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The present paper deals with the numerical solution of time-fractional partial differential equations using the

element-free Galerkin (EFG) method, which is based on the moving least-square approximation.

Compared with

numerical methods based on meshes, the EFG method for time-fractional partial differential equations needs only

scattered nodes instead of meshing the domain of the problem. It neither requires element connectivity nor suffers much

degradation in accuracy when nodal arrangements are very irregular. In this method, the first-order time derivative

is replaced by the Caputo fractional derivative of order o (0 < @ < 1). The Galerkin weak form is used to obtain

the discrete equations, and the essential boundary conditions are enforced by the penalty method. Several numerical

examples are presented and the results we obtained are in good agreement with the exact solutions.
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1. Introduction

Fractional order differential equations are play-
ing an increasingly important role in engineering,
physics and other fields, such as the fractal the-
ory and diffusion in porous media, electrolysis chem-
ical and fractional capacitance theory, condensate
physics, vibration control of viscoelastic systems,
fractional biological neurons, statistical mechanics
and so on. Therefore, fractional order partial
differential equations of applied research have at-
tracted wider attention. Recently, fractional or-
der partial differential equations have been solved
including the fractional KdV equations,[!l a finite
difference method for fractional partial differential

(23]

equations, space—time-fractional partial differen-

tial equations/*~6 and fractional partial differential
equations in fluid mechanics.!”!

The meshless method is a new, efficient numerical
simulation technique that can solve many engineering
problems. The element-free Galerkin (EFG) method
is a common meshless method. In this method, the
function over the solution domain needs only a set
of nodes and does not require element connectiv-

ity. The variational method has been used to obtain
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the corresponding discrete equations, and the essen-
tial boundary conditions have been enforced by the
penalty method. The EFG method has been greatly
developed and is widely used in various fields, for ex-
ample, to solve the linear hyperbolic equation and
the KdV equations,®?! for simulating stationary shal-
low water flows in rivers,['% analyzing thin plates,!]
and others.'2=27] However, we find that this method
has not been used to solve fractional order differen-
tial equation. In the present paper, the EFG method
is used to obtain the numerical solution of the time-
fractional order differential equation.

We consider the following time-fractional partial
differential equation in the present paper:

0“u 0%u

ou
ota +ﬁ£ +7@: f(l’,t), (1)

where 3, v are real parameters and ¢ > 0, 0 < a < 1,

a < x < b. The Dirichlet boundary conditions and
the initial condition are respectively

u(aa t) = 171@)7 u(bv t) = @(t)a (2)
u(x,0) = ug(). (3)

The structure of this paper is as follows: in Sec-
tion 2, we describe the EFG method. In Section 3,
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using the EFG method, the equation of the problem is
discretized. To present a clear overview of the method,
in Section 4, some examples are given and solved. Sec-

tion 5 ends this article with our conclusion.

2. Moving least-square approxi-

mation

The EFG method, introduced by Belytschko et
al.,?8! requires the moving least-square (MLS) ap-
proximation, which is made up of three components:
a weight function of compact support associated with
each node, a monomial basis and a set of coefficients
that depend on node position.

In order to obtain u"(z), which is the approxi-
mation function of u(x), Lancaster and Salkauskas!?’!
defined a local approximation by

m

ul(z,T) = Zpk(a:)ak(f) =P '(2)a(@), (4)

k=1

where m is the number of terms in the basis, py(z)
are monomial basis functions and ax(Z) are unknown
coeflicients, which are functions of the spatial coordi-
nates . The PT(x) is a vector composed of py(z),
and a(ZT) is also the vector form of ay(Z).

To obtain the unknown coefficients a(T), we de-
fine the weighted discrete Lo norm as

J

w(z — xl)[uh(x“f) — ui]2

-

©
I
—

w(z =) [P (2:)a(@) —w]*,  (5)

|
.MZ

1

7

where w(x — x;) is a weight function, x; is the node,
N is the number of nodes in the compacted supported
domain of x and wu; is the nodal parameter of u at
Tr = Z;.

