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In this paper, a new nonlinear integrable coupling system of the soliton hierarchy is presented. From the Lax

pairs, the coupled KdV equations are constructed successfully. Based on the prolongation method of Wahlquist and

Estabrook, we study the prolongation structure of the nonlinear integrable couplings of the KdV equation.
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1. Introduction

Wahlquist and Estabrook (WE) proposed a pro-
longation method for nonlinear evolution equations
and applied it to the Kortewey de Vries (KdV) equa-
tion in their famous articles,[’? in which the concept
of pseudoscience was introduced and the Béacklund
transformation of the KdV equation was obtained.
They also showed that the prolongation structure can
be determined by a set of Lie algebra relations.

The prolongation structure has been investigated
from a geometric point of view. It has been shown
that it is related to a variety of solving techniques for
nonlinear differential equations, such as the Lax pairs,
the conservation law and the Hamilton structure.[3=7]
Wu, Guo and Wang considered the prolongation struc-
tures of nonlinear systems in higher dimensions.!8! In
Ref. [9], the SI(2, R) principal prolongation structures
of soliton equations and their conservation laws were
proposed.

Many coupled equations appear in practical prob-
lems of various fields, such as biochemistry, physics
and mechanics. For example, in order to system-
atically describe a kind of biochemistry model, Pri-
gogine and Lefever proposed a coupled mathemati-
cal model in Ref. [10], which describes the biology-
chemistry system; the well-known shallow water wave
mathematic model and the coupled KdV model were
given in Refs. [11]-[13]. In Ref. [14], Ma first pro-
posed the perturbation method for establishing inte-
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grable couplings. Zhang presented the enlarged Lie
algebra method to obtain the integrable couplings in
Ref. [15]. Variational identities on semi-direct sums
of the Lie algebras provide direct approaches to the
Hamiltonian structures of the integrable equations in
Refs. [15] and [16].

However, some integrable coupling systems are
linear systems in the above papers. The method to
generate nonlinear integrable couplings has been a
puzzle to us. In this paper, a straightforward method
to obtain the nonlinear integrable coupling system is
proposed. Furthermore, a direct application to the
KdV spectral problem leads to a novel soliton hierar-
chy of the integrable coupling system. Based on the
prolongation structure method of WE, we study the
prolongation structure of a nonlinear integrable cou-
pling of the KdV equation. In addition, the Lax pairs
of the nonlinear integrable couplings of the KdV hier-
archy are constructed successfully.

2. Constructing new nonlinear
integrable couplings for the

soliton equation

Let Iy denote the unit matrix of order N, N € Z.
For two matrices A = (ai;)pq, B = (bi)rs, the Kro-
necker product A ® B is defined by

A®B= (aijB)(pr)x(qs)v (1)
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or equivalently
(A ® B)iju = airbji. (2)
The formula

((A® B)(C ® D))ijn
= (AC® BD);; 11

_ (Z) (;qudql) (3)

shows that matrices AC and BD make sense. The
relation will be used to construct a new integrable
coupling system of the soliton equation hierarchy.
Assume that a continuous integrable model has
two continuous integrable models and two continuous

zero curvature representations

Uit — Vi + U, V1] = 0,
Uz — Vo + [Uz, V2] = 0, (4)
where Uy, V7 and Uy, V, are M x M and N x N ma-

trices, respectively. Ma defined new Uz and new V3
as

Us=U, @ In+ Iy ®U,,
Va=Vi®In+1Iy® Vs, (5)

then the same integrable model has another continu-

ous zero curvature representation
Us; — Vs, + [Us, V3] = 0. (6)

However, Eq. (6) is not suitable for the definition of
the integrable couplings. We will give a new pair of
Us and V3 by using the Kronecker product, and they
can produce the integrable couplings.

The new Lax pair, Us and V3, is presented as

Us=InQU; +Ty ®Us,
Vs=In@Vi+ Ty Vs, (7)
where I'y and T); are matrices of the same rank. By
using Eq. (7), we can obtain
[Us, V3] = I} @ U\ Vi — I}, @ ViU,
+INTN @ U Vo — INTy @ V1U>
+TylIy @UaVy — Ty Iy @ VaU,
+ Ty @ UsVa — Ty @ VaUs. (8)

With I3, = In, INTy = TyIn = Tu, Ty = T,
we have

Us, V3] = Iy ® U1, V1| + Ty @ [Uy, Vo]

+ Ty @ Uz, V1| + T @ [Ua, Val. (9)
Taking

Uz = In @Uy; + T @ Ugg,
Vi = In @ Vig + Ty @ Va,

and Eq. (9) into the zero curvature equation
Ust — Vi, + [Us, V3] = 0, (10)
we obtain the new zero curvature equations

Uy — Vip + U, V1] =0, (11a)
Ust — Vo + [Ur, Vo] + [Us, V1] + [Uz, Vo] = 0. (11b)

So, from new spectral (8), we obtain a new form
(Eq. (11)) of the zero curvature equations. Equa-
tion (11b) exactly presents a kind of integrable cou-
pling system of Eq. (11a). It is normally a nonlinear
integrable coupling, because matrix Va , — [Us, V2] of-
ten produces nonlinear terms.

Next let us shed light on the above general idea
of constructing coupling systems by uisng a particu-
lar class of the Kronecker product. We consider the
following kind of Kronecker product.

Example The case of 2 x 2 Kronecker product:
let U and V have the forms

10 01

U= ®U1+ ®U4, (12)
01 01
10 01

V= @WVi+ @Vi,  (13)
01 01

then we include a new pair of U and V,
U - <U1 U, )’
0 U, +Uy

Vi Vi
V:< o > (14)
0 i+V,

Therefore, the corresponding enlarged zero curvature
equation Uy — V,, + [U, V] = 0 is equivalent to

Ult - ‘/1CD + [Ulv ‘/1} = 07

(15)
Uy — Vip + [Ur, Vi + [Uy, Vi] + [Us, V4] = 0.
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3. Nonlinear integrable couplings
of the KdV hierarchy

By using the theory of continuous integrable
couplings,'719 some integrable coupling systems of
the soliton hierarchies have been obtained, such as
the AKNS hierarchy, the KN hierarchy and the TD

[20-23] Ty this paper, in order to obtain a

hierarchy.
nonlinear integrable coupling system, we illustrate a
new approach by using the Kronecker product to ob-
tain the nonlinear soliton equation hierarchy.

The new Lax pair forms, U(u,\) and V(u,)),

are presented as

U=LaU+T® U,

V=06LeV+TheW, (16)

where Uy, Vi, Uy, and Vi are 2 X 2 matrices, and

10 01
n=( V) n=(]1)  an
01 01
From the zero curvature equation, we have
Up. — Vo + [Up, Vo] =0,
ot 0z + [Uo, Vo) (18)

Uit — Vig + [Uo, Vi] + [Ur, Vo] + [Ur, V1] = 0.

Cp — bpt1 + uby,
[Uo, Vo) = ( i

—2a, )
b
2071,-&-1 — UGp —Cp+ bn+1 — uby,

Hh%Hﬂh%HKhW=<
2en+1 — 2ue, —

Thus, from Eq. (23) we obtain

Gng = Cn — bpg1 + uby,

bz = —2an,

Cnz = 20p4+1 — 2UGy,,

enz = Gn — fnr1 +ufn +0by +vfp,
Frz = 2,

Jnz = 2€p41 — 2ue, — 2va, — 2ve,.

(24)

Ifag =byp =0,e0 = fo =90 =0, cg = 1, we can

see that all sets of a,,, by, cpn, €n, fn, gn are uniquely

|
—(A"V) 10z + [Uo, Vol 4+ = (A\"V) _oz — [Uo, Vo -,

Gn — fog1 +ufn by +0fn

To illustrate our method, we consider the follow-
ing isospectral problem

0 1 00
U0=< >7 U1=< >7
A—u0 -0 0
b
c —a g —e

where u and v are potentials.
Set

a= iak/\k, b= ibkx’a c= ickxk,
k=0 k=0 k=0

e=Y e, f=) [l g=) g (20)
k=0 k=0 k=0

the corresponding enlarged stationary zero curvature

(19)

equation is obtained as

vV, =[U,V], (21)
ie.,
Voz = [Uo, Vo,
0 [Uo, Vo) (22)
Vie = [Uo, Vi| + U1, Vo + Ui, V1.
Obviously, we have
(23a)
— 2e,
). (23b)
2vay, — 2ve, 7gn+fn+17ufnfvbn71}fn
determined. In particular, the first few sets are
1
ap =0, by =1, @ =-5u f1=0,
1 1 3
b2 = §u7b3 = guwm + §u27
1 5 5 5
by = — TTTT —u? TL WUy — 3
4= gpteaer +gpll g Utler T 0% o5
2 — 2’02, 3 = 8vwx 47“} 21] ’
4 32 Vyzzax 16uxvx 16“7@”
1D gy + 22
16uvm 16u v
Equation (22) can be written as
(26)

_(/\nV)—i-lx + [U07‘/1]+ + [Ulv %]4‘ + [Ula ‘/1]+ = (Anv)—ll‘ - [UO, ‘/1]— - [Ulv ‘/0]— - [Ulv ‘/1]—
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We find that the terms on the left-hand side of Eq. (26)
are of nonnegative degree, while the terms on the
right-hand side of (26) are of nonpositive degree.
Therefore, it gives rise to

by, 0
—%$?>+[Uo,va(”>]=< + ) (27a)
_2an+1 _bn+1
_yv(n) (n) (n) (n)
Vi + U0, Vi1 + U1, Vo'l + Uy, V]

Jorr 0 ) (27b)

( _2en+1 _fnJrl

0

. 0
Taking VE)(") = Vb(ﬁ) + ( >a V1(n) = Vl(f) +
+1

0 O
( ), from the stationary zero curvature
_fnJrl 0
equation (Eq. (22)), we have

0 0
2bm+1,aﬁ 0
7‘/(") U, V(") U V(") U V(”)

1m+[0?1]+[170]+[171]

B ( 0 O)
2fm+1,:c 0

Thus the zero curvature equation (22) determines the

~V 4 [0y, V™M) = ( ) (28a)

(28b)

following system:

- (),-(0)
v/t frnt1
(HIGRRC
00 fn+1

From Eq. (24), we obtain a recurrence operator,
bn bn,
o)==
fn+1 fn
with

1 19—
L<462+U—28 1U,m 0 )
%v + %8_1118 iaQ +u+v— %8_11%

The equation hierarchy (29) is derived from the
zero curvature Eq. (18), therefore it is integrable.
Comparing J and L in Egs. (29) and (30), we can
see that Eq. (29) is a nonlinear integrable coupling
system of the KdV equation hierarchy.

When n = 2, we obtain

w

U = 5UUL + l'U/a:a::z:y
t 2 4 (31)

w

1
v = 5(uV)y + Vzaa + 200,

We obtain the nonlinear integrable couplings of the
KdV equation hierarchy by using the Kronecker prod-
uct. So the Kronecker product is an efficient and
straightforward method to construct the integrable
coupling system of the soliton hierarchy.

4. Prolongation structure of the

integrable couplings of the

KdV equation

In Refs. [3]-[5], the prolongation structures of the
coupled KdV equations were considered. In this sec-
tion, we will investigate the prolongation structures
and the integrable couplings of the KdV equation. For
Eq. (31), we define a new set of independent variables

D =Ug, 4= Ugx = Px,

r= Vg, S= Upz=Tg. (32)

Equation (31) can be represented by the following set

of two-forms:

m1 = du A dt — pdz A dt,

mo = dp A dt — gdz A dt,

m3 = dv A dt — rdx A dt,

myg = dr A dt — sdx A dt, (33)

ms = dx A du — %dq/\ dt — %dgc/\dt7

mg = dz A dv — ids/\dt— %urdx/\dt
f%vpdx A dt — 2urdax A dt,

which is closed under the exterior differential
6 .
dm; = ng Amy, (34)
j=1
where gf (i, =1,2,...,6) are the differential 1-forms.

According to the prolongation method, we add
new 1-forms

wi = dyl - Fi(uvvvp7 quv S, yl)dx
—G'(u,v,p,q, 7, 5,y")dt, (35)

where y is a pseudopotential. In the case of the inte-
grable couplings of the KAV equation, F' and G are re-
stricted to implicit functions of independent variables
x and t. However, here we require that F' and G are
explicit functions of ¢t. Then, the exterior derivatives
of w are required to lie in the augmented ideal of forms
I ={I,w},
6
dwi:Zf]imk—i—ni/\wi, 1=1,2,... (36)
k=1
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From Eq. (36), we obtain the following system of
the overdetermined differential equation:

F,=F,=F,=F, =0, (37a)
&Fu 4G, =0, - iFv G =0, (37h)
G,s+ G,r+ Gpq+ Gyp — 6upG,

—6urGy — 6vpG4 — 8urGs = 0, (37¢)

where FG, — GF, can be denoted by [F,G], then
equation (37) gives rise to a Lie algebra for determi-
nation. With the knowledge of the Lie algebra, we
find that F' and G can be expressed as

F:UX1 +UX2+X3, (38&)

1 1
G = leq + ZXQS + H(’U,71)7p,7"), (38b)

where X; (i = 1,2,3) are n x n matrixes to be deter-
mined.

Substituting the above equations into Eq. (37c¢)
and collecting the coefficients of ¢, s, we have

1

1
H, - 1[X37X2] - EU[X17X2] =0, (39a)
1 1
Hy — v[X1, Xo] - (X3, X1] =0, (39b)
3 3 3
H’UT - §X2ur - §X1up — EXQ’Up — U[X27 H]
+ Hup — [X3,h] — u[X1,h] =0. (39c)

Solving the above set of nonlinear partial differential
equations of H by the same procedure, we have

3 1 3 1
G = <u2 + q) X+ (uv + 5>X2

4 4 2 4
+ ing + irXZl — (ipv + iru) X5
+ iuXG + ivX7 — ivqu
+ 1u2X9 + 1qulo + 1UQXH, (40)
8 4 8
with
(X1, Xo] = Xy, [X3,Xi] = X5,
(X5, Xo] = X, [ X3, X7] =0,
(X1, X3g] = [ X2, Xo] = [X1, X4 = [X, X4] =0,
[ X1, X7] + [ X3, X11] =0,
[ X2, X7] + [ X3, X12] = 0,
[ X3, Xg] + [ X1, X11] =0,
[ X1, Xo] + [ X2, X10] =0,
[ X3, Xo| + [ X2, X12] =0,
[ X1, X1o] + [ X2, X5] =0,

[ X3, Xq0] + [ X1, X12] + [ X2, X11] =0, (41)
and
1 3 1
—g[X&Xg] - ZXB - Z[leXG] =0,
1 1 1
—Z[XzaXs] + g[Xl,Xu] + Z[X%Xl()] =0,
1
[XZ;X12] = _i[X?nXllL
(X3, X12] =0, [X3,X11]=0,

1
(X1, X12] = _Z[XZS,XGL [ X1, Xo] =0,

1
—§[X27X9] + [ X4, Xg] — [ X4, X10] =0,
1
=

5 X3, X11] = [X2, X7], [ X3, X6] =0,
1 1 1
_Z[X?”XS] + Z[XlaX7] + Z[X37X10]
3 1
+ §X4 + Z[XQ’ Xs] =0, (42)

where [X;, X;] = X;X; — X;X;, and X, (i =
1,2,...,12) determine an incomplete Lie algebra L,
which is called the prolongation algebra.

It is worth noting that in the prolongation struc-
ture of the integrable couplings of the KdV equation,
X; depends only on prolongation variable x, while X;
in Eq. (40) depends on x and t.

To find the matrix representation of X; (i =
1,2,...,12), we try to embed prolongation algebra L
represented by Eqs. (41) and (42) in semi-simple al-
gebra sl(4,C). We examine the si(4,C) algebra and

obtain the matrix representation of X; (i = 1,2,3,4)

as
0100 0000
-0 0 0 1000
Xy = ;o Xp= ; (43)
0001 0000
0 0=-X0 0010
0000 0000
0000 0010
X3 = ;o Xy= ; (44)
0000 0000
1000 0000

and X; (j = 5,6,...
Egs. (41) and (42).

Equation (31), which is the nonlinear integrable

,12) can be determined from

couplings of the KdV equation, gives rise to

y. = Fy, y =Gy, (45)
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where
Yt
2
Yy
y=1|, | (46)
Yy
Y
a+ ug - = %u
Tuy — Ahu— 2w+ 2\ a—u,
G =
0 0
0 0 iux — %/\u —

with A being a spectral parameter.

5. Conclusion

In summary, a novel nonlinear integrable coupling
system of the KdV equation hierarchy is proposed.
Based on the prolongation structure, we have investi-
gated the prolongation structures of a nonlinear inte-
grable coupling system of the KdV equation.
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