

W 2 + χ2t)]
4(W 2 + χ2)

, (40)

|〈S2
+〉| = {2W 2[1 − cos(2

√
W 2 + χ2t)]

+χ2 sin2(2
√

W 2 + χ2t)}1/2

√
3χ

(W 2 + χ2)
. (41)
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Though the result is the same as that of the first
model, there are some differences for the time evolu-
tion of the MSI and the TSI. We present Im and Isum

in Figs. 2(a) and 2(c), respectively. We observe that
for the case with Ω = 0, their extreme values occur
at time t∗m = 2π/(3∆E) not at tm. The state vectors
at the two time points are

ψ(t∗m) =



0
√

3
2
0

−1
2


, ψ(tm) =


0

1

0

0

 . (42)

Here ψ(t∗m) is the |GHZ〉Sy with the extreme Im = 9/4,
the extreme Isum = 15/4, and the minimum concur-
rence C = 0. The ψ(tm) is the eigenstate of operator
Sz with Im = 7/4 and Isum = 14/4. By using the
formula in Ref. [44], we can demonstrate that the con-
currence equals 2/3 at tm. For comparison, we present
the time evolution of the concurrence in Fig. 2(d). If
W is in the region of 0 ≤ W ≤ χ/

√
3, the extreme

values of Im and Isum do not change. There is a time
region t∗m ≤ t ≤ tm, at which the extreme values of the
MSI and the TSI will occur. However, the maximal
value of C varies with W . With the increase of Ω, the
extreme values of the MSI and the TSI decrease when
W > χ/

√
3. For the case of Ω À χ1, the nonlinear

term 2χ1S
2
x can also be treated as a perturbation.

3.3.Mixed model with an external field

Now, we consider a general model, which is the
mixed model of the one-axis twisting and the two-axis
countertwisting models with an external field. The
Hamiltonian reads

H = χ1S
2
x +

χ2

2 i
(S2

+ − S2
−) + ΩSz. (43)

The two eigenstates are

φ± =
1

A±



0
√

3(χ1 − iχ2)(W ±
√

W 2 + χ2)
χ2

0

1


,

(44)

with the normalization factors

A± = χ[2(W 2 + χ2 ± W
√

W 2 + χ2)]−1/2, (45)

where W = Ω + χ1 and χ2 = 3(χ2
1 + χ2

2). The two

corresponding eigenvalues are

E± = −Ω

2
+

5χ1

2
±

√
W 2 + χ2. (46)

We obtain the expansion coefficients and the final

state under the initial condition ψ(0) = |111〉 as

c± =

√
W 2 + χ2 ∓ W

2
√

W 2 + χ2
, (47)

ψ(t) =
(

0 a(t) 0 b(t)
)T

, (48)

a(t) =
√

3(χ1 − iχ2)( e− i E+t − e− i E−t)

2
√

W 2 + χ2
, (49)

b(t) =
( e− i E+t + e− i E−t)

2

− W ( e− i E+t − e− i E−t)

2
√

W 2 + χ2
, (50)

and the expectation values are

〈Sz〉 =
−[3W 2 + χ2 + 2χ2 cos(2

√
W 2 + χ2t)]

2(W 2 + χ2)
, (51)

〈S2
z 〉 =

[9W 2 + 5χ2 + 4χ2 cos(2
√

W 2 + χ2t)]
4(W 2 + χ2)

, (52)

|〈S2
+〉| = {2W 2[1 − cos(2

√
W 2 + χ2t)]

+χ2 sin2(2
√

W 2 + χ2t)}1/2

√
3χ

(W 2 + χ2)
.(53)

We can see that 〈Sz〉, 〈S2
z 〉, and |〈S2

+〉| have the same

forms as those of the above two models. The W and

χ possess different definitions for different models. In

this model, if χ1 = 0 or χ2 = 0, it can be reduced to

the second or the first model. So, we only discuss a

general case, in which χ1 6= 0 and χ2 6= 0. As an exam-

ple, we set χ1 = χ2 = 1. We present the corresponding

Im, Isum, ∆S2
z , and C in Fig. 3. We find that the evo-

lutions of the four quantities are similar to those of the

second model. If 0 ≤ Ω ≤
√

χ2
1 + χ2

2 − χ1, the MSI

and the TSI have extreme values 9/4 and 15/4, respec-

tively. For the cases of Ω = 0 and Ω =
√

χ2
1 + χ2

2−χ1,

they occur at time arccos(− 3
4 )/∆E and tm, respec-

tively. For a general case of 0 < Ω <
√

χ2
1 + χ2

2 − χ1,

they occur in the region of arccos(− 3
4 )/∆E ≤ t ≤ tm.
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2 − 1 for dot-dashed, dotted, dashed, and solid lines, respectively.

