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Asymptotic solving method for a sea—air oscillator
model of atmospheric physics*
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In this paper, a class of coupled system for the El Nifio/La Nina southern oscillation (ENSO) atmospheric physics

oscillation model is considered. We propose an ENSO atmospheric physics model using a method from the asymptotic

theory. It is indicated from the results that the asymptotic method can be used for analyzing the sea surface temperature

anomaly and the thermocline depth anomaly of the atmosphere—ocean oscillation for the ENSO model in the equatorial

Pacific.
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1. Introduction

The El Nino/La Nifa

(ENSO) is an interannual phenomenon involved in

southern oscillation

tropical Pacific ocean—atmosphere interactions. The
ENSO is a very attractive phenomenon and has
been studied by many researchers.!=5] The oscil-
latory nature of the ENSO requires both positive
and negative ocean—atmosphere feedback. We con-
sider an initial positive sea surface temperature (SST)
This

anomaly reduces the zonal SST gradient and hence

anomaly in the equatorial eastern Pacific.

the strength of the southern oscillation circulation, re-
sulting in weaker trade winds around the equator. The
weaker trade winds in turn drive the ocean circulation
changes, which reinforce the SST anomaly. This pos-
itive ocean—atmosphere feedback or coupled ocean—
atmosphere instability leads to the equatorial Pacific’
never-ending warm state. Lin et al have considered
a class of problems in atmospheric physics, ocean
weather, dynamic systems, and so on.l~7 Recently,
many scholars have investigated the nonlinear prob-
lem. Approximation methods have been developed

and refined, including the method of averaging, the
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boundary layer method, the matched asymptotic ex-
pansion method and the multiple scale method.[8—12]
Using the asymptotic method, Mo et al. have con-
sidered a class of reaction diffusion problems, the ac-
tivator inhibitor systems, the ecological environment,
the shock wave, the solitary wave, the laser pulse, the
ocean science, atmospheric physics, etc.['3=19 In this
paper, we consider a class of ENSO models by using a
simple and special method for the asymptotic theory.

The conceptual oscillator model should consider
the variations of both the eastern and the western Pa-
cific anomaly patterns. The oscillator model can be re-
duced to a simple oscillator model by further simplifi-
cation and using additional assumptions. The western
Pacific oscillator proposed by Wang et al.23] empha-
sizes the role of the western Pacific anomaly patterns
in the ENSO. In particular, the off-equatorial day-
time SST initiates equatorial wind anomalies in the
western Pacific. Those wind anomalies force ocean re-
sponses that proceed eastward to affect anomalies in
the equatorial eastern Pacific. If all delay parameters
are zero, we know that the slow ocean dynamical ad-

justment does not necessarily need the explicit role
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of wave propagation. We now consider a generalized
sea—air oscillator of the ENSO model:[+?]

% =ar +bry — 6,3, (1)
% — —em — Roh — 621°, (2)
Hl% =dT — Rymy, (3)

dd? = eh — RaTo, (4)

where T is the SST anomaly in the equatorial east-
ern Pacific, h is the thermocline depth anomaly, 7;,
(i = 1,2,) are the equatorial zonal wind stress anoma-
lies in the central and the western Pacific, respectively,
the model parameters a, b, ¢, d, e, Ry, Ry, Ry are pos-
itive constants with aRgRs > bce, and § = 0;, pu = p;
(i = 1,2,) are small positive damping coefficients. We
can obtain the asymptotic solution for the coupled
system (1)—(4) of the ENSO model.

2. Asymptotic expansions of solu-
tion for ENSO

Set the solution (T'(t,6,u), h(t,0,u), 71(t,9),
T9(t,d)) of the nonlinear coupled system (1)—(4) to

h(t,6,p) = Z hij(t)5iﬂj7 (5)

Tl(t,(s, /L) = Z Tlij(t)(sijj,j, [ = 1,2. (6)

4,j=0
Substituting Eqs. (5) and (6) into Egs. (1)—(4) and
letting 6 = p = 0, we obtain the reduced system of
the original coupled system (1)—(4)

dT;
dgo = aTi00 + bT200,
dh
dgo = —cT100 — Rohoo, (7

dToo — Rimi00 =0, ehgg — RaTa00 = 0. (8)

From Eq. (8), we have

< heo. 9)

T100 = R —Too, T200 = 7
2

Substituting Eq. (9) into Eq. (7), we obtain

dTO() ad be
= —1T —h
a1t i 00 + 7 005
dhoo cd
= ——Too — Rohoo- 10
1 i 00 0100 (10)

Thus Eq. (10) yields a set of solutions for the linear
problem given by Egs. (7) and (8)

b
Too(t) = iCOO exp()\t),
ad
hoo(t) = ()\ - R) Coo eXp()\t)7 (11)
bde
T100 (t) R Rg Coo exp()\t)
T200(t) = Ry <>\ - R1> Cooexp(At),  (12)

where Cyg is an arbitrary constant. From aRgRs >
bce, we can have a negative characteristic value for
Eq. (10)

\ = ROR1 —ad 1 |:(ROR1 — ad)2
= —-—— - 5 _—

2R, R?
Ad
T Rk,

2

——(aRoRs — bce)} < 0.