Then by minimizing J in Eq. (5), we have

g—i = A(z)a(z) — B(z)U =0, (6)
where
N
A(x) = Zw(x — x;)P(z;) PT (), (7)
B(z) = [w(x — 21)P(x1), w(r —z2)P(x2), ...,
w(z —an)P(zy)], (8)

Equation (6) is equal to
a(z) = A7 (z)B(x)U. (10)

According to Egs. (4) and (10), the approximate func-
tion of u(z) can be obtained as

2
S
=
g

Il
[
S
=
=
S
EN
&

N
= Z%W =oU, (11)
i=1
where @ is a matrix of shape function, defined as

P = [p1(2), ¢2(2), .., On(2)]
= PT(2)A " (2)B(x). (12)

The derivative of the unknown u(z) is approximated
by

%uh(@ _ XN: {j;@(x)] ;. (13)

The weight function used in the MLS plays a very
important role in the EFG method, so the selection of
an appropriate weight function is essential. In Eq. (6),
w(x — x;) is the weight function, which should be
greater than zero within only a small neighborhood
of x;, called the domain of influence of node z;. In
the rest of the solution domain, the weight function
should be equal to zero. The cubic spline weight func-
tion used in the present analysis can be written as a
function of normalized radius r as follows:

w(x — x;)
= w(r)
2 1
§—4r2+4r3, (T§2>,

=<4 4 1
7—47’4—47"2—57"3, <2<7ﬂ<1>7 (14)

3
0, (r>1),
with
d;
r= ) d7. - ||$ - x’L”a dm, = dscalcci» (15)

i

where dgcq1e is a scaling parameter, the distance ¢; is
chosen so that the matrix A(x) is not singular.
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3. Numerical scheme Az =(b—a)/(N —1). 1 = a, xy = bare the bound-

. ) . ary points. The grid points in the time interval [0, T]

3.1. Time-fractional derivative approxi- .. |abeled as t; =nAt,n=0,1,2,3, -, where At is
mation the time interval.

To establish the numerical approximation scheme, In  Eq. (1), the  approximation  of
we consider N points: z; = (i — DAz, = 0%z, t)/(0t*) (0 < a < 1) can be obtained by
1,2,3,--- , N, where Az is the spatial step size and  a simple quadrature formulal3%l

|
0%u(x,thy1) 1 /t"“ ou(z, s) ds
ot CT(1—a) Jy 0s  (tny1 — 8)®
1 " (u(z, ) — u(a,ty) /t”l ds
M=) & ( At TOBN) | e
1 " (u(z, i) — u(a,ty) /t”j“ dt
ri—a) ;0 ( At TOAD) | e
1 - U(I’,tn_j+1) 7U(I‘,tn_]‘) /thrl dt
= O(At —
F(l—a)j;)( At OB | e

— F(21_ 5 jz:(:) u(x,tn—jJr(lA)t)au(x,tn—j) [+ 1)1 — 1=9] + O((A8)2)

= Aafu(z,tp41) — ul(z, ty) +AaZBa (@, ty—jr1) — u(x, to_;)] + O((AH)*™%), (16)

where According to Egs. (11) and (13), we can obtain
1 the approximations of u”, du”/(0x) and 9%u"/(0t*)

Aa = T2 = a)(Al) Ba(j) = (j+1)' 7% —j'7°, s

where I'(.) is the gamma function.

N
uh =" gi(@)ui(t) = B()U (1), (19)
3.2. EFG method scheme =

uh al i\
87 = Z 8¢1( )ul(t) = dsw(x)U(t)7 (20)