4. Maximal and total skew infor-

mation and concurrence under

decoherence

4.1.Three decoherence channels

It is well known that quantum decoherence is
an inevitable issue in quantum information pro-
cessing. The typical decoherence channels include
the amplitude-damping channel (ADC), the phase-
damping channel (PDC), and the depolarizing chan-
nel (DPC). There are two equivalent methods for the
study of the effects of decoherence. One method takes
into account the decoherence mechanism in the quan-
tum states, and the operators do not change. In gen-
eral, the quantum states become mixed. The other
considers the decoherence mechanism in the opera-
tors, and its advantage is that the quantum states do
not change. To apply Eq. (3) more conveniently, we
use the second method in the following.

4.1.1. Amplitude-damping channel

For an arbitrary operator

F =

 F11 F12

F21 F22

 , (54)

the amplitude-damping channel is defined via the
mapping

ε†A(F ) =
1∑

i=0

E†
i FEi (55)

with

E0 =
√

s|0〉〈0| + |1〉〈1|, E1 =
√

p|1〉〈0|, (56)

where E0 and E1 are the Kraus operators, p = 1 − s,

s = exp[−γt0/2], and γ is the damping rate. Accord-
ing to the above mapping, we can obtain the three
Pauli operators within this decoherence channel

ε†A(σx) =
√

sσx, ε†A(σy) =
√

sσy,

ε†A(σz) = sσz − p. (57)

4.1.2. Phase-damping channel

In the phase-damping channel, the corresponding
map is given by

ε†P(F ) =
2∑

i=0

E†
i FEi (58)

with

E0 =
√

s1, E1 =
√

p|0〉〈0|,
E2 =

√
p|1〉〈1|, (59)

where 1 is the identity operator. By a direct calcu-
lation, the three Pauli operators in this decoherence
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channel are obtained as

ε†P(σx) = sσx, ε†P(σy) = sσy,

ε†P(σz) = σz. (60)

4.1.3. Depolarizing channel

Under this decoherence mechanism, the operator
F is governed by the relation

ε†D(F ) =
3∑

i=0

E†
i FEi, (61)

where four Kraus operators are defined as

E0 =

√
1 − 3p

4
1, E1 =

p

2
σx, (62)

E2 =
p

2
σy, E3 =

p

2
σz. (63)

From the above mapping, we find

ε†D(σα) = sσα, α ∈ {x, y, z}. (64)

We consider the decoherence channels acting sep-
arately on each qubit of the system with three qubits,
these expressions of operators for the single qubit are
useful to obtain the expectation values of the collec-
tive operators with the decoherence.

4.2.Maximal and total skew information

and concurrence

Now we study the maximal and the total skew
information and the concurrence within the three dif-
ferent decoherence channels. From the previous anal-
ysis, the two kinds of information are determined by
the expectation values of some collective operators.
The expectation value of any observable ε†(F ) with
decoherence within the Heisenberg picture can be ob-
tained through

〈ε†(F )〉 = Tr[ε†(F )ρ], (65)

where ρ = |ψ(t)〉〈ψ(t)|, and |ψ(t)〉 can be obtained by
the three models in Section 3. Considering the expres-
sions of the two kinds of information and Eqs. (57),
(60), and (64) for the different decoherence channels
and using a straightforward calculation, we can obtain
the MSI as

Im,A = max(s2∆S2
z , s max∆S2(x, y)), (66)

Im,P = max(∆S2
z , s2 max∆S2(x, y)), (67)

Im,D = s2 max(∆S2
z , max∆S2(x, y)). (68)

From the definition of s, we have s2 < s. Due to the
fact that ∆S2

z < max∆S2(x, y) for state ψ(t) in Sec-

tion 3, in the ADC and the DPC the MSI is still in
the (Sx, Sy) plane, then

Im,A = smax∆S2(x, y), (69)