Thus we know that the atmosphere is in a steady state.
Substituting Eqgs. (5) and (6) into Egs. (1)-(4),

for the coefficients of 6°, ', we have

dT;
d;n = aTi01 + bm201,
dh
dgl = —cTi01 — Roho1, (13)
_d7i00
dTyy — Rimi01 = ar
ehor — RaTo01 = d7a0 (14)
dt
From Egs. (13) and (14), we have a set of solutions
be
Toi(t) = (R2001 + A01t> exp(At), (15)
ad
ho1(t) = [()\ - R1>Cm + Boﬁ} exp(At), (16)
(t) = 4 —C + Aoit | exp(\t) (17)
T101 = R’ \ R, 01 01 Xp ,
e ad
T201 (t) = — )\ —_ C01 + B()lt} exp()\t) 5 (18)
Rs R

where Cp; is an arbitrary constant and

—[(>\ + Ro)R2D01 - beEol]

A =
O Tbede + (A + Ro)(A — ad)Ry] Ry R’
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—[CdD()l + (ARl - ad)EOl]

Bo1 = [bede + (A + Ro)(A — ad) Ry Ry’
Doy — beACooladRy + (ARy — ad)Rg]
R3R,
Foy = ceACoo[AR1 — ad]
R R

Substituting Egs. (5) and (6) into Egs. (1)—(4), for the

coefficients of 6!, u°, we have

dT10

dt = ariio + b1210 — TS’O,
dh

dtlo = —CT110 — Rohlo — hgo, (19)
dTlO — R17'110 = O, ehlo — R2T210 =0. (20)

From Eqgs. (19) and (20), we have a set of solutions

be
Tl()(t) = ECIO exp(/\t) + A10 exp(3)\t)7 (21)

hio(t) = ()\ — j%d) C1o exp(At) + Big exp(3At), (22)

T110(t) gl |:]b% Cio eXp()\t) + Aqo exp(3)\t)} (23)
Tglo(t) };2 |:()\ — R) 010 exp()\t)

+ BlO exp(SAt)} 5 (24)

where C1q is an arbitrary constant and

. —be[(be)?(3X\ + Ro) R} + (ARo — ad)®R3]C3,
Y07 " bede + (3N + Ro)(3ARy — ad) Ry R2RZ
—led(be)®R3 + (3AR1 — ad)(ARy — ad)3R3|Cg,

[bede + (3\ 4+ Ro)(3AR1 — ad) R2| R3 R3

From Egs. (11), (12), (15)—(18) and (21)—(24), we can

find the asymptotic expansions of a solution set for

By =

coupled systems (1)—(4) as

be
Tasy(t) = —Coo exp(At)

Ry
be

+ (C(n + A01t> exp(At)d
Ry

b
+ L;C’lo exp(At) + Aqp exp(&\t)} I
2
+0(7),
d
hasy (t) = </\ — ;)C’OO exp(At)

—[CdDOl + (/\Rl — ad)E(n]
[bcde + (/\ + Ro)()\ — ad)RQ]RQ

(25)

]

+ |:</\ - ?)C’lo exp(At) + Big exp(3At) |
1

+0(), (26)

bde
RiR
d [ be
+E (ROOl + A01t> exp(/\t)d
d
Ry
)
A— ?) Coo exp(At)

Tlasy (t) = ) Coo exp()\t)

[; Cioexp(At) + Agg eXp(S)\t)]

+ (27)

O
(&
i~ £

e
+ Rig |:()\ - ]%1> C()l + Bolt:| exp()\t)]5
e

A [y —

+ Boexp(3A0) |-+ 0(), (28)
where v = max{62, ou, pu?}.

We can obtain higher asymptotic expansions of
the solution for the sea—air oscillator of the ENSO
model (1)—(4) using the same method.

3. Accuracy of the approximate

solution

In order to explain the accuracy of the ex-
pressions of the first approximate solution (25)—
(28), we now select some peculiar parameters for
the model:®l ¢ = 1.5 x 1072 °C-m?-N~1.a1,
b = 75 x 102 °C-m?-N~1.a7!, ¢ = 15 x
103m3-N~1t.a7l d=36x10"2°C-m?-N"1.a"1,
e=30x10"' N-m3-a', Ry =5.0a!, R =
Ry, =20a! 6 =01°C-m?2-N1t.a"l § =
0.1°C-m?-N~1'.a"! 4; =005°C-m?-N1.a°
i=1,2,t€[0,4], [T,h 7,0 = [1,0,0,0]. Then

we obtain the curves of the SST anomaly T shown in

1.5
1.0 / \;‘*b\-‘,
%
0.5f % T ]

T/C
™~

—0.5 \ 7
\h=_55'
—-1.0 .
0 0.4 0.8 1.2 1.6 2.0
t/a

Fig. 1. SST anomaly T obtained in simulation (solid line)
and asymptotic approximate (dashed line) solutions.
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h/km

t/a

Fig. 2. Thermocline depth anomaly h obtained in sim-
ulation (solid line) and asymptotic approximate (dashed
line) solutions.
Fig. 1 and those of the thermocline depth anomaly
h shown in Fig. 2. A comparison between the sim-
ulation and the asymptotic approximate solutions is
made. From Figs. 1 and 2, we can see that the first ap-
proximate solution using the asymptotic method has

a good level of accuracy.

4. Summary and discussion

It is easy to see that the solution given by Eqgs. (5)
and (6) obtained by using the asymptotic method for
the coupled system (1)—(4) at ¢t — oo tends to the
singular point and can be used for analyzing the SST
anomaly and the thermocline depth anomaly of the
atmosphere—ocean oscillation for the ENSO model in
the equatorial eastern Pacific.

The ENSO is a complicated natural phenomenon
of the global climate in atmospheric physics. Hence
we need to reduce it to basic models. We can solve
them by using the approximate method. The asymp-

totic method is a good and succinct approximate

analytic method, which differs from the general nu-
merical method. The expansions of solution using
the asymptotic method can be sequentially analyzed.
Thus, from the approximate analytic solution given by
Egs. (5) and (6), we can further study the qualitative
and quantitative behaviours of the SST anomaly in
the equatorial eastern Pacific, the thermocline depth

anomaly and the zonal wind stress anomaly.
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