Now, the EFG method will be implemented to oz oz
obtaining the discrete equation. To obtain the dis-

crete equation, we use a weak form of the equation 9oyl (2, tns1)
and employ the penalty function method to deal with ot
the boundary conditions. = &(2)[Aa(U (tnyr) — Ulty))
By taking variation, the weak form of Eq. (1) is n
2 +Aay  Ba(j)(U(tn—j11) = Ulta—j)), (21)
[ou (20 a2 70 g o) ar >
8t“ Ox? ’
+ edu(u — u)|Fu =0, (17) where
where I refers to the domain of x, I, refers to the U(t) = [us(t), ualt), us(t), - ’uN(t)]T’ (22)
boundaries, @ are the values of u in the boundaries, b(x) = [p1(x), P2(x), ¢3(x),---,on(z)], (23)
and ¢ is a penalty parameter and usually equals 103
108. &, ()
Equation (17) also can be written as ob(x)
d(0u) du du Oz
Joudtar— [250 % ar s [pudtar _ [061(2) Dtala) Dou(e) | on(a)
r ' ox 7 Oz ' T O«

- /5uf(a:, t)ydI' + edu(u — )|, = 0. (18)

[¢1,w($>7 ¢27w(x)7 ¢3,$(x)7 T a¢N,w (l‘)], (24)
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and U (t;) is the parameters when t = iAt.
Substituting Eqs. (19)—(24
(18) yields

) into the weak form

SUTC[Aa(U,y1 — U,) + LU+ U KU
—~SUTF +UTHU - sU'Q = 0, (25)

where C, K and H are N x N matrices, whose values
of the ith row, jth column are

Cij = [ s (@)ar, (26)

Kij= [ 50003 = [ 201065041, (21)
H;j = ¢elpi(x)p;(x)|z=a + ()0 (T)]z=b), (28)

Q and F are N x 1 matrices, whose values of the jth

row are
Qj = €(BjTlr=a + ¢Tl=p), (29)
/% (z, t)dr, (30)

and
LU = AaznjBa(j)(Un,j+1 ~U,_;). (31)

j=1
According to the arbitrariness of SU T (t), Eq. (25)
becomes
ClAa(Up41 —U,)+ LU+ (K + H)U
—-F-Q=0. (32)
Making the time discretion of Eq. (32) by using the
time central difference method, then we have

Uni1 +Upn
ClAa(U, ., —U,)+ LU + (K + H)%
F’I’L Fn n n
CFa+F Qe +Q —o0. (33)
2 2
Now we can obtain the discrete equations about U,, 41
as
rU, 41 =40U, + 6O, (34)
where
K+H
h=CAa+ ‘; , (35)
K+H
(= CAha— ‘; , (36)
Fn EL n n
o fntt ;Q 1500 ory (37

Equation (34) is the discrete expression of the
time-fractional partial differential equations. Through
Eq. (34), we can obtain any moment parameters U,, 1.
Then by substituting U,,+1 into Eq. (11), the approx-
imation of the exact solution of time-fractional partial

differential equations is known.

4. Numerical examples

In this section, the application of the EFG method
to the time-fractional partial differential equation is
demonstrated by some examples whose exact solutions
are known. In our examples, a regular arrangement of
nodes is used and a cell structure is to set the quadra-
ture cells to be equal to the intervals between the
nodes. In each integration cell, a 4-Gauss quadrature
scheme is used to evaluate the stiffness matrix.

To illustrate the accuracy of the method and com-
pare our results with the exact solutions, we compute
the error norms Lo and Lo, as

N
Ly=|lu—u"lls = |Az> (u—uh)?, (38)

Lo = |ju— uh||OO = max |u — uh|, (39)

where Ax is the spatial step size.

Example 1 We consider Eq. (1) with the fol-
lowing conditions: 8 = 1, v = 0, and f(z,t) =
t!=@/['(2 — a)sinx + tcosx]. The boundary condi-
tions are u(—3,t) = tsin(—3),u(3,t) = tsin(3), the
initial condition is u(x,0) = 0 and the exact solution
isl™l w(z,t) = tsina.

We solve the problem by using the present method
for the penalty factor ¢ = 1 x 107, scaling parameter
dscale = 3, time step length At = 0.01, spatial interval
[-3,3] and number of nodes N = 121. The weight
function is chosen to be a cubic spline function and
the bases are chosen to be linear. The results are dis-
played in Table 1 and Figs. 1 and 2.

Table 1. Error norms of Example 1, when a = 0.6,
At =0.01, N = 121.

Time 0.1 0.5 1.0 1.5 2.0
Loo/1073 5.3 5.2 4.6 3.8 3.2
L2/107° 3.8229 3.1131 2.2555 1.5727 1.0726

15

10}

+ approximation solution

- analytical solution

-3 —2 -1 0 1 2 3
T

Fig. 1. Numerical simulations of Example 1, when o =
0.6, At =0.01, N = 121.
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0 2 4 6 8 1‘0 12 114
t
Fig. 2. The maximum errors of Example 1 at t = 1-15,
when a« = 0.6, At = 0.01, N = 121.

Example 2 For the choice of parameters § =
0,y = —1, and f(x,t) = 2t>72/[['(3 — o) sin 27z +
47%t? sin 27z, the initial condition and the bound-
ary conditions respectively are u(x,0) = 0, u(0,t) =
u(3,t) = 0. The exact solution of the above problem
is given by u(x,t) = t?sin 2rx. Computation was car-
ried out with parameters o = 0.25, scaling parameter
dscale = 3, time step length At = 0.01, spatial interval
[0,3] and number of nodes N = 121. In Figs. 3 and
4, the exact solutions of these problems are plotted

2.5

+ approximation g
solution
- analytical
solution

1.5}

0.5§;

705 L

—1.5¢}

—-2.5 * : : - :
0 1 2 3
Fig. 3. (colour online) Numerical simulations of Example

2, when o = 0.25, At = 0.01, N = 121.

0.025

0.020 /4

0.015 1

Error

0.010 1

asill . . . . P
2 4 6 8 100 12 14

Fig. 4. The maximum errors of Example 2 at t =1 — 15,
when a = 0.25, At = 0.01, N = 121.

in comparison with the numerical results when ¢t = 0.5,
1, 1.5. Some results are also given in Table 2.

Table 2. Error norms of Example 2, when a = 0.25,
At =0.01, N = 121.

Time 0.1 0.5 1.0 1.5 2.0
Loo/1074  0.4545 1.6612 3.1045 4.6840 6.4619
Ly/1077 0.0153 0.1896 0.5745 1.1514 1.9817

Example 3 For the last problem, 8 =1,y = —1
and f(z,t) = 2t27*/[['(3 — a)+22—2], which is a one-
dimensional linear inhomogeneous fractional Burgers
equation. The initial condition is u(x,0) = 22 and the
boundary conditions are u(0,t) = 2, u(1,t) = 1 + ¢2.
The exact solutions!”) of this case is u(x,t) = t* 4 2.
In this example, some parameters we used are the
same as Example 1 except the number of nodes N =
51 and spatial interval [0,1]. The problem is solved
by the proposed method at ¢t = 1-15. The results are
shown in Figs. 5 and 6 and Table 3, which show that
the numerical solutions agree with the exact solution.

. approximation solution
- analytical solution

S t=15-—
Sl I
T T
W
0 ) ) . A A . . . .
0 0.2 0.4 0.6 0.8 1.0
X

Fig. 5. (colour online) Numerical simulations of Example
3, when a = 0.5, At =0.01, N = 51.

Error/1073
w

[\V]

0 2 4 6 8 10 12 14
t

Fig. 6. The maximum errors of Example 3 at t = 1-15,
when a=0.5, At=0.01, N = 51.
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Table 3. Error norms of Example 3, when a = 0.5,
At =0.01, N = 51.

Time 0.1 0.5 1.0 1.5 2.0
Lo/1073  0.2838 0.8075 1.2000 1.5000 1.8000
Ly/10~7  0.2151 1.7359 3.8535 6.0045 8.1303

5. Conclusions

In this work, we have applied the element-free
Galerkin (EFG) method for the solution of a class
of time-fractional order partial differential equations.
The meshless property of the EFG method is the most
important advantage of this scheme over traditional
mesh-dependent techniques such as the finite differ-
ence method. The numerical results, which are in
good agreement with the analytical solutions, display
that the technique is accurate and efficient. The prob-
lem presented in this paper suggests that the mess-free
approximation method should be considered as one of
the possible ways to solve a class of time-fractional
order partial differential equations.
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