Im,D = s2 max∆S2(x, y). (70)

In the PDC, the decoherence does not affect the z-
axis SI, then it is possible that the MSI turns to the
z direction, so

Im,P = max(∆S2
z , s2 max∆S2(x, y)). (71)

Further, we can obtain the TSI in the three decoher-
ence channels

Isum,A = s[S2 + S − 〈S2
z 〉] + s2∆S2

z , (72)

Isum,P = s2(S2 + S) + (1 − s2)〈S2
z 〉 − 〈Sz〉2, (73)

Isum,D = s2Isum. (74)

In the above equations, 〈S2
z 〉, 〈Sz〉,

max∆S2(x, y), and Isum are given in Section 3. From
Eqs. (69)–(74), we can see that due to the quantum
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I
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I
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Fig. 4. (a) MSI and (b) TSI versus p in the three different

decoherence channels. The three-qubit state is |GHZ〉Sy ,

and γ = 1. Dashed, solid, and dotted lines correspond the

ADC, the PDC, and the DPC, respectively.

decoherence, both the MSI and the TSI will gradually
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decrease. In the ADC and the DPC, they reach zero
in the asymptotic limit of s = 0 regardless of their ini-
tial values, i.e., the information losses completely. In
the PDC, if ∆S2

z 6= 0, they do not loss completely in
this limit and keep the z-axis SI. In Fig. 4, we present
their evolutions in the different decoherence channels.

Through a simple calculation, we can see that the
condition in which both the MSI and the TSI equal
to zero is s = 0. In other words, the sudden death of
the MSI and the TSI do not exist in any decoherence
channel. However, the sudden death of the pairwise
entanglement exists in these decoherence channels.[45]

We can use the method in Ref. [45] to obtain the con-
currence

CA = max[0, s(C − px)], (75)

CP = max[0, s2C + (s2 − 1)(1 − 〈σ1zσ2z〉)], (76)

CD = max[0, s2C + (s2 − 1)], (77)

where

C =
∣∣∣∣1 − 2

3

(
15
4

− 〈S2
z 〉 + |〈S2

+〉|
)∣∣∣∣/2, (78)

x = 1 + 2〈σ1z〉 + 〈σ1zσ2z〉, (79)

〈σ1z〉 = 2〈Sz〉/3, 〈σ1zσ2z〉 = 2〈S2
z 〉/3 − 1/2. (80)

As an example, in Fig. 5, plots of the concurrence of
the state generated from |111〉 via the two-axis coun-
tertwisting model against p in the three different de-
coherence channels are shown. We observe the phe-
nomenon of the sudden death of the pairwise entan-
glement. In the ADC, the entanglement capacity to
overcome decoherence is more robust than that in the
PDC and the DPC. In the same decoherence channel,
different initial values of the concurrence correspond
to different time of pairwise entanglement death.

0
p
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0.20

0.15

0.10

0.05

0
0.5 1.0

C
A
↪ 
C
P
↪ 
C
D

(b)
0.6

0.4

0.2

0
0

p

0.5 1.0

C
A
↪ 
C
P
↪ 
C
D

Fig. 5. Concurrence versus p in three different decoherent channels. In panels (a) and (b), the time of the state

ψ(t) is 0.1 and 0.3π, respectively, and γ = 1. Solid, dotted, and dot-dashed lines correspond the ADC, the PDC,

and the DPC, respectively.

5. Conclusion

In conclusion, we have investigated the MSI and
the TSI in three nonlinear models with three qubits.
We present the state vectors at any time. Though
the state vectors are different for different models, the
MSI and the TSI have the same forms. There are no
clear relations between them and concurrence C. We
find that if condition W ≤ χ/

√
3 is satisfied, then the

|GHZ〉Sy state can occur, in which the MSI and the
TSI synchronously reach the extreme values 15/4 and
9/4, respectively. For the models, the time of the oc-
currence of |GHZ〉Sy is dependent on W, χ, and ∆E.
Under the ADC and the DPC, both the MSI and the
TSI completely loss, while under the PDC, the z-axis
information is reserved. For the three decoherence
channels, the phenomenon of the sudden death can be

observed, but both the MSI and the TSI do not die
suddenly.
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