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The efficiency of the calculation of Green’s function (GF) for nano-devices is very important because the calculation

is often needed to be repeated countlessly. We present a set of efficient algorithms for the numerical calculation of GF

for devices with arbitrary shapes and multi-terminal configurations. These algorithms can be used to calculate the

specified blocks related to the transmission, the diagonals needed by the local density of states calculation, and the full

matrix of GF, to meet different calculation levels. In addition, the algorithms for the non-equilibrium occupation and

current flow are also given. All these algorithms are described using the basic theory of GF, based on a new partition

strategy of the computational area. We apply these algorithms to the tight-binding graphene lattice to manifest their

stability and efficiency. We also discuss the physics of the calculation results.
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1. Introduction

Transport properties of a mesoscopic system have
been intensively studied in recent years.[1] The con-
ductance of a nano-device is often calculated by means
of the Landauer–Bütiker formula,[2,3] in the scatter-
ing matrix version[4] or in the Green’s function (GF)
version.[1] The latter is becoming more and more pop-
ular due to its compatibility with the treatment of
electron interactions. The GF method is widely used
in a variety of terminal-connected systems, including
those from quantum dots to two-dimensional (2D) de-
vices for the study of not only electronic transport
but also other properties such as heat transport and
phonon dynamics.[5,6] Because GF has to be calcu-
lated repeatedly to obtain an I–V curve, for thousands
of impurity configurations, and for the convergence
of the consistent potential according to the density
functional theory, the efficiency the GF calculation is
a vital problem for mesoscopic electronic transport.
The hamiltonians of the 2D devices, which are often
generated in the frame of tight-binding or finite differ-
ence, are sparse matrices of the dimension the same
as the total grids in the device area (if the spin is con-
sidered, one real space grid combined with a certain

spin orientation should be regarded as a new grid).
According to GF’s definition G = (E − H)−1, the
mathematical problem is how to invert a large sparse
matrix. To avoid the time-consuming full matrix in-
version, a more efficient algorithm called the recur-
sive GF method for the calculation of GF was devel-
oped by virtue of the sparsity of hamiltonian matrices,
and it attracted the attention of both physicists[7−14]

and mathematicians.[15,16] Initially only the transmis-
sion could be obtained,[7] and later it was extended
to calculate local observables such as local density of
state and current flow density.[10,14] However, there
is a huge limitation in that they can only be applied
to two-terminal quasi-one-dimensional systems,[8−11]

such as one-dimensional atom chains, quantum wire,
and nano-ribbon with uniform width. The algorithm
was recently extended to treat non-uniform nano-
ribbon with a slice-by-slice structure.[14] Currently,
an easy to handle, easy to understand, efficient and
widely adaptable method is very much in demanded.

In this paper, we present a set of algorithms for
the efficient calculation of GF using the language of
basic theory of GF based on the new strategy of layer
division of a device, regardless of the device shape and
the configuration of terminals. In realistic physical
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calculations, different types of matrix inversion are re-
quired. For the transmission calculation only a block
of GF corresponding to the contact grids is needed;
when the electron–electron interaction is treated in the
frame of density function theory, all diagonals of GF
are required to determine the self-consistent potential;
if the correlation of any two grids is demanded, all el-
ements of GF are needed. Therefore, we classify the
matrix inversion problem into three types: 1) block
version, only a block of the inversal matrix is calcu-
lated; 2) diagonal version, all diagonal blocks of the in-
versal matrix are obtained; 3) full version, all elements
of the inversal matrix are returned. The full matrix of
GF is indeed rarely needed. Here, we present the al-
gorithm for occasional need and for the completeness
of the theory. In addition, we also present the al-
gorithms for non-equilibrium electron occupation and
current flow distribution. We notice that a solution of
the GF problem for arbitrary device shapes was pro-
posed in Ref. [17]. However, it is quite complicated
both in theoretical description and in computational
implementation, and most importantly, its efficiency
does not match the complexity. We will give a com-
parison between the algorithm and ours.

2. Theory and discussion

All of our algorithms can be understood by means
of the theory of GF. We start with an arbitrary 2 by
2 block hamiltonian matrix H,

H =

 H1 V12

V21 H2

 , (1)

where we use symbol V to denote the off-diagonal
blocks, which indicate the coupling between H1 and
H2. Green’s function is correspondingly a 2 by 2 block
matrix,

G =

 G1 G12

G21 G2

 . (2)

From the identity of the definition of Green’s function,
G(E −H) = (E −H)G = 1, one can easily establish
the following equations:

G1 = (E − H1 − V12g2V21)−1, (3)

G12 = G1V12g2, (4)

G21 = g2V21G1, (5)

G2 = g2 + g2V21G12 = g2 + g2V21G1V12g2, (6)

where gi = (E − Hi)−1 are the isolated GFs of the
diagonal blocks of the hamiltonian. These equations
are indeed the Dyson’s equations in the matrix block
version. Equations (3)–(6) contain all the techniques
of the matrix inversion in this paper.

In typical cases, the leads are attached to the de-
vice through very few edge grids of the device (see
Fig. 1(a)). According to the Landauer–Büttiker for-
mula, the transmission between lead p and lead q is
calculated by T = Tr(GΓ pG+Γ q), where Γ i is the
line-width function of lead i. Because the Γ s are only
relevant to the contact grids, calculating GF for the
contact grids is enough for the transmission. Before
we describe the algorithm, we divide the device area
into layers and will treat GF layer by layer. The first
layer includes only the contact grids, and the second
layer contains the grids in the rest area coupling to the
first layer, and so on. The process of layer division can
be proceeded step by step until the remaining region
cannot be divided any more.

Fig. 1. Sketch of layer layout for (a) a four-terminal de-

vice with leads contacting the device through edge grids;

(b) two-terminal device with leads contacting the device

through inner grids.

Figure 1(a) shows a sketch of the layer layout
of a four-terminal device. By the layer division, the
sparse hamiltonian matrix is transformed to a block
tri-angular matrix. The layer division can be applied
not only to the case of the leads contacting the device
through edge grids, but also to other lead configura-
tions. Figure 1(b) shows a sketch of the layer layout
for the situation in which the contact grids are two
inner grids. The GF of layer 1 depends on the block
of the isolated GF of the rest area, as indicated by
Eq. (3), and the new block depends on that of the
latter adjacent layer. The dependence is transferred
layer by layer, finally onto the last layer. Therefore,
we construct an update process, which starts from the
last layer and ends at the first layer. Figure 2(a) il-
lustrates the sequence of the matrix block updating.
The update process is described as
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Algorithm 1

gK = (E − HK)−1,

gK−1 = (E − HK−1 − V gKV )−1,

...

g1 = (E − H1 − V g2V )−1, (7)

where K is the total number of layers. In the above
equation and hereafter, we omit the subscript of V

for abbreviation, but one could keep in mind that V

only couples between adjacent layers. In each step of
the update, the coupling effect of all latter layers is in-
cluded in gi. After the process is completed, the GF of
the contact layer is obtained as G1 = g1. The choice
of which grids are included in the first layer is flexible
and can be modified according to variety of calcula-
tion purposes. For example, if one wants to calculate
the correlation of two grids of the sample, one can
regard the two grids as the first layer, regardless of
the real lead configuration. At each update step, two
matrix-matrix productions and one matrix inversion
are involved. The matrix-matrix production is very
cheap because the coupling matrices between adjacent
layers, V ’s, are all sparse. Though the hamiltonian of
each layer is sparse too, the dense matrix block inver-
sion is inevitable since the self-energy matrix caused
by the layer coupling is not sparse. Therefore, the
matrix inversion is the main time-consuming opera-
tion. For a 2D system, the number of layers, K, and
the average grid number in layers, nA, both increase
linearly with the the device dimension, and the total
grid number N , i.e., the device hamiltonian dimen-
sion, increases quadratically with it, so the computa-
tional time increases with Kn3

A–N2. The algorithm
is very economical for memory consumption, and only
needs a temporary memory of the size nM × nM to
store the intermediated result gV during the update,
where nM is the maximum of the grid numbers of in-
dividual layers.

If the electron–electron interaction is taken into
account in the frame of the local density function
theory, the hamiltonian includes a self-consistent po-
tential which depends on the electron distribution on
all grids. For the equilibrium case, this distribution
is determined by the diagonal elements of the spec-
trum function of the device i(G−G+) and the Fermi-
distribution function (the non-equilibrium case will be
discussed after a while). Before calculating the de-
manded quantities, one has to determine all the di-
agonals of GF. According to Eq. (6), the GF of layer
2 can be obtained through the GF of the first layer

and the isolated GF block of layer 2, which are both
already obtained in algorithm 1. Similarly, the GF of
layer 3 can be obtained, and so on. So we construct an
algorithm for calculating all the GF diagonal blocks,
updating from the first layer onwards, as shown in
Fig. 2(b). The algorithm is presented as

Algorithm 2 (including algorithm 1)

G1 = g1,

G2 = g2 + g2V G1V g2,

...

GK = gK + gKV GK−1V gK . (8)

This algorithm involves no additional matrix in-
version but four matrix-matrix production operations,
only two of which are dense-dense matrix productions.
The algorithm is very economical because it returns all
the GF diagonal blocks at the cost of the time of the
same order of that in algorithm 1, which only returns
one diagonal block of the GF.

Fig. 2. Sketch of the sequences of the matrix block up-

dating: (a) Updating sequence of algorithm 1, (b) of algo-

rithm 2, and (c) of algorithm 3.

If one needs the full matrix of the GF, one has to
additionally update the non-diagonal blocks. Accord-
ing to Eqs. (4) and (5), we can build an algorithm to
obtain all the blocks of the GF as

Algorithm 3 (including algorithm 2)

G2,i = g2V G1,i, Gi,2 = Gi,1V g2, i < 2,

G3,i = g3V G2,i, Gi,3 = Gi,2V g3, i < 3,

...
...

GK,i = gKV GK−1,i, Gi,2 = Gi,K−1V gK , i < K.(9)

At each update step, the intersection blocks be-
tween the current layer block and the whole block cor-
respond to the area including all the former layers, as
illustrated in Fig. 2(c).
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The relations indicated in algorithm 3 allow us
to calculate the electron non-equilibrium occupation,
the diagonal elements of G = GΓ fG+ with Γ f =∑

i f iΓ i, where f i is the Fermi distribution function
of lead i. Because Γ f is introduced through layer
1, i.e., Γ f = Γ f

1 , the diagonal blocks of G are de-
termined by Gi = Gi,1Γ

f
1 (G+)1,i. Substituting the

expressions of Gi,1 indicated in algorithm 3, we have
Gi = giV Gi−1V g+

i . So we can construct the update
process to obtain all the diagonal blocks of G as fol-
lows:

Algorithm 2′ (including algorithm 1)

G1 = g1Γ
f
1 g+

1 ,

G2 = g2V G1V g+
2 ,

...

GK = gKV GK−1V g+
K . (10)

The computational complexity of algorithm 2′

is the same as that of algorithm 2. The distribu-
tion of current flow in real space is also an inter-
esting quantity, the definition of which can be found
in, e.g., Refs. [17] and [18]. The current flow needs
both the diagonal blocks (intra-layer flow) and the
secondary diagonal blocks (inter-layer flow), the for-
mer can be obtained by algorithm 2′, and the latter
can be calculated by Gi,i−1 = Gi,1Γ

f
1 (G+)1,i−1 and

Gi−1,i = G+
i,i−1. Substituting the expressions of Gi,1

appearing in algorithm 3, we have the update process
for the blocks needed by the current flow calculation.

Algorithm 2′′ (including algorithm 2′)

G2,1 = g2V G1,

G3,2 = g3V G2,

...

GK,K−1 = gKV GK−1. (11)

Comparing algorithm 2′′ with algorithm 2′, one can
find that Gi−1,i are the byproducts of Gi because
Gi = giV Gi−1,i, that is to say, if we need the occu-
pation and the current distributions simultaneously,
the latter will be obtained without any cost. Both al-
gorithms 2′ and 2′′ rely on the relations indicated in
algorithm 3, while they do not depend on algorithm
3. The advantage of the two algorithms lies in the
explicit calculation of GF blocks Gi,1, which is not
needed.

The algorithm proposed by Kazymyrenko et
al.,[17] which is attractive due to its block-inversion-
free feature, works for almost the same things as ours.

They calculated the demanded GF elements one-by-
one. Each GF element calculation required an inter-
mediate GF block with the average dimension nA, and
the intermediate block had to be updated N times.
Therefore their computational time for the GF of the
contact grids is of the order of n2

cN
2, more costly than

ours (see the statement following algorithm 1), where
nc is the number of contact grids. Additionally, their
algorithm is based on a very complicated categoriz-
ing of the grids, and the indices of the intermediated
updating blocks are very intricate, which brings much
more complexity for both the theory and the compu-
tational implementation.

To test the efficiency and validation of these
algorithms, we implement them with Matlab
codes. The test martrices are those of the tight-
binding hamiltonians[19−21] of four-terminal square
graphene[22] samples with on-site energies being ran-
domly generated. Figure 3(a) shows the curves of
the computational time for algorithms 1–3 and the
Matlab internal command for matrix inverse inv as
functions of the matrix dimension, and Fig. 3(b)
shows the ratio between the computational time of
algorithms 1–3 and that of inv. The insert shows
these curves in a larger computational time inter-
val so that the comparison of them is clearer for
the large matrix dimension (the curves of algorithms
1 and 2 almost overlap with the horizontal axis
so as to be hardly distinguishable). One can see
that algorithms 1 and 2 are extremely economical
and algorithm 3 consumes much more computational

Fig. 3. (colour online) (a) The curves of computational

time of algorithms 1–3 (T1, T2 and T3) and the Matlab in-

ternal matrix inversion function inv (T0) versus the hamil-

tonian matrix dimension. The insert shows the curves of

T0 through T3 in a larger computational time interval with

the same coordinate units as those in the main figure. (b)

The curves of the ratio T1/T0, T2/T0 and T3/T0 as func-

tions of the hamiltonian matrix dimension.

time than algorithms 1 and 2 while much less compu-
tational time than the inverse matrix. The numbers
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of contact grids on each edge are fixed to 10 when
the size of the sample varies. Our algorithms depend
slightly on the number of contact grids.

Figure 4(a) shows the computational time of al-
gorithm 2 for different contact grid numbers. The in-
dices of the contact grids, which indicate the positions
of these grids, are randomly generated. The computa-
tional time has the trend of increasing with increasing
contact grid number. However, the increase saturates
when the contact grid number becomes larger. The
increase of the contact grid number results in an in-
crease in the computational time for the grid numbers
of the first several layers. The saturation is due to the
interconnection of the area of layers (the areas of con-
tact grids are disconnected in our examples). Figure
4(b) shows the validity and stability of algorithms 3.
We define the maximum element of |(E − H)G − 1|
as the measurement of the deviation of algorithm 3.
One can see that the deviation always remains at a low
level and does not exhibit a tendency to increase when
the matrix dimension increases, which means that the
algorithm is stable.

Fig. 4. (colour online) (a) The curves of computational

time of algorithm 2 versus the hamiltonian dimension for

different contact grid numbers nc. (b) The curve of the de-

viation of algorithm 3 versus the matrix dimension, where

the deviation is defined as the maximum element of the

matrix |(E − H)G− 1|.

Finally, we present example calculations for
nonequilibrium occupation and electron flow distribu-
tion using algorithm 2′ and algorithm 2′′. The calcu-
lations are carried out on a square graphene contain-
ing about 2200 atoms with four terminals attached to
the edges. A magnetic field of 0.034 flux quanta per
hexagonal cell is applied to the sample, and a har-
monic quantum well is placed at the sample centre
with the well depth t and well diameter 35a0, where
t is the lattice hopping intensity and a0 is the C–C
bond length. The hamiltonian is generated by the
tight-binding model. The electrons are injected from
the left terminal with the energy E = −0.5t (the Dirac

point energy outside the quantum well is set to be the
energy reference). The calculation results are shown
in Fig. 5. Electrons enter from the left side, are scat-
tered by the potential and bent by the magnetic field,
and leak through the other three sides. One can ex-
pect that the electron density decays from left to right
as a result of the leakage, it has an extra structure due
to the potential, and is asymmetric between the up-
per and lower sides because of the influence of the
magnetic field. All the features from the physical un-
derstanding can be verified in Fig. 5(a). The elec-
tron flow distribution can display the physical picture
more intuitively as shown in Fig. 5(b). One can see
that most of the electrons entering the computational
area go anti-clockwise and get out through the lower
side. Moreover, an interesting exclusive phenomenon
of graphene can be identified in the figure. The elec-
trons that enter the quantum well curve reversely, i.e.,
move clockwise. This is because the electrons experi-
ence a hole–electron transition when they enter the
centre area. When a magnetic field exists, the cy-
clotron trajectories of the hole-like particles and the
electron-like particles are reverse.

Fig. 5. (colour online) The profiles of the nonequilibrium

occupation (a) and the electron flow distribution (b) of a

four-terminal square graphene with a harmonic potential

at the centre under a unified magnetic field.

3. Conclusion

We have presented several simple and efficient
algorithms for calculating the lattice GF, the non-
equilibrium occupation and current flow distribution,
based on a general layer division strategy compatible
with arbitrary device shapes and lead configurations.
These algorithms are described using the theory of
GF itself. The efficiency of these algorithms is ben-
efits from the fact that no unwanted GF blocks are
calculated. The stability and efficiency of these algo-
rithms are tested by adopting the hamiltonians of the
tight-binding graphene lattice as sample matrices.